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Abstract— In this letter, we study spatial Tomlinson-Harashi-
ma precoding (STHP) from an information theoretic point of
view encompassing both the single and the multiuser scenarios.
Since the performance of any communications precoding scheme
relies on the quality of the channel state information (CSI) that is
made available at the transmitter side, in this work we focus our
attention on the analysis of the robustness of STHP in terms of
rate loss when the CSI is imperfect. Precisely, we present a robust
design of the set of moduli used in STHP and, consequently, of the
corresponding power allocation, that maximizes the achievable
rates for the worst-case errors in the CSI in the small errors
regime.

Index Terms— MIMO robust designs, Tomlinson-Harashima
precoding, multiuser communication, MIMO channels, decision-
feedback equalization.

I. INTRODUCTION

THE pioneering work by Costa in 1983 [1] and recent
theoretical results describing the sum-capacity when us-

ing multiple antennas to communicate with multiple users
in a known rich scattering channel [2]–[6], have motivated
a significant research on multi-input multi-output (MIMO)
downlink transmit strategies. One of such downlink strategies
[7], [8] was the extension of the non-linear precoding scheme
for temporal intersymbol interference mitigation proposed by
Tomlinson [9] and Harashima [10], into spatial interference
equalization for MIMO systems, leading to the so-called
spatial Tomlinson-Harashima precoding (STHP) scheme. The
main idea behind STHP is to pre-subtract the interference that
is produced by the presence of the MIMO channel before
the signal is actually transmitted, which turns out to be
computationally very simple to implement.
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In addition to STHP, other downlink precoding strategies
have been proposed, such as the transmission architecture for
the MIMO broadcast channel developed in [11], [12], where
a transmission scheme based on a regularized inversion of the
channel combined with a vector perturbation was developed
and analyzed. A similar scheme as in [11] was proposed in
[13], where optimality was sacrificed to reduce the compu-
tational load by utilizing Babai’s closest-point approximate
solution. Other downlink schemes include the STHP optimized
with respect to the sum of mean square errors as given in [14],
or the non-linear precoding scheme with vector perturbation
described in [15] which shows the best performance among
all the cited schemes.

A commonality among all these schemes is that, since the
precoder has to be matched to the channel, some degree of
channel state information (CSI) has to be made available at
the transmitter. In realistic scenarios, this CSI is imperfect,
due to errors in the estimation of the channel or due to the
presence of a noisy feedback channel, implying a performance
degradation of the system. The effects of imperfect CSI for
STHP in a single user scenario, in terms of signal-to-noise
ratio (SNR) loss, were studied in [16]. The authors in [17]
proposed a robust design of the transceiver matrices in STHP
in a multiuser broadcast scenario taking a Bayesian modeling
of the errors in the CSI and looking for the minimization of
the sum of the MSE for all the users. An additional zero-
forcing constraint but keeping the same design objective and
error modeling was given in [18].

In this letter, we address the problem of evaluating the
rate loss of STHP due to small errors in the available CSI
both for the single and multiuser cases from an information
theoretic point of view. We present a maximin robust design
of the set of moduli used in STHP and, consequently, of the
corresponding power allocation among the transmitted data
streams, that maximizes the worst-case achievable rates. The
choice of analyzing the STHP scheme is due to the fact
that it is a widely accepted transmission architecture which
can be implemented in real systems because it requires a
small amount of computational effort and also for reasons of
simplicity of analysis.

II. SYSTEM MODEL

We consider the downlink of a flat fading wireless commu-
nications system with nT transmitters at the base station (BS)
and nR receivers. This gives rise to a MIMO channel, which is
represented by the matrix H ∈ CnR×nT . The received signal
vector, y ∈ CnR , is y = Hx + n, where x ∈ CnT is the
transmitted vector and n ∈ CnR is the noise vector, whose
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Fig. 1. Single user communication scheme with Spatial Tomlinson-Harashi-
ma Precoding.

entries are considered to be i.i.d. circularly symmetric complex
Gaussian random variables with zero mean and variance σ2.
In the single user case, see Fig. 1, the k-th element of the
received vector, yk, represents the received signal at the k-
th antenna of that single user, and in the multiuser case, see
Fig. 2, yk stands for the received signal by the single antenna
of k-th user.

The input of the STHP is a vector, s ∈ CnS , whose entries
are the nS data symbols that are to be transmitted, sk, k =
1, . . . , nS . The output of the precoder, p ∈ CnS , is obtained
from these data symbols in a similar way to the recursive
causal spatial relation described in [7], [8], as

pk = Mtk

[
sk −

∑k−1

l=1
bklpl

]
, for k = 1, . . . , nS . (1)

In (1), bkl are a set of coefficients to be determined, and Mtk
[z]

represents a complex modulo reduction of z ∈ C into the
complex square region Dk ≡ [−tk, tk) × [−j tk, j tk), which
is used to limit the dynamic range of the output signal to
overcome the problem of the increase of the transmitted power
in precoding schemes where the channel response is inverted.
Notice that a difference between (1) and the scheme in [7]
(and other previous works) is that our scheme allows different
moduli, tk, for each component of the precoder output p, in a
similar way as the inflated lattice concept introduced in [19]
and [20]. As it will be shown later, this enables rate adaptation
per stream, in an analogous way as in [8], in which the rate
per stream was proposed to be adapted by the use of discrete
constellations with variable number of points. As an additional
contribution, in the following section we robustly design the
set of moduli against CSI imperfections.

A more compact notation can be used for the output of
the precoder in (1) by arranging the coefficients bkl into the
elements below the diagonal of a lower triangular matrix B ∈
CnS×nS with ones in the main diagonal as [B]kl = bkl, k > l.
The output of the precoder is then p = B−1(s+a), where the
elements of vector a, ak = 2tkuk + j2tkvk, with uk, vk ∈ Z,
must be chosen so that the elements of p lie inside the modulo
region defined by vector t = [t1 · · · tnS ]T , i.e., pk ∈ Dk.

In the following, we will focus on the single user case,
i.e., the different receivers are allowed to cooperate by jointly
processing the received data (coupled receivers). The multi-
user case, where the receiving antennas belong to different
users and therefore only individual processing of the received
symbols is possible (decoupled receivers), will be considered
in Section IV.

For the case where the receivers are coupled (see Fig. 1),

the transmitted signal vector, xc, is

xc = p = B−1(s + a). (2)

From dimensional analysis, last equation implies that the
number of transmit antennas has to be equal to or higher
than the number of transmitted signals, i.e., nT ≥ nS . If
the number of antennas is higher than nS then, a subset
of nS antennas is selected, where the selection is made
according to an achievable rates maximization criterion as it
is commented later. Moreover, since the single user has to
recover all the nS transmitted symbols, its mobile terminal
has to be equipped with nR ≥ nS antennas. Let us assume
that the selected antennas are numbered from 1 to nS, then,
the transmitted power for the coupled case, P c

T , is calculated
as P c

T = E xH
c xc =

∑nS

k=1 Pk, where Pk is the power
transmitted through k-th antenna. The power Pk is related
with the modulus tk as Pk = E

[
xcxH

c

]
kk

= 2t2k/3, which
results from assuming that the statistical distribution of sk is
uniform in Dk, which is the one that maximizes the rate (see
[21] and [22] for a detailed proof).

The transceiver design consists in specifying the set of
moduli {tk} and the matrices B, G, and F, as depicted in
Fig. 1, which were found in [8] for a zero-forcing criterion.
Here we recall their results: from the ql-factorization H =
FHS, where F is unitary and S is lower triangular, we get

G = diag({s−1
ii }),

B = GS,

gii = [G]ii = s−1
ii .

(3)

With these definitions, we reproduce in (4) the estimate, r ∈
CnS , of the data symbols, s.

r = Mt [GFy] = Mt [GFHxc + GFn] =
= Mt [Bxc + GFn] = Mt [s + GFn] . (4)

Notice that Mt[z] performs a modulo-tk operation for each
element zk. We define a new noise vector ñ = Fn, which has
the same statistical behavior as n. In addition, since G is a
diagonal matrix, r can be expressed in the form of nS parallel
data streams as

rk = Mtk
[sk + gkkñk] , k = 1, . . . , nS . (5)

This model of parallel data streams clarifies the purpose of
utilizing a precoder to presubtract the intersymbol interference
that is caused by the channel matrix: we obtain nS parallel
(or independent) data streams between the transmitter and the
receiver. Note that the quality of the data streams is dictated by
the components of the diagonal of the lower triangular matrix
S, which fulfill that sii �= 0, ∀i, as

∏
sii = det(SHS) =

det(HHH), and H, which is assumed to be full rank, is
redefined as a matrix containing the nS columns of the original
channel matrix corresponding to the selected antennas.

III. ROBUST DESIGN WITH IMPERFECT CSI IN THE

SINGLE USER CASE (COUPLED CASE)

In this section we consider the practical scenario where the
CSI at the transmitter side is imperfect and, hence, there is a
mismatch between the ideal transmitter design, as given by B,
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Fig. 2. Multiuser communication scheme with Spatial Tomlinson-Harashima
Precoding.

and the actual transmitter which we shall denote by B̂, which
is the erroneous version of its ideal counterpart. Precisely, the
main contribution of this section is that we obtain a robust
design, whose objective is the maximization of the sum rate
taking into account explicitly the presence of errors in the
CSI. Since we are interested in high data rate transmission,
the following analysis is done assuming that the SNR is high
(for practical purposes this implies that it has to be greater
than 10 dB) and that the error in the precoding matrix B̂ is
kept small.

We consider that the receiver feeds back the elements below
the main diagonal of the matrix B to the transmitter (note
that feeding back these elements requires a lower amount
of feedback than transmitting the whole channel matrix H
from the receiver to the transmitter). If some kind of error is
considered in the feedback link or in the channel estimation,
the transmitter will work with an erroneous precoding matrix,
B̂ = B+ΔB with ΔB being a strictly lower triangular matrix.
In this case, using the notation in (2), the transmitted signal,
xc,�B, becomes

xc,�B = B̂−1(s + a
�B) = (B + ΔB)−1(s + a

�B). (6)

Notice that a
�B in (6) must now be chosen so that xc,�B lies

inside the modulo region defined by vector t. In addition, it is
important to state that, in general, a

�B �= a, where a is defined
as in (2). However, if the variance of the elements of the
error matrix ΔB is kept small it can be assumed that (As1):
a = a

�B (see Section V for a validity evaluation). Under (As1),
substituting (6) in (4) and using the matrix inversion lemma,
(B + ΔB)−1 = B−1 −B−1(ΔBB−1 + InS )−1ΔBB−1, the
received signal can be expressed as r

�B = Mt[s+(ΔBB−1 +
InS )−1ΔBB−1(s + a) + Gñ]. Notice that B−1(s + a) =
xc, i.e. we can reduce B−1(s + a) to xc, which would be
the transmitted signal in the coupled case if no errors were
present in B̂ matrix, and whose components are bounded in
[−tk, tk)× [−j tk, j tk). Defining L = (ΔBB−1 + InS )−1ΔB

the received signal reads

r
�B = Mt[s + Lxc + Gñ], (7)

where L is a strictly lower triangular matrix.1 Attention must
be paid to the fact that if the elements of ΔB are sufficiently
small, the first order approximation of L = ΔB + o(ΔB),
becomes valid.

Once we have obtained an expression for the input-output
relation in the presence of feedback or estimation errors we

1Notice that the inverse of a triangular matrix is also triangular. Addition-
ally, the product of a lower triangular matrix and a strictly lower triangular
matrix is a strictly lower triangular matrix.

can proceed to maximize the mutual information between s
and r

�B with respect to the set of moduli {tk}. As it was
described in Section II, the power transmitted through k-th
selected antenna, Pk, is controlled by the modulo tk by the
relation Pk = 2t2k/3. In [21], the design of {tk} in the perfect
CSI case was addressed and we found that performing antenna
selection and choosing all the {tk} to be equal (uniform power
allocation) is a quasi-optimal solution in terms of achievable
rates. Note that the optimal set of selected antennas in the
imperfect CSI case need not be the same as in the perfect
CSI case, but, in practice, it can be checked that the two sets
coincide (at least with the small errors assumption). From now
on, the antennas of the active set are numbered from 1 to nS ,
i.e. P1, . . . , PnS ≥ 0, PnS+1, . . . , PnT = 0. In the following,
the set of moduli {tk} (or, equivalently, the power distribution)
will be adapted to maximize the worst-case achievable rates
when feedback errors are present, giving thus rise to a robust
design. It will be shown that in the robust case the optimal
moduli are not equal.

The first order approximation in ΔB of the received signal
vector is (As2): r

�B ≈ Mt[s+ΔBxc+Gñ]. If ΔBxc is treated
as an unknown interference, the mutual information between
k-th element of data vector, sk, and the corresponding element
of received signal, rk = [r

�B]k, is

I(sk; rk) = log(6Pk) − h
(
Mtk

[
gkkñk +

∑
j<k

δkjxj

])
,

(8)

where δkj = [ΔB]kj and h(·) denotes differential entropy,
analogously as in [21]. Note that, as xk = [xc]k is the output
of the precoder, it is uniformly distributed in Dk with variance
Pk.

Let us define the random variable zk = gkkñk+
∑

j<k δkjxj

with power E{|zk|2} = g2
kkσ2 +

∑
j<k |δkj |2Pj . It can be de-

duced from [23, chapters 6 and 8] that zk can be approximately
modeled as a complex Gaussian random variable as long as
(As3): maxj |δkj |2Pj � g2

kkσ2/3. Under (As3), we found in
[21] that the mutual information expression (8) is very well
approximated by

(As4) : I(sk; rk) ≈ log+

(
6Pk

πe(g2
kkσ2 +

∑
j<k |δkj |2Pj)

)
,

(9)

where log+(x) = max(log(x), 0). The achievable rates for the
STHP structure will then be the sum of the mutual information
of each active stream,

∑nS

k=1 I(sk; rk).
In order to describe the noise worst-case scenario we

consider that the squared moduli of the components of the
error matrix ΔB are bounded, i.e. |δkj |2 < αkj . In addition,
for the sake of simplicity we assume that αkj = α, ∀k, j.
Notice that, since we are interested in the worst-case, no
generality is lost with last restriction, because, in case that the
values of αkj were different for some k, j, it would suffice to
let α = maxk,j αkj .

From all the considerations above, the power distribution
that maximizes the worst-case achievable rates when the CSI
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is imperfect is the solution to the following maximin problem:

Crob,c
THP = max

{Pi}
min
{δij}

nS∑
k=1

I(sk; rk),

s.t. |δij |2 ≤ α, ∀i, j,
nS∑
k=1

Pk = PT .

The solution to the minimization part is trivial, since each
term I(sk; rk) is a decreasing function of |δij |2 and each
|δij |2 is upper bounded independently of the others. Thus, the
minimum will be attained when |δij |2 = α, ∀i, j. The resulting
maximization problem is a standard constrained optimization
problem, and can be solved with the use of the Lagrange
method. The Lagrange function is, up to a constant,

L({Pk}; λ) =
nS∑
k=1

log

(
Pk

g2
kkσ2 + α

∑
j<k Pj

)
+

+ λ

(
nS∑
k=1

Pk − PT

)
. (10)

Now, the optimal power allocation should satisfy

∂L({Pk}; λ)
∂Pk

= 0 and
∂L({Pk}; λ)

∂λ
= 0, ∀k, (11)

with the additional constraint that {Pk} is non-negative ∀k.
With some basic manipulations from (10) and (11) a recursive
relation of the type PnS−k = f(PnS−k+1, . . . , PnS ) for k =
1, . . . , nS−1 between the assigned power to each antenna can
be found as

PnS−k = PnS−k+1

wnS−k+1 + α
(
PT −∑j>nS−k Pj

)
wnS−k+1 + α

(
PT −∑j>nS−k+1 Pj

) ,

(12)

where wi = g2
iiσ

2 and k = 1, . . . , nS − 1. Notice that the
second factor in last equation is always lower than unity, which
implies necessarily that P1 ≤ P2 ≤ . . . ≤ PnS−1 ≤ PnS ,
which is a reasonable solution since power interference is
progressive in the sense that Pk interferes with streams from
k+1 to nS, but not with streams from 1 to k−1, see (9). The
set of equations in (12) together with

∑nS

k=1 Pk = PT can be
solved numerically obtaining the robust power allocation or
set of moduli.

IV. ROBUST DESIGN WITH IMPERFECT CSI IN THE

MULTIUSER CASE (DECOUPLED CASE)

In the multiuser scenario (see Fig. 2), since the receivers
may be located at geographically separated places, only indi-
vidual processing of each element of the received signal vector
is permitted. In [8], it was found that the design, for a zero-
forcing criterion, of the matrices B, F, and G is based on the
lq-factorization of the channel matrix H. The design is given
by

H = SFH ,

G = diag({s−1
ii }),

B = GS,

gii = [G]ii = s−1
ii ,

(13)

where S is a lower triangular matrix and F is unitary.
In the decoupled case, two precoding matrices are necessary

at the transmitter side: B and F, which cannot be calculated
at the receivers side because each receiver only knows one of
the rows of the full matrix H. Consequently, we assume that
the transmitter is informed, e.g., through a feedback link or
by direct estimation, with an erroneous channel matrix Ĥ =
H + ΔH, and that, based upon that estimate, the transmitter
calculates B̂ and F̂ following (13). Furthermore, we consider
that the entries of ΔH are i.i.d. circularly symmetric complex
Gaussian random variables. The error present in the estimate
Ĥ propagates to the estimates B̂ and F̂ as B̂ = B + ΔB,
and F̂ = F + ΔF. This error propagation has been recently
studied in [24] to characterize the BER in STHP systems.
Fortunately, the explicit expressions for ΔB and ΔF are
not needed here, because the authors of [24] also obtained
a very simple expression for the estimate of the data symbols
vector in the multiuser case when B̂ and F̂ are utilized in the
transmitter design:

r = Mt [s + ξ(s) + Gn] . (14)

In last equation, ξ(s) is a random vector that represents
the effects of having imperfect versions of B and F at the
transmitter side, and is independent of n but depends on
the transmitted symbols sequence. In [24], the authors also
found that, when the entries of ΔH are i.i.d. Gaussian random
variables, ξ is distributed as a zero mean circularly symmetric
complex Gaussian random vector with EξξH = Ξ. An explicit
expression for the calculation of Ξ is given in [24] and is not
reproduced here for the sake of space. We simply need to know
that Ξ can be calculated for the worst possible sequence of
transmitted symbols as a function of H and the power of the
entries of ΔH. Notice that, in this case, the structure of the
interference is not progressive, as it was found to be in the
coupled case (7). This is due to the fact that, in the decoupled
case, the output of the precoder p

�B is multiplied by the matrix
F̂ which is unitary and consequently distributes uniformly the
interference that is present in p

�B among all the components
of the transmitted signal xd = F̂p

�B.
In general, the matrix Ξ is not diagonal, which implies that

the entries of the interference term ξ in (14) can be correlated.
However, since the receivers can not cooperate, no advantage
can be taken from the correlation of the interference term in
the decoding process, and thus we only need to consider the
diagonal entries of Ξ, which represent the interference power
seen by each user.

From what has been said above, the entries of the inter-
ference term ξ can be accurately modeled as an additional
source of Gaussian noise independent of Gn, and whose
power is given by the diagonal elements of the matrix Ξ.
Consequently, since the sum of two independent Gaussian
variables is another Gaussian variable whose power is given
by the sum of the individual powers, the two noise terms can
be easily grouped into a single noise term, i.e. ξk + gkknk ∼
CN (0, g2

kkσ2 + [Ξ]kk). Now, the received vector in (14) can
thus be equivalently expressed as

r = Mt [s + Dν] , or rk = Mtk
[sk + dkkνk] , ∀k,
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Fig. 3. Validation of the approximations done in the analysis. For a given
channel realization, we have computed the ratio where the approximations
done in Section III were valid as a function of the α parameter. Similar
results have been obtained for other realizations of the channel matrix.

where D is a diagonal matrix, with [D]2kk = d2
kk = g2

kkσ2 +
[Ξ]kk, and where ν ∼ CN (0, InS ).

We can now express the robust achievable rates for the
decoupled case as the solution to

Crob,d
THP = max

{Pk}

nS∑
k=1

log (6Pk) − h
(
M√

3Pk/2
[dkkνk]

)
,

s.t.
nS∑
k=1

Pk = PT .

(15)

However, one readily sees that the problem in (15) is the
same that was solved in [21], but with a set of noise powers
according to d2

kk = g2
kkσ2 +[Ξ]kk. Consequently, the problem

can be solved quasi-optimally by selecting an active set of
streams (users) and performing uniform power allocation
among them (which is equivalent to saying that tk has a
constant value for all users in the active set). Note that, in
the imperfect CSI case, the robust set of active users does not
have to be the same as in the perfect CSI case. This is due
to the fact that, when the CSI is imperfect, the ordering of
the new set of noise powers d2

kk may be different than the
set g2

kkσ2. Consequently, the algorithm may deactivate a user
whose channel was good with perfect CSI, but whose channel
quality has decreased significantly due to the presence of the
term [Ξ]kk .

V. SIMULATIONS AND CONCLUSION

To give graphical representations of our results, we have
considered a flat-fading 3 × 3 MIMO channel matrix, with
i.i.d. complex Gaussian entries. The working mean SNR is
PT /σ2 = 15 dB.

On the one hand, for the single user case, as the robust
capacity analysis has been done using numerous approxi-
mations (As1), (As2), (As3), and (As4), before presenting
the simulations results, the validity of the approximations is
shown in Fig. 3 by plotting the fraction of realizations with
respect to the noise in which the approximations are valid.
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Precisely, (As4) is considered to hold true when the relative
difference between the approximation (9) and the actual value
(8), calculated numerically, is lower than 10−3. It can be seen
that, for the particular values of the simulation parameters
taken in this section, the capacity analysis is valid for values
of α up to −21 dB. For values of α higher than −21 dB our
analysis is not valid. However, from the slope of the robust
achievable rates curves at α = −21 dB in Fig. 4, the rates
that can be achieved for α > −21 dB seem to decrease
fast, so even with a robust technique it would be difficult to
cope with the problems associated with having an imperfect
feedback link. Notice that the validity of (As 2) has not been
plotted as the differences between L and ΔB have always
been found negligible. In Fig. 4, we have plotted the maximum
achievable rates for the robust power allocation strategy and
also for the non-robust uniform power allocation with antenna
selection scheme described in [21] for different realizations of
the MIMO channel. In Fig. 5 we have plotted the fraction of
the total power that is transmitted through each one of the
antennas, which is related to the set of moduli used in STHP,
for a particular realization of the channel. It can be seen that,
as α gets close to -21 dB, the robust power allocation differs
substantially from the uniform power allocation.

On the other hand, in the multiuser case, similar simulations
have been conducted but in this case the parameter α repre-
sents the noise power of each component of the estimation
error in the channel matrix Ĥ = H+ΔH, i.e., E|[ΔH]ij |2 =
α. For each channel realization the worst-case matrix Ξ has
been computed following [24] and then a set of active users
has been selected according to the set of noise powers given by
d2

kk = g2
kkσ2 +[Ξ]kk. The resulting maximum achievable sum

rate has been plotted in Fig. 6 for various channel realizations.
In addition, since in the multiuser case we are not so strongly
conditioned on the validity of the approximations done in
the single user case, we can extend the domain of α. As
the value of α increases the maximum achievable sum rate
decreases very rapidly, which implies that, as the estimation
noise increases, even the robust technique is not able to cope
with the presence of errors in the feedback link. Note that this
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Fig. 5. Graphical representation of the robust power allocation with respect
to the uniform power allocation. In the figure we plotted the fraction of the
total transmitted power that is assigned to each of the three antennas as a
function of α for the single user scenario.
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Fig. 6. Sum rate for the robust power allocation technique as a function of
α in the multiuser scenario for three realizations of the channel matrix.

conclusion, also valid for the single user case, is not surprising
since the robust design presented in this paper has been derived
assuming small errors and, therefore, the degradation can be
quite high when this assumption does not hold.

To conclude we would like to remark that in this paper we
have analyzed some issues concerning the achievable rates of
the STHP scheme in the presence of errors in the CSI. Initially,
we have added degrees of freedom in the design of the
STHP by allowing different modulo operations at the output
of the precoder. Next, we have found two robust strategies
for the design of the set of moduli or, equivalently, of the
power allocation, for the single and multiuser scenarios, that
maximize the mutual information when the available CSI at
the transmitter side is not perfect.

Finally, we wish to highlight that the proposed algorithm
could work in a realistic deployment since the presence of
errors in the feedback link has been taken into account in the
design process.
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