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Abstract—In this paper we derive a generalization of the vector
entropy power inequality (EPI) recently put forth in [1], which
was valid only for diagonal matrices, to the full matrix case.
Next, we study the problem of computing the linear precoder
that maximizes the mutual information in linear vector Gaussian
channels with arbitrary inputs. In particular, we transform the
precoder optimization problem into a new form and, capitalizing
on the newly unveiled matrix EPI, we show that some particular
instances of the optimization problem can be cast in convex form,
i.e., we can have an optimality certificate, which, to the best of
our knowledge, had never been obtained previously.

Index Terms—Entropy power inequality, linear vector Gaus-
sian channels, precoder optimization, arbitrary inputs.

I. INTRODUCTION

Given a random vector Y ∈ Rn, Shannon introduced the

entropy power function, N(Y ), in [2] as:

N(Y ) =
1

2πe
exp

(
2

n
h(Y )

)
, (1)

where h(Y ) denotes the differential entropy, which, for con-

tinuous random vectors reads as h(Y ) = −E {logPY (Y )}.
The previous definition is usually extended with h(Y ) = −∞
for the case where the distribution of Y assigns positive mass

to one or more singletons in Rn.

Given a standard Gaussian random vector denoted by Y G ∼
N

(
0, σ2In

)
such that its differential entropy is identical to

that of Y , h(Y ) = h(Y G), then the entropy power N(Y ) is
equal to the mean power (or variance) of the components of

vector Y G, i.e., N(Y ) = σ2.

A. Shannon’s entropy power inequality (EPI)

For any two independent arbitrary random vectors X ∈ Rn

and W ∈ Rn, Shannon gave in [2] the following inequality:

N(X +W ) ≥ N(X) +N(W ).

The first rigorous proof of Shannon’s EPI was given in [3]

by Stam, and was simplified by Blachman in [4]. A simple

and very elegant proof by Verdú and Guo based on estimation

theoretic considerations has recently appeared in [5].

Among many other important results, Bergmans’ proof of

the converse for the degraded Gaussian broadcast channel [6]
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and Oohama’s partial solution to the rate distortion region

problem for Gaussian multiterminal source coding systems [7]

follow from Shannon’s EPI.

B. Costa’s EPI

Under the setting of Shannon’s EPI, Costa proved in [8]

that, provided that the random vector W is white Gaussian

distributed, then Shannon’s EPI can be strengthened to

N(X +
√
tW ) ≥ (1− t)N(X) + tN(X +W ), (2)

where t ∈ [0, 1]. As Costa noted in [8], the above EPI is

equivalent to the concavity of the entropy power function

N(X +
√
tW ) with respect to the parameter t, which, due to

the smoothing caused by the added noise the function, can be

formally expressed as the second order condition

d2

dt2
N
(
X +

√
tW

)
≤ 0. (3)

Due to its inherent interest and to the fact that the proof by

Costa was rather involved, simplified proofs of his result have

been subsequently given in [9]–[11].

Additionally, in his paper Costa presented two extensions

of his main result in (3). Precisely, he showed that the EPI is

also valid when the Gaussian vector W is not white, and also

for the case where the t variable is multiplying the arbitrarily

distributed random vector X ,

d2

dt2
N
(√

tX +W
)
≤ 0. (4)

Similarly to Shannon’s EPI, Costa’s EPI has been used

successfully to derive important information-theoretic results

concerning, e.g., Gaussian interference channels in [12] or

multi-antenna flat fading channels with memory in [13].

C. Generalizations of Costa’s EPI

Much more recently, the two forms in (2) and (4) of Costa’s

EPI have been generalized to the multivariate case in [14] and

[1], respectively.

Precisely, in [14], the authors proved the multivariate EPI:

N(X +A1/2W ) ≥ |In −A|1/nN(X)

+ |A|1/nN(X +W ), (5)



which is valid under the same setting as in the previous section

and with the additional contraint that 0 ≤ A ≤ In. The authors

of [14] used (5) to establish the secrecy capacity regions of

the degraded vector Gaussian broadcast channel with layered

confidential messages.

The multivariate counterpart of (4) was given in [1] as

HµN(Diag(µ)1/2X +W ) ≤ 0, (6)

where H represents the Hessian operator, µ ∈ Rn is an n-
dimensional vector with non-negative entries, and Diag(µ)
represents a diagonal matrix, whose non-zero entries are given

by the elements of the vector µ. Observe that (6) implies

that the entropy power function N(Diag(µ)1/2X + W ) is

concave with respect to µ. The multivariate EPI in (6) was

used in [15] to derive outer bounds on the capacity region in

multiuser channels with feedback and in [16] to compute the

optimal singular values of the linear precoder that maximizes

the mutual information in linear vector Gaussian channels with

arbitrary inputs. In the following subsection, we present a brief

state-of-the-art regarding the design of the linear precoder that

maximizes the mutual information in linear vector Gaussian

channels because this problem will be further studied in this

paper.

D. Precoder design for linear vector Gaussian channels

It has been long well known from [17], [18] that, in linear

vector Gaussian channels with an average power constraint,

capacity is achieved by zero-mean Gaussian inputs, whose

covariance is aligned with the channel eigenmodes and where

the power is distributed among the covariance eigenvalues

according to the waterfilling policy. Despite the information

theoretic optimality of Gaussian inputs, they are seldom used

in practice due to their implementation complexity. Rather,

system designers often resort to simple discrete constellations,

such as BPSK or QAM.

In this context, the scalar relationship between mutual

information and minimum mean square error (MMSE) for

linear vector Gaussian channels put forth recently in [19], and

extended to the vector case in [20], has become a fundamental

tool in transmitter design beyond the Gaussian signaling case.

In [21], the authors derived the optimum diagonal precoder,

or power allocation, in quasi-closed form, coining the term

mercury/waterfilling. Their results were found for the partic-

ular case of a diagonal channel corrupted with AWGN and

imposing independence on the components of the input vector.

The linear transmitter design (or linear precoding) problem

was recently studied in [22] with a wider scope by con-

sidering full (non-diagonal) precoder and channel matrices

and arbitrary inputs with possibly dependent components. In

their work, the authors gave necessary conditions for the

optimal precoder and optimal transmit covariance matrix and

proposed numerical iterative methods to compute a (in general

suboptimal) solution.

More recently, in [23], an alternative approach was taken

where, instead of taking the usual strategy of optimizing the

transmitted signal covariance matrix, a different covariance

matrix, which was also related to the precoder, was optimized.

Despite the fact that the method proposed in [23] also provided

a suboptimal solution, the author showed that, in general, her

method yielded better convergence properties than the strategy

proposed in [22].

In the light of the fact that, despite all the research efforts

mentioned above, a general solution for the design of the

precoder that maximizes the mutual information with arbi-

trary inputs is still missing, the authors of [16] assessed the

computational complexity of this problem and argued that

it was likely to be NP-hard. Precisely, the authors showed

that the dependence of the mutual information on the right

singular vector matrix of the precoder is a key element in

the intractability of computing the precoder that maximizes

the mutual information. In this paper, we will show that some

particular instances of the precoder design problem can be cast

in convex form and, thus, efficiently solved.1

II. SYSTEM MODEL AND DEFINITIONS

Throughout this paper, we consider that the random vector

Y is the sum of a linearly-transformed arbitrarily distributed

random vector S ∈ Rm and a Gaussian distributed random

vector W whose covariance matrix is the identity matrix, i.e.,

Y = GS +W , (7)

where G ∈ Rn×m is the matrix with the coefficients of the

linear transformation undergone by the random vector S.

We consider the estimation of the input signal S based on

the observation of a realization of the output Y = y. The

estimator that simultaneously achieves the minimum mean

square error (MSE) for all the components of the estima-

tion error vector is given by the conditional mean estimator

Ŝ(y) = E {S |y} and the corresponding MSE matrix, referred

to as the MMSE matrix, is

ES = E
{
(S − E {S |Y })(S − E {S |Y })T

}
. (8)

An alternative and useful expression for the MMSE matrix

can be obtained by considering first the MMSE matrix condi-

tioned on a specific realization of the output Y = y, which is

denoted by ΦS(y) and defined as:

ΦS(y) = E
{
(S − E {S|y})(S − E {S|y})T

∣∣ y
}
. (9)

Observe from (9) that ΦS(y) is a positive semidefinite matrix.

Finally, the MMSE matrix in (8) can be obtained by taking

the expectation of ΦS(y) with respect to the distribution of

the output, ES = E {ΦS(Y )}.
In the following, we will prove that the entropy, h(Y ), and

the entropy power, N(Y ), are concave functions with respect

to the matrix Q , GTG generalizing thus the result in [1,

Theorem 6], where we studied the particular case where the

matrix G is diagonal, i.e., G = Diag(
√
µ). Observe that the

matrix Q is not the transmit covariance matrix, which, for the

case where RS = Im, would be given by GGT.

1Observe that the fact that there exist particular instances efficiently solvable
does not necessarily imply that the problem is not NP-hard, as NP-hardness
refers to worst-case performance.



III. DERIVATION OF THE NEW EPI

In order to derive the matrix extension of the EPI in (6)

we first need some preliminary results, which are stated in the

following lemmas.

Lemma 1: Under the setting described in Section II, the

functions N(Y ) and h(Y ) are well defined functions of Q.

Proof: From the definition of the entropy power in (1) it

is clear that we only need to prove that the entropy function

h(Y ) is well defined in terms of Q. To do so, we first note

that GTY is a sufficient statistic of Y , [18, Section 2.10].

Again from [18], we can thus infer that

I(S;Y ) = I(S;GTY ) = I(S;QS +GTW ), (10)

which, from the definition of mutual information in terms of

entropy, immediately yields that

h(Y ) = h(QS +GTW )− h(GTW ) + h(W ). (11)

Noting now that GTW is a zero mean Gaussian random

vector, which is fully characterized by its covariance matrix,

Q, it is easy to see that all the terms in (11) depend on G

exclusively through Q.

Remark 1: Similar results to the one presented in Lemma

1 were already given in [16], [23].

Remark 2: We recall that, as discussed in [1, Section IV],

differently from the case stated in Lemma 1, the entropy and

entropy power are, in general, not properly defined functions

with respect to GGT.

Lemma 2: Under the setting described in Section II, the

Hessian matrix of the entropy function h(Y ) with respect to

the (non-repeated) entries of the matrix Q is given by

HQh(Y ) = −1

2
DT

mE {ΦS(Y )⊗ΦS(Y )}Dm, (12)

where Dm is the duplication matrix defined in [24].

Proof: Let us start by assuming that Q is non-singular

and compute the Jacobian matrix DQh(Y ) through the chain

rule DGh(Y ) = DQh(Y )DGQ. Now, from [20] and [24,

Table 6, Sec. 9.13] we have that DGh(Y ) = vecT(GES)
and DGQ = 2D+

m(Im ⊗ GT), respectively, which yields

DQh(Y ) = vecT(ES)Dm/2. Following [24], from this

Jacobian matrix, the desired Hessian can be computed as

HQh(Y ) = DQ(DQh(Y ))T = DT

mDmDQES/2. Conse-

quently, we need to compute DQES , which can be obtained,

similarly as we have done before, from DGES, which was

computed in [1] and given by DGES = −2D+
mE

{
ΦS(Y ) ⊗

ΦS(Y )
}
(Im⊗GT). Recalling from [24] that DmD+

m = Nm

and that DT

mNm = DT

m, the desired result follows.

Now, the derivation for singular Q follows by first con-

sidering Q + ǫIm, which is non-singular and, thus, all the

derivations above apply directly and, then, taking the limit as

ǫ → 0.
Remark 3: The expression in (12) holds verbatim if we

replace the entropy in the left hand side of the equation with

the mutual information I(S;Y ).
Remark 4: From (12), the concavity of the entropy or,

equivalently, HQh(Y ) ≤ 0, follows directly from the facts

that ΦS(y) is positive semidefinite ∀y and that the Kronecker

product and the expectation operator are closed for positive

semidefinite matrices.

Remark 5: Observe that the expression in (12) was already

shown by Lamarca in [23]. Although her result is essentially

correct, in her expression the duplication matrix Dm is re-

placed by the symmetrization matrix Nm (meaning that she

implicitly assumed that the matrix Q could be nonsymmetric,

in which case it is important to highlight that the entropy and

mutual information are not properly defined).

Finally, before stating one of the main results in the paper,

a matrix result is needed:

Lemma 3: Let A ∈ Sm+ be a symmetric positive definite

m-dimensional matrix. Then, it follows that

A⊗A ≥ vec(A)vecT(A)

m
, (13)

where vec(A) represents a column vector obtained by stacking

the columns in matrix A.

Proof: Let A ∈ Rm×m and B ∈ Rm×m be two square

matrices and consider their inner product [25, Section 5.1]:

〈A,B〉 = Tr
(
BTA

)
. (14)

Let’s also consider the square matrix Z ∈ Rm×m and define

z = vec(Z) ∈ Rm2

.

Now, we use the fact that the matrix A is positive semidef-

inite, which implies that A1/2 exists and is well defined, and

compute the following inner products:

〈Im, Im〉 = m

〈A1/2ZA1/2, Im〉 = Tr(AZ)

= vecT(A)z

〈A1/2ZA1/2,A1/2ZA1/2〉 = Tr
(
ZTAZA

)

= zTvec(AZA)

= zT(A⊗A)z,

(15)

where we have used vecT(A)vec(B) = Tr
(
ATB) and

vec(AZB) = (BT ⊗A)vec(Z).
Applying the Cauchy-Schwarz inequality we have

〈Im, Im〉〈A1/2ZA1/2,A1/2ZA1/2〉 ≥ 〈A1/2ZA1/2, Im〉2.
From the inequality above and (15) we obtain

m · zT(A⊗A)z ≥ zTvec(A)vecT(A)z, (16)

which, since the choice of z is arbitrary, implies the desired

result in (13).

Remark 6: The result in Lemma 3 is a generalization of the

result proved in [1, Proposition H.9] for A ∈ Rm×m:

A ◦A ≥ diag(A)diag(A)T

m
. (17)

Observe that (17) follows from (13) by recalling the definition

of the reduction matrix, Sm, in [1, Appendix A] such that we

have ST

m(A⊗A)Sm = A◦A and vecT(A)Sm = diag(A)T.
We are now ready to state the following result.



Theorem 1: Under the setting described in Section II, the

Hessian matrix of the entropy power function N(Y ) with

respect to the (non-repeated) entries of matrix Q is given by

HQN(Y ) =
N(Y )

m
DT

m

(vec(ES)vec
T(ES)

m

− E {ΦS(Y )⊗ΦS(Y )}
)
Dm. (18)

Moreover, we have that HQN(Y ) ≤ 0.

Proof: From (12) and [1, Equation (152)], the expression

for the Hessian of the entropy power can be straightforwardly

computed as given in (18). Now, recalling that, for any

arbitrary random vector Z, we have that

E
{
ZZT

}
≥ E

{
Z
}
E
{
ZT

}
(19)

and using the result in Lemma 3 together with ES =
E {ΦS(Y )}, it can be seen that HQN(Y ) is negative semidef-

inite following similar steps as in [1, Proof Th. 6].

IV. APPLICATION TO AN OPTIMIZATION PROBLEM

One possible application of the results presented in the

section above is to consider the problem of computing the

linear precoder that maximizes the mutual information in

linear vector Gaussian channels with arbitrarily distributed

inputs. To that purpose, let’s consider the following variation

on the model in (7):

Y = HPS +W . (20)

Observe that we have decomposed the linear transformation,

G, undergone by the input S in (7) into two factors: H ∈
Rn×p, which represents the channel transformation (given by

the nature) and P ∈ Rp×m, which is the precoding linear

transformation (to be determined by the system designer). For

a given input distribution on S, our goal is to solve

maximize
P

I(S;HPS +W ) (21)

subject to Tr
(
PRSP

T
)
≤ PT , (22)

where PT is the transmitted power constraint and RS =
E
{
SST

}
. Without loss of generality, from this point we

assume RS = Im.

The problem in (21)-(22) was studied in [16] and it

was shown that, given the eigendecomposition HTH =
UHΛHUT

H, the optimal precoder structure is given by

P⋆ = UHDiag(
√
λ)VT, (23)

where V is constrained to be unitary. Consequently, only λ

and V remain to be determined.

From this point, we define the quantity QH =
P⋆THTHP⋆ = VDiag(λ)ΛHVT. Observe that the follow-

ing equality holds

I(S;HP⋆S +W ) = I(S;Q
1/2
H S +W ), (24)

which highlights that the mutual information can be expressed

as a function of QH because Q
1/2
H is uniquely defined up to a

left orthogonal transformation, which can be removed because

the noise distribution is also invariant to left orthogonal

transformations.

Consequently, from the results derived in the previous sec-

tion, we now know that the mutual information I(S;Q
1/2
H S+

W ) is a concave function with respect to the matrix QH,

which yields interesting consequences in the study of the

optimization problem in (21)-(22).

A. Problem approach in [23]

The method proposed by Lamarca to solve (21)-(22) con-

sists in iteratively performing the following two steps until

convergence:

1) For a fixed V, compute the λ that maximizes the mutual

information and fulfills the power constraint, in an analogous

way as our proposed scheme in [16]. As it was shown in [1],

the mutual information is concave with respect to λ and, thus,

for a given V, convergence to the optimal λ is guaranteed.

2) For a fixed λ, solve the following optimization problem:

maximize
QH

I(S;Q
1/2
H S +W ) (25)

subject to [eigs
(
QH

)
]i = [λ]i[ΛH]ii, ∀i, (26)

and, then, compute V from ΛH, λ, and the obtained QH,

which fulfills QH = VDiag(λ)ΛHVT. Observe that in

(26) we have used eigs(·) to denote a vector containing the

eigenvalues of its matrix argument.

Remark 7: Although the objective function in (25) is con-

cave with respect to QH, the constraint in (26) is not convex.

Thus, the resulting problem is non-convex and no optimality of

the obtained solution can be guaranteed. The lack of optimality

guarantee can be intuitively related to the computational

hardness of the problem which was studied in [16].

B. Our approach to the problem

Capitalizing on the problem in (25)-(26), we propose to

reformulate it by rewriting the set of constraints in (26) as

a unique constraint by adding them together. Thus, following

our approach, the general (non-convex) problem is

maximize
QH

I(S;Q
1/2
H S +W ) (27)

subject to
∑

i

[eigs
(
QH

)
]i/[ΛH]ii ≤ PT , (28)

rank(QH) ≤ m, (29)

which, similarly as the problem in (25)-(26), is nonconvex.

Observe that the rank constraint on QH, which was missing

in (25)-(26), has been added to ensure that the rank of QH

is smaller than the dimension of the input signal S as,

otherwise, the result of the optimization problem would be

lacking practical applicability. Note also that for the case

where m ≥ p the rank constraint is automatically satisfied

and can be removed.

Despite the fact that our problem formulation in (27)-(29)

does not present any a priori advantage with respect to the

formulation in (25)-(26), in the following we will present a

particular case, which yields a surprising result.



For the case where ΛH = αI and m ≥ p, it is straightfor-
ward to see that the problem in (27)-(29) simplifies to

maximize
Q

I(S;
√
αQ1/2S +W ) (30)

subject to Tr(Q) ≤ PT , (31)

which, according to the results in Secion III, is a convex

optimization problem. We recall that Q = GTG and, thus,

when ΛH = αI we have QH = αQ. This is a quite surprising

and interesting result because, although its application to prac-

tical systems is rather limited (requiring that all the channel

singular values are equal ΛH = αI), we have an instance of

the problem of maximization of mutual information such that

the optimality of the obtained solution can be guaranteed.

C. Algorithms comparison

For the particular case where ΛH = αI, we have performed

a comparison of the precoder optimization algorithms in [22]

and [23] with a simple implementation of the Newton method

to solve our proposed optimization problem in (30)-(31).

In Fig.1 we have depicted the evolution of the mutual

information as a function of the index of the iteration for the

three different algorithms mentioned in the previous paragraph.

For the sake of simplicity we have taken α = PT = 1,
n = m = p = 4, and the distribution of S has been chosen

as PS(s) =
∑64

i=1
δ(s− si), where the values of si have been

assigned randomly and are not reproduced here for the sake

of space.

From the figure it can be seen that, not only is our proposed

algorithm the one yielding a faster convergence, but it is also

the only one that can obtain the global solution as the others

can get trapped in local maxima.

V. CONCLUSION

In this paper, we have derived a generalization of the vector

EPI presented in [1] to the full matrix case. Capitalizing on

this new EPI, we have proved that the problem of computing

the linear precoder that maximizes the mutual information in

linear vector Gaussian channels with arbitrary inputs has par-

ticular instances where the optimal precoder can be computed

efficiently. We see the presence of particular instances that can

be efficiently solved as a starting point to find other efficiently

solvable instances of the problem with higher practical interest.
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