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Abstract

This work considers a multiple-input multiple-output (MIMO) orthogonal frequency division multiplexing
based multiuser broadcast system with precoding at the transmitter and feedback of channel state information.
A general framework is presented for the transceiver design, and also for the design of the feedback link
based on the quantization of the users’ MIMO channel Gram matrices. The proposed design of the feedback
link exploits the correlation of the channel response in the frequency domain due to the finite length of the
channel time impulse responses to outperform other schemes based on feedback of the per carrier frequency
responses. The transceiver design framework is based on a unitary linear transformation applied at the receivers
which allows the computation of equivalent triangular channel response matrices at the transmitter. An analytic
study of the error propagation due to the channel quantization in the feedback link and the computation of
the equivalent triangular channel matrices is also performed. Based on the previous concepts, all the usual
transceiver design criteria can be applied within this framework, and the particular case of a space-frequency
precoder for robust mean square error minimization is derived as an example. Finally, the benefits of the

proposed strategy are evaluated by means of numerical simulations and compared to other existing techniques.
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I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is an effective and extensively implemented
strategy that converts a frequency selective channel into a set of parallel flat fading channels. This is
done by dividing the available channel bandwidth into F' subchannels. When the subchannel bandwidth
is sufficiently narrow, the frequency response across each subchannel can be considered approximately
flat, which avoids the need of using complex equalization procedures [1].

Also, in the last years, multiple-input multiple-output (MIMO) communication systems have been
in the focus of research, due to the large benefits in terms of throughput and resilience to noise and
interference that they can provide [2], [3]. One of the main advantages of multi-antenna systems
is that they allow to implement schemes where multiple users access the channel simultaneously in
time and overlapping in frequency. In the case of the multiuser broadcast channel (BC), the optimum
transmission strategy is the non-linear processing technique called dirty paper coding (DPC) [4].
However, DPC is not implemented in practice due to its high computational complexity. Instead,
much simpler linear transceiver designs have been shown to achieve almost the same capacity using
much lower computational resources [5].

Following the OFDM principle, it is possible to transform a MIMO frequency selective channel
into a collection of F' parallel flat fading MIMO channels. In such a system, the maximum achievable
diversity order is the product of the number of transmit antennas, the number of receive antennas,
and the number of propagation paths represented by the channel impulse response length [6], [7]. In
order to achieve this full diversity the information symbols should be allowed to be spread not only
over the transmitting antennas, but also over the carriers. Note, however, that conventional linear space
codes are designed to exploit the spatial diversity of flat fading MIMO channels, and do not take into
account the frequency diversity of an OFDM scheme.

This work presents a framework for the transceiver design in multiuser MIMO-OFDM BC systems
which, instead of the feedback of the MIMO channel response matrix H for each user, considers the
feedback of the channel Gram matrices (i.e., H#H). This idea is based on the previous works [8],
[9], where it was proved that for point-to-point single-user MIMO systems, the minimum amount of
channel state information (CSI) required at the transmitter in order to perform the optimum linear
precoding corresponds to such channel Gram matrix. This conclusion is extended in this paper for the
multiuser scenario and also to robust designs through a unique decomposition of the channel Gram
matrix of each user, which results in a triangular equivalent propagation channel response matrix.
Additionally, a feedback based on the temporal channel impulse response is proposed, as opposed to

the usual quantization and feedback based on the frequency response per carrier. This enables to exploit



the frequency correlation of the CSI in order to further improve the efficiency of the quantization and
feedback. The propagation of the CSI quantization error through the computation of the equivalent
channel is also studied analytically and this result is later used, as an example, in the design of a
robust precoding scheme.

The proposed framework is valid for any design criterion and we considered, as an illustrative
example, the robust minimization of the sum of the mean square errors (MSE) of all the symbol
streams for all the users, with fixed decoders. This design maps information symbols to antennas and
carriers in order to exploit both spatial and frequency diversity, and requires estimates of the multiuser
channel responses at the transmitter. It is a robust design in the sense that it takes into account the
errors in the quantization for the feedback transmission to optimize performance. Note that there is
a wide range of designs based on MSE in the literature, such as: [10], [11] which also consider
fixed decoders, or [12]-[14], which present iterative designs. Note that the algorithm presented in this
work could be applied in iterative designs such as the ones in [12], [13], and [14], at the step where
the transmitter is computed at each iteration. Other works such as [15], [16] assume single-antenna
receivers, in which case the decoder design is not an issue.

Summarizing, the main contributions of this paper can be listed as follows:

1) An extension of the feedback based on Gram matrices to the case of broadcast multiuser MIMO.

2) The computation of the equivalent triangular propagation channels from the channel Gram

matrices.

3) The analysis of the propagation of the quantization errors through the computation of the

equivalent MIMO triangular channels.

4) An example of robust design is implemented and evaluated numerically.

The first three topics are what constitute the general framework. On top of it any design criteria or
architecture can be implemented (even non-linear designs). The fourth is an example of application
of the proposed framework to a particular scenario and design criterion.

The remainder of this paper is organized as follows. The system and signal models are described
in section II. Section III describes the proposed per user feedback scheme and presents the linear
transformation applied to uniquely obtain the equivalent triangular channels. The model considered
for the CSI quantization error and its propagation through the processing at the transmitter are presented
in section IV, while section V presents an example of application consisting in a robust precoder that
takes into account the errors in the CSI. Finally, section VI provides numerical simulations to evaluate

the performance of the proposed strategies in a MIMO-OFDM BC system. Section VII concludes the
paper.
II. SYSTEM AND SIGNAL MODELS

We consider a multiuser MIMO-OFDM BC system with F' carriers and K users, denoted by the

indices f =0, ..., F—1and k = 1, ..., K, respectively. The transmitter features n; antennas and



the kth receiver has ng) antennas. The propagation channel of user k is characterized by its temporal

. . . . ) - (k)
impulse response, which consists of a maximum of L taps' and is denoted by H;k) € Crr x0T,
[ =0,.. L —1 (the horizontal overline is used to denote that the variable is defined in the time

domain). Accordingly, the frequency channel response at carrier f and user k is given by:
L1 “
— - 27
chk) — Z Hl(k)efjffl € C"r X1 (1)
1=0

Classically, parallel linear precoding per carrier at the transmitter is considered, which is denoted

(k)
by a precoding matrix chk) e C""" "1, for user k and carrier f, where ng? is the number of streams

transmitted to the kth receiver through the fth carrier. The corresponding linear processing at the kth
(k). (k)

receiver for carrier f is represented by the decoding matrix Dgf) e C"s R Following this model,

(k)
the estimated symbols ﬁ}k) e C"$r corresponding to the fth carrier at the kth receiver are given by:

Koo n{
2 = DWHD S PO | DUw® ¢ % vrk, @

i=1

(k)
where x}k) € C"5 is the vector containing the streams of symbols transmitted to user & through

carrier f and W;k) € (C”gc ) is the additive white Gaussian noise (AWGN) at receiver k.
Using a notation with block diagonal matrices to group the symbols transmitted through all carriers
corresponding to each receiver, the estimated symbols at the kth receiver are given by:
K
4 = DWH® 3 POx0) 4 DWw® ¢ C TS v 3)
i=1
Fo1 (k) o o (R)

n n R T R 7T F—1 n(k)
where D®) = blockdiag <Dg€), ...,Dﬁf)_1> e =0 sy < xW = [xék) ,...,ngzl ] e C-i=0 St

T 71T F—1 n(k)
x® =[xV, x| e €S, HO) < blockdiag (H{Y, . HY, ) € CFR e wlt) =

W w;’“ﬂr e T, and P® = blockdiag (P{, .. P{Y, ) C TS, (see Fig. 1 for
a complete diagram of the BC system).

Note that in expressions (2) and (3) each symbol is constrained to be transmitted over one single
carrier as shown by the fact that the precoding and decoding matrices, P*) and D), are block-
diagonal. It is possible to achieve higher diversity by not forcing a block-diagonal structure at the
precoding P*) and decoding D) stages. According to this, in this work a space-frequency precoder

is designed as a mean to extract both spatial and frequency diversity and, consequently, the precoding

and decoding matrices are not constrained to be block-diagonal. Since the symbols are now spread

among the carriers, it does not make sense to use the notation ng? corresponding to the number of

symbols per carrier. Instead we consider a total number of streams n(sk) transmitted to receiver k through

all carriers, a global precoder P*) ¢ CF' nrxng” for receiver k, and a global decoder D) ¢ Cns” xFafy)

'For the case where the channel impulse responses of the different users have different number of taps, L is defined as the maximum

among the number of taps for all users.



for receiver k. Note that equation (3) is still correct in this setup (with P*) and D) no longer being

® by nfg Observe that, as will be shown

forced to be block diagonal), by simply substituting Z =0 ns
in section V-C, for some particular cases the precoder and decoder matrices do turn out block-diagonal
as a result of the optimization and without being imposed from the beginning.

For the sake of compactness in the notation, it is convenient to further group the symbols estimated

at all receivers in a single vector X, which can be expressed as:

— DHPx + Dw € Ciains. (4)

where x = [X(l)T, ...,X(K)T]T c iy’ X = [k\(l)T, ...,Q(K)T]T € CZkK:lng’k), H= [H(l)T, s H(K)T}T €

T
P € CrnrxSians’ w = w0 L wlO" | e Y and

CPEiiny xFrr P — [PO)
D = blockdiag (D(l),...,D(K)) € CEins xFIiliny’ | Here we define R = E{x(k)x( ) }
and R% — E{w<k>w<k>H}; therefore, R, = E {xx''} = blockdiag (RS), ...,R&“) and R, —

E {ww} = blockdiag (Rg}x R&f’) .

III. FEEDBACK AND EQUIVALENT CHANNELS

As will be seen in section V, in general, in order to optimally design the precoding matrix P at
the transmitter under a generic optimization criterion, the CSI needed from each user corresponds to
the channel propagation matrices for all F’ carriers. That is, knowledge of H;k) € Crin )X"T, Vf, k (or,
equivalently, H®) as defined in (3)) is used to build the optimum precoder. In [8], [17], however, the
authors proved that, for the single user point-to-point MIMO scenario, the optimum linear precoding
design can be calculated with just the channel Gram matrix (which is defined as Rgck) = chk)HH}k)),
for all the usual criteria. This fact was applied in [9], [18], [19] to design more efficient feedback
algorithms that exploit the differential geometry of the set of all possible channel Gram matrices, which
are Hermitian and positive semidefinite by construction, and that perform better than the feedback

of the channel matrix H;k)

. The motivation for using Gram matrix feedback is that it contains less
information that the channel matrix feedback, but this information is sufficient for the precoder designs.
Since less information has to be quantized and sent through the feedback link, the feedback can be
performed more efficiently and the system performance is better, as shown in the related works [9],
[17] among others. In some specific multiuser systems, such as in the BC with block diagonalization
(BD) [20], the transmitter design also depends only on the channel Gram matrix of each user and,
therefore, the efficient techniques for quantization and feedback presented in [9], [18], [19] could
also be applied, as shown in [21]. Note, however, that in the general multiuser scenario (i.e., without
constraining a BD transmission and/or for a general quality criterion), as well as in robust precoder

designs, complete knowledge of each chk)

has been assumed so far by the research community. As
a contribution of this paper, in section III-A, we present a linear transformation technique that still
enables the use of channel Gram matrix feedback even in the general multiuser scenario by adding a

unitary pre-transformation at the decoder to identify uniquely an equivalent triangular MIMO channel



)H

for each receiver. That is, knowledge of Rgck) = chk H}k) € Crt>*"r of each carrier and user is

sufficient to design the optimum precoder.

In this work we also analyze the possibility of performing feedback of the temporal CSI instead of
the frequency CSI in a per carrier basis, as is usually done in OFDM systems. Following from (1),
the F' Gram matrices R;k) of size ny X np for each user can also be computed as:

)H

H_ com
VIR e g grrxne - p 0 F =1 (5)

(k) — yy(k (k) _ &
R;"=H,” H;’ = H, m
Using this, the necessary CSI corresponding to the kth user at the transmitter can be computed
with knowledge of the L matrices I:Il(k) € i xnr or, alternatively, using one temporal Gram matrix
R*) ¢ CLlnrxInt defined as (note that the sub-blocks of the following matrix are used directly within

the sum in (5)):

_ H
Ay’
g®
R (k) — 1 — (k — (k — (k
R® = | a” a® ”.}hL] (6)
— (k) H
L HLil -
T QRS (ORI IORESIC ) )
a” g ad»ad ... ad ad,
IO ORI R0 :
_ Hl . HO Hl ' Hl ... . : 6 (CLTLTXLTLT. (7)
g0 T g® T T {RIE = (0]
L H(L—l H(() H(L—l Hl : HLzl H(L—l i

Observe that matrices R;k) and R™) are positive semidefinite and Hermitian by construction. Since,
as will be seen in the following subsections, the precoder design depends on the propagation channel

of each user through R

, the most straightforward approach would be to quantize and feed back
Rgfk) individually for each carrier and user. However, this is suboptimal because: a) it does not exploit
the correlation in frequency of the propagation channel, and b) in systems with many carriers the
feedback overhead would be too large. Therefore, in order to improve the performance of the CSI
quantization, the scheme proposed in this paper considers the possibility of feeding back the temporal
channel Gram matrix R®*) of each user. This allows to exploit the correlation in frequency of the
channel and also the fact that the size of the matrix to be quantized grows with the number of channel
impulse response taps L instead of the number of carriers F'. This can help to greatly improve the
performance of the CSI quantization in some situations, as will be shown in section VI.

From the knowledge of the temporal channel Gram matrix R**) (and therefore, the individual Gram
matrices Rgfk) associated to each carrier), it is possible to compute (as is described in the next section),

for each user and carrier, a unique equivalent channel response triangular matrix which can be used to

apply any type of multiuser design on top of it (without the restrictions of BD, which spends degrees



of freedom to completely avoid inter-user interference), for any quality criterion in the same way as

(k)

if knowledge of the actual channel response matrix H;"~ was available.

A. Equivalent channel transformation

Following the feedback model presented in the previous section, knowledge of an estimation of the
channel Gram matrix of each user is assumed at the transmitter. Note that there are multiple possible
channel matrices H® that generate the same Gram matrix R® 2 H®"H® (for example H®
and UH®) | with U being a unitary matrix, generate the same Gram matrix). Since the transmitter
has knowledge only of the Gram matrix, it cannot know which of the multiple channel matrices that
generate that Gram matrix is the actual channel matrix. However, there is only one of the possible
matrices that can generate the Gram matrix that is upper triangular and with real positive elements in
the diagonal, and this matrix can be computed at the transmitter, as will be shown in this subsection.
On the other hand, note also that, by applying a properly calculated unitary linear transformation
Q(k)H, with Q%) ¢ CF nin xFrit’ at each receiver k, it is possible to generate an equivalent channel
response matrix T*) ¢ CF ni XFnT from the transmitter to the output of such unitary transformation
at each receiver (as shown in Fig. 2), which is upper triangular and with real elements in the diagonal.
Since there is only one possible upper triangular matrix with real elements in the diagonal associated
to the Gram matrix, and the unitary transformation does not change the Gram matrix, the equivalent
channel matrix computed at the transmitter and the equivalent channel generated by the application
of such unitary transformation Q) at the receiver are the same. This scheme is depicted in Fig. 2
(note that in Fig. 2, D" is defined as D" = DWQ® ¢ s’ *Fri’ | 5o that D -p" Q (.

Finally, it is important to note that this matrix Q(*) does not introduce a penalty in the performance
of the system since it is a unitary linear transformation that could be reversed at the receiver by a
proper processing after such unitary transformation, and it allows any arbitrary multiuser transmission
design to be applied on top of the basis of these new equivalent channel matrices {T(k)}le, where
now the transmitter is required to know only the channel Gram matrices R;k) or R,

According to the previous definitions, the equivalent triangular channel, T™), is such that satisfies:
H® = QWT® vEk=1, .., K. (8)

The computation of the equivalent channel response matrix T*) at the transmitter is described in
subsection III-Al, as a function of the matrix R®). At the receiver, matrices Q®*) and T®) are
computed from H®*) as shown in subsection ITI-A2.

Observe that, since H*®) is a block diagonal matrix (we recall that H*) = blockdiag <H(k) o H%‘CZl)
as defined in section II), the resulting Q) and T®*) are also block diagonal. In fact, the computation
can be performed in parallel for each block of H®), which corresponds to the channel response matrix
for each carrier, H )y f=0,...,F — 1. This greatly reduces the required computational complexity,

and, for this reason, the transformation will be presented next for each individual matrix H}k), R}k).



The channel response matrix for the fth carrier and the kth receiver H}k) can be written as:

HY =QPTl, vf=0, ., F-1, )
() NONNOR . () nE) .
where Q;° € C"r *"r" is unitary and T, € C"z *"7 is upper triangular [22] (consequently, the
H H
channel Gram matrix R}k) can also be written as R;k) = H;k) H}k) = T}k) T;k)). The decomposition

k)

that allows to calculate Tgck) from R}k) is unique if we force Tgc to be upper triangular and with the

elements ¢;;, on the main diagonal being positive and real, as will be shown next.
1) Calculation of Tgfk) at the transmitter: Matrix R;k) is obtained at the transmitter from the R

received through the feedback link using (5) and (7). Using R}k), the transmitter can uniquely compute
T;k) as described next. Observe that there is only one possible T;k) € Cri xnr satisfying that the
elements ¢;; are real and positive and ¢;; = 0, Vi > j.

H
From Rgck) = T}k) T}k), matrix Tgck) is computed as (j > 1):?

(
1/T1,1a Z:jzl,
t oL i=1,¥j>1, 10
hj — R TS DU A . ) .
%, Vi, g, 1 <i<y,
Tii — Z \t;“\, Vi,j;1=7>1,

where 7;; and t; ; are the elements 7,7 of Rfk) and T( , respectively, and where, for the sake of
clarity in the notation, we have dropped the dependence of r; ; and ¢; ; on f.

(k)

2) Calculation of T(k) and Q(k) at the receiver: The receiver knows H;" and can obtain T(k) =

Q(k f , as 1s described in the following algorithm based on the QR decomposition. From (9) we

have that matrices TEI and Q 7 can be computed as®:

T =1,
o HE ZZ;:ZZZ ;E T Vi 1< i< np, (11)
a;'hy Vi <y,
tij =94 Il , P=j=1, .
H(I_Zk 1quk> . Vi jii=j>1,

(k)

where q; and h; correspond to the ith column of matrices ngk) and H P respectively, and, again, the

dependence on f is omitted for clarity in the notation.

H
In the case where ng) > np, the last n%f) —np columns of Q}k) are chosen such that Q}k) ng;) =1,

i.e., they just have to be orthogonal with each other and with the previous columns and have a norm

Note that the decomposition presented in (10) is not exactly the Cholesky factorization because the resulting matrix T}k) € (C"g?k) xnT
is not forced to be square (the equivalent channel propagation matrix T;k) must have the same dimensions as the actual channel
propagation matrix H}k)).
3Note that, since at the receiver there is knowledge of H;k), it would also be possible to calculate R;k) = H;k)HH;k) and compute

Tgf“) locally as explained in the previous subsection describing the decomposition to be calculated at the transmitter.



equal to 1 and they can be calculated following the Gram-Schmidt procedure. In this case, we assume
that the rank of the matrix R;k) is given by np. It is important to note that the equivalent channel

Tgck) 1s a tall matrix with the last ng) — np rows equal to zero. This means that, at the receiver,

H
after the application of the transformation represented by Q}k) , the last n%f) — ng outputs contain
only noise, which is uncorrelated with the data. Observe that, in the case of spatially white noise,
ie., if Rq(ff) = agij, the last ngf) — np outputs contain no useful information. Consequently, for the

computation of the estimates of the transmitted symbols at the receiver, the last ng) — np columns

of Q;k) could be ignored, reducing the complexity of computing Q;k). In the case where ng) < nrp

k)

we assume that the rank of the matrix R;k) is given by n% and the transformation is performed as

already described in this subsection.

IV. ERROR ANALYSIS

In general, robust transceiver designs require the characterization of the CSI error in order to
minimize its effect. In the presented framework, this characterization has been performed in terms
of the second-order statistics of the resulting error at the equivalent triangular channel matrix, as
will be shown in this section. This will exploited in the robust design presented in section V as an
illustrative example of application.

The error in the equivalent triangular channel is the result of the propagation of the initial error
generated in the CSI quantization. In general, only the second-order statistics of the initial quantization
error are known. This section presents the analytic study of the linear relation, for small errors, between
the initial quantization error and the final error in the equivalent triangular channel matrix. From this
derivation it will be possible to compute the second order statistics of the error in the equivalent

triangular channel, which is often required in statistical robust designs.

A. Error model

There are three different sources of inaccuracies in the CSI sent through the feedback link from
the receiver to the transmitter: estimation errors at the receiver, quantization errors which are inherent
to the feedback process, and errors due to noise in the feedback link. In practical situations, where
the part of the transmission dedicated to feedback is greatly constrained, the quantization error is the
dominant factor of the error. Consequently, in this paper we will consider only the errors resulting
from the quantization process. The CSI at the transmitter Réﬁgm = quantiz (R")) is then modeled
with the error matrix R

R*® = Ry, + RW e clrrxinr, (13)

ant err

Note that, although the rank of matrix R(®) € CL"7*LT pefore the quantization is min (ngf), LnT>,

)

depending on the quantization strategy that is applied and if ng < Lny it 1s possible that after the

quantization the rank of the resulting matrix is increased up to Lny. If the rank is increased, matrix



ant

R(u) should be projected on the space of the matrices with a rank equal to min (n R), LnT) at the
transmitter in order to maintain the rank.* The error after the projection, is then propagated at the
transmitter through the Fourier transformation used to compute the channel Gram matrix associated

to carrier f and user k based on the Fourier transform and through the computation of the equivalent

triangular channel Tgfk). The final error in the resulting knowledge of Tgfk) is denoted in the following
by T4 :
k
T( ) Tc(luthf + Télrﬁr)p (14)

where Téﬁ?mtf is the estimated value of the actual equivalent triangular channel Tgck)

calculated using
the quantized and projected channel Gram matrix sent through the feedback link. The expression of

TS

iy as a result of the error propagation is derived in subsection I'V-B.

Following this notation, (4) can be rewritten reflecting the errors in the CSI at the transmitter and

incorporating the notation corresponding to the equivalent channels as:

~ ~ ~ )
= DT, Px + DT, Px + DQ"w € Cxi= s, (15)
where T(uant = blockdiag (Tfﬁgmo, .. Tfﬁgm . 1) € CFn xFnr , T® = blockdiag (Télfr)o, o TR F,1>

CF*Frr D = blockdiag <D<1> ., D& ) € CTimans < FEny

T
Q = blockdiag (Q, .., QW) € CFElamit i — [T T |

qudnt

(k) T T (k)
€ CFZiting xFnr and T, = [Té}r) o, T } € CFEkzing xFnr,

B. Error propagation

As shown in the previous subsection, the CSI inaccuracies are defined in the matrix R®), which
is quantized and then sent through the feedback link. At the transmitter, the received matrix Réﬁzm
is projected, if needed, to guarantee that its rank is min(ng), Lny) and an estimation of the channel

Gram matrix Réuam is computed using the projected matrix unamp, following (5). In a third step, the

estimated equivalent channel Téuzmt is computed from Rgﬁamf following (10).

First, the propagation of the error through the semidefinite projection is presented. Next, the trans-
formation of the resulting error through the computation of R;k) at the transmitter is studied. Finally,

the result is further propagated through the equivalent channel computation, in order to obtain an

expression of T, This result will then be used for the design of the robust precoder in section V.

1) Propagation through the semidefinite projection: As it has been pointed out above, the first step

where the quantization error propagates through is the positive semidefinite projection. Note that if
ng) > Lnyp this step is not necessary, since R(ugm already maintains the same rank as R®), so, in

“In the case where ng) > Lnr the quantization process maintains the rank of the matrix, but in the case that ng) < Lnr the

projection presented here is required in order to keep the same rank.



the following of this subsection we will assume that ng) < Lny. The positive semidefinite projection

operator, P, is defined as:
N

= (X (X)u(X)", (16)
i=1
where X represents any Hermitian matrix, \;(X) is the i-th eigenvalue of X (sorted in decreasing
order), and u,;(X) is its associated unitary eigenvector.

Consequently, this first step can be formally written as unamp 77( quam, ng%)) and, from (13), we

have that Rgﬁmtp P(R! Rgﬁ), ng{ ). This can also be written as:
Riuny = PRY R, ) = PRY. ny)) ~RE), = R R, a7

where the error after the projection is defined as R, 2 P(R®, n'%) — P(R® — RE) nV) =
R® — P(R® — Ré’;?, )) Now, it remains to linearly relate the real and imaginary parts of the
elements in Rﬁr}p with those in Rm), which can be done using a first order approximation and the

results in [23] as

vec (Ré’fr?p) ~ <Df<k>77(15u(k), n?)) vec (Rgfr)) , (18)
where we have used the operator vec (-) = [vech(%e(-))Tveci(Sm(-))T]T 5 and 7®) = vec (R(k)).

Finally, with a modicum of algebra and using the results in [24, Lem. A.4 and B.7], the expression
of the Jacobian matrix D, P(R™, n ) can be computed as:

(k)
"R

Decw P(RM, nf) = 3 vec (uy(R™)u; (R®)T) (Dyoo i (R™))
1=1
ntk)
R

+ > MR (wRY)" @ L) (Dewws(RM)) + i A(RW) (L, @ 1y (R™M)) (Dee w;(R™M) )7,

i=1
where the explicit expressions for Dy A;(R*) and D.u;(R*)) can be straightforwardly found from

the results in [23, Ch. 9] and are not reproduced here for the sake of space.

2) Propagation through the Fourier transformation: Equation (5) describes the computation of R;k)
from R(*), which corresponds to the Fourier transformation of the projected time domain Gram matrix.
The error propagation through the computation of R;k) is studied next. From (5) and (17) it follows
that:

RY — F"RWF, = F" (Rgudntp + Rg’;;)p) F,, (19)

where F is the extended Fourier matrix defined as

F, = [e i %00 o~ 0D eﬂg(f(Ln)r 91, € Clorxnr,

>The operators vec(-), vech(-) and veci(-) act upon matrices and transform them into vectors as described next. First, vec(-) represents
the vector obtained by stacking the columns from left to right. Next vech(-) transforms its matrix argument into a vector, by stacking
only the elements of each column that lie on or below the main diagonal. Similarly, veci(-) represents the result of stacking only the

elements of each column that lie strictly below the main diagonal.
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Following from (19), the error in the computation of R}k) at the transmitter is given by

R =¥ RE F, (20)

errf €I1,p

where we have that R;k) = R(k) is the estimated Gram matrix associated to

quant f

(k)

quant ¢

+RY), and RY)

quantf
receiver k and carrier f, i.e., R =F fH Réﬁzm,pF . Following the structure used in the previous

subsection, the propagation of the error through the Fourier transformation, (20), can be expressed as:

e <Rg§>f) — Fpvec (RE)) Q1)

err,p
where

= _ | Dh (Fry @Fg 4+ Fyf @F ) Duny Dy (Fyy @ Fyf = Fpf @ Fy ) Digy @
Ch, (Fs; ®F; —F; @F;) Crup G, (Fsy @Fy) +Fy) @F) Cra,
and the following notation was used: F; = Re(Fy) and F;, = Sm(Fy). Also, (-)* stands for the
pseudo-inverse operation and D,, corresponds to the duplication matrix, whose definition is given
in [23]. Similarly, the antiduplication matrix C,, is defined as the unique matrix such that, for all
X € R™", vec(X — XT) = C,veci(X — XT).

3) Propagation through the equivalent channel computation: After the computation of Réﬁ?mtf, the
error Rglfr)f is propagated through the matrix factorization at the transmitter described in section III-Al.
The objective now is to obtain the expression of the error in the equivalent triangular channel response
matrix Tgfr)f as a function of Ré’fg,. A first order approximation of the error propagation is considered,

which is valid for small errors. From (19) we have that

(k) _ (BT (k)
R, =Ty T}, (23)
H
R, + RS, = (T, + T8 ) (T, + T ). (24)

After some manipulations described in appendix A, the error in the equivalent channel response

matrix Tglfr)f can be expressed as a function of Réﬁ)f as:

vee (T,") ~ (Dt vee (RE)) (25)

) is the Jacobian matrix of t;k) as defined in (49), and is derived in appendix A.

(k

where Dr;mt 7
4) Summary: The complete CSI error propagation process described in the previous subsections is
summarized in the diagram in Fig. 3, which reflects also the notation used through the computation.

Mathematically, the complete error propagation process can be expressed from (18), (21) and (25) as:

vec (Tgfng> ~ XWr®) (26)

err?

where f(eljil = vec <R£i‘?) € RE7Tx1 and chk) is the linear transformation that results from the error

propagation through all the steps:
®) (Drmt}k)) f‘f (Df(k)P(R(k), ng))) , if ng) < Lnp
Xy = /

- (27)
! (Dr;k)t;k» F;, if n > Lng

11



Finally, appendix A-A presents a notation that relates the subindices of the error in the triangular

(k) (k)

matrix Ter, with the corresponding row index of matrix X . This notation will be used in the

following section.

V. APPLICATION TO ROBUST PRECODER DESIGN

In this section we present an example of robust design of the precoder matrix taking into account the
error in the available CSI due to the quantization for the feedback transmission. As explained before,
with the help of the transformation described in section III-A, the transmitter is able to compute an
equivalent propagation channel using the channel Gram matrices sent through the feedback links. This
will allow to apply a robust MSE precoding strategy, which takes into account explicitly the statistics
of the inaccuracies in the CSI at the transmitter defined by Rﬁf? in (13). The advantage of the robust

design is that it is less sensitive to such errors.

A. Optimization of the MSE

It is important to emphasize that the equivalent channel transformation from section III-A can
be used to apply any arbitrary design criterion and system architecture (also for joint precoder and
decoder design) on top of it. In this section, and for illustrative purposes, the specific design criterion of
minimization of the MSE with fixed decoders is considered as an example of application and because
it is analytically tractable. First, the expression of the MSE is presented and then the robust precoder
design is derived.

In order to adjust the dynamic range of X before computing the MSE, the factor (3 is included, as

in [25], [26], which could be understood as a gain control at the receivers. The MSE is then given by:

MSE ZET&@, ®) {Hx(k) _ B*lﬁ(k)Hg} — ETW,&W {HX . ﬁflﬁ”g}
1 ~
= (DTqudeR PHTH DY —ADT,, PR, — BR,PITH DY 4 52Rx>
1 1 .
+ o (PRPA) 4 e (PQ"R,QD"), (28)

- H~ (k)7 ~(k
with A = Ep_ {TgrDHDTm} = Zszl Epm {Tgﬁ) D( ) D( )Té’;’ . Note that matrix A depends

on the second-order statistics of the error in the equivalent channel matrix T,.. Such statistics can be
computed assuming that the second-order statistics of the original quantization error R are known
and using the analytic study of the error propagation presented in section IV. Appendix B presents
how matrix A can be computed for the particular case where the error matrix R err 18 composed of
i.i.d. elements and using explicitly the derivation presented in Section IV. Note that the extension for
any correlation of the elements in Rﬁf? could be addressed following similar steps as those presented

in Appendix B.
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B. Robust precoder design

The robust system design can be expressed as the following optimization problem based on the

MSE criterion (28) and including a constraint on the maximum power F; available at the transmitter:

Py, 05, =arg min MSE(P, 29
[ rob b] g{P,ﬁ} ( ﬁ) ( )
st E{||Px|3} = P. (30)

Note that the MSE is not jointly convex in P and (5. However, two necessary conditions arise from
the fact that the optimum solution must fulfill that the optimum P minimizes the MSE for the optimum
[ subject to the power constraint and at the same time, the optimum value of 3 must minimize the

MSE for P equal to its optimum value:

P:Ob = arg mgn MSE(P7 :ob) (31)
st.  E{||Px|3} = P. (32)

and
B:ob = arg ngn MSE<P:ob7 B) (33)

The problem (31)-(32) is convex and therefore the optimum solution must satisfy the expression
obtained by constructing the Lagrangian function L(P; \) with Lagrange multiplier A € R™ and setting
its derivatives equal to zero [27]:

1

L(P; ) = E{|x - 85,

rob

%3} + 2 (u(PR,PH) - P). (34)

1 ~ o~ 1 ~ 1
VPHL = FTcﬁamDHDTquantPRx o TTglantDHRz + TAPR:E + APR, = 0. (35)
rob rob rob

Similarly, the condition (33) is convex in 3 and deriving the MSE with respect to 3 results in:
OMSE(P;,,, )
s

2 ™ * *H —~ 2 " *H
N _@tr (DTqutProbRxP TH DH) — 3lr (ProbRxP A)

rob ~ quant ﬁ 3 rob
1
2

quant quant

B
which, using the fact that tr (]5T P:obRﬂ?> =tr (RmP*H T DH ) results in:

quant rob - quant

quant quant quant

13

2 /=~ ~ ~ 1 ~
——tr (DQHRwQDH> + —tr (DT P:Ome> + @tr (RmP:beH DH> =0, (36)

—tr<]5T P R, P T ﬁH) —tr(P:OszP:fbA> —tr<15QHRwQ]5H) + B (ﬁT P;‘ObRx> = 0.37)

We now introduce the following change of variables £ = A\3? and P = ﬁf’. Then (37) results in®:

o ~ ~ r (]SQHRwQﬁH>
¢ B2 (P:OmeP:Ob) o (DQHRwQDH) —0 = ¢, = = (38)
t
From (35), it follows that:
. -1 ~
:ob = ﬁ:ob (T(I;JantDHDTquant + A + f:ob1> T(I;{lantDH7 (39)

The fact that tr (ﬁTquantlst> =tr ((TcﬁamﬁH ﬁTquam + 51) PR.P” ) was used in the derivations.



and from the power constraint tr (PRIPH ) = P, and (39), it follows directly that:

By

*x
rob —

(40)

o~ o~ -2 ~ ~ ’
tr {(T{lﬂamDHDTqurA +§:Ob1) TH, DFR,DT

Since there is only one solution (up to a phase change) that satisfies the two necessary conditions,
(31)-(32) and (33), this solution will be the optimum one.

Note that, for the computation of (38), an additional parameter associated to the noise power of
each user, £%) = tr <I~)(k)Q(k)HRq(f )Q(k)ﬁ(k)H) , has to be fed back to the transmitter. However, this
scalar parameter varies very slowly over time and does not imply a relevant increase in the feedback

load. From (38), it follows that £ , = %{ém. Observe that, in the case that there is no knowledge

of the CSI error at the transmitter, a naive design would assume A = 0, and in this case (39)-(40)

results in a non-robust design which coincides with the optimum non-robust design derived in [25].

C. PFarticular case: independent processing per carrier

In the particular case where the decoder matrix of each user D(*) is constrained to be block diagonal,
which is the case for example when joint-processing of the signals from different carriers is not possible
at the receiver, the optimum solution given by (38)-(40) is also block diagonal. This means that if the
decoder is not capable of processing the signals of different carriers jointly, the optimum precoder does
not spread the information symbols across carriers. Consequently, in this particular case, the solution

from (38)-(40) is also valid for the MIMO-OFDM scheme as described in (2).

VI. NUMERICAL RESULTS

This section numerically evaluates the performance of the proposed design framework and precoding
scheme. For the simulations we consider a scenario featuring a transmitter with np = 4 antennas

and K = 2 receivers with ng) = 2,k = 1,2, antennas each. The [th tap of the channel impulse

) = alNl(k), where o; characterizes the power delay profile and Nl(k) is

response is generated as I:IZ(ILC
composed of 1.1.d. zero-mean circularly symmetric complex Gaussian entries with unit variance. For
the simulations, we considered an exponential decaying power delay profile given by o7 = aev,
(where a = (Zﬁ;é e )~') with a normalized delay spread of 7 = 3. The simulations are averaged
over a sufficiently large number of realizations. Since the joint optimal design of P and D is still

an open problem, a decoder matrix D has to be fixed for the simulations. A simple choice is to set

D® =1, as in [11]. Note that this implies that the number of streams is chosen as ngk) = anf).

A. Evaluation of the robust precoder

In this subsection the performance of the proposed robust algorithm, implemented within the
presented feedback framework, is numerically compared with that of the non-robust algorithm from

[25]. To show the applicability of the presented framework, both the naive (i.e., non-robust) and the
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robust versions of BD [20] are also implemented and compared, in a setup with L = 16 taps and
F = 128 carriers.

Using this setup, Fig. 4 shows the MSE versus the transmit power P, for different values of the
variance of each element of the error matrix Réﬁ), represented by &,2. These simulations show that the
improvement in terms of MSE of the robust design with respect to the non-robust solution is higher
as the error in the quantization and feedback increases. The same conclusion applies to the case when
a SER cost function is used, as shown in Fig. 5 for a scenario featuring a QPSK constellation.

The framework allows also other design implementations and, as an example, a design based on
BD [20] is now considered’. Using this, the robust and non-robust BD designs are applied, and the
results in the considered scenario are shown in Fig. 6. Note that this is shown as an example of the
applicability of the framework, but, if the designs based on BD were to be compared to the non-BD
designs, the performance in terms of MSE would be worse for the BD schemes since they spend
degrees of freedom to force interference nulling among users.

The performance as a function of the amount of error in the CSI is considered next. Fig. 7 shows
the achievable MSE versus the SNR in the estimation of R*), defined as SNR, = 512, for a fixed
value of the transmit power P, = 60 dB. The curves show that the robust designs outperform the other
precoding techniques when the estimation of R™®) is not very good, i.e., when the SNR, is low and
consequently the error is high, while at high SNR, the error in the CSI is very small and the curves
corresponding to the non-robust techniques converge to the curves corresponding to the robust designs
as it is to be expected. The designs based on BD show a small performance loss due to the fact that

some degrees of freedom are used to guarantee an interference-free transmission.

B. Comparison of feedback strategies

A numerical analysis of the performance of the feedback scheme based on the quantization and
feedback of one temporal channel Gram matrix R*) per user (as described in section III), instead of
the usual feedback per carrier per user and the traditional feedback of the complete channel propagation
matrix is presented in this subsection. This performance comparison is numerically characterized by
constraining the same number of quantization bits for the different approaches in order to obtain a
fair evaluation. There are multiple quantization and feedback algorithms that can be used to quantize
either R%) ¢ CInrxlrr or the F matrices Rgck) € Crrxrr . Since the focus of this work is on the
objective of the quantization and not on the algorithm itself, the algorithm from [18] will be taken as

a reference for the comparison of due to its simplicity.® The performance of a system using both the

"The transceiver design is implemented within the proposed framework by applying the BD scheme on top of the equivalent triangular
channels presented in section III in this paper.

8The algorithm from [18] used as a reference is based on an individual quantization of the real and imaginary non-repeated elements
of the matrix, i.e., in the scheme based on quantization of temporal CSI, L?n% real scalar elements have to be quantized, while in the

scheme based on quantization of frequency CSI, FnZ real scalar elements have to be quantized.
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quantization of R and the quantization of the F matrices R}k) and featuring the same number of

feedback bits for both cases will be shown next.

First, a comparison of the feedback based on the channel Gram matrix versus the feedback of the
complete channel response matrix is presented. A scenario with L = 16 taps and F' = 16 carriers is
considered, and the results are shown in Fig. 8. It can be seen that the feedback of the Gram matrix
provides a lower MSE than the technique based on direct cuantization of the channel response matrix,
for the cases of B = 1536 and B = 2560 total feedback bits.

Next, Fig. 9 shows a comparison of the performance using feedback of the time domain CSI versus
feedback of the frequency domain CSI in a scenario with L = 8 taps and F' = 128 carriers, for
different values of the feedback load. First, we considered B = 12288 bits of feedback. This means
that each of the 1024 real and scalar parameters that have to be fed back in the time domain CSI
feedback is quantized using 12 bits, while each of the 2048 parameters corresponding to the frequency
domain CSI feedback case is quantized using 6 bits. The figure also shows the results of simulations
featuring 14336 bits per feedback update (which corresponds to 14 bits for the quantization of each
element in the scheme based on time domain CSI and 7 bits for each element in the scheme based on
frequency domain CSI). These curves show that, for this specific setup, the quantization and feedback
of matrix R (which is based on the time domain CSI) provides a lower SER than the quantization and
feedback of Rgfk) (which is based on frequency domain CSI) when using the same feedback algorithm.
This is due to the fact that in the case of time domain CSI feedback the number of parameters to be
quantized is half the number of parameters to be quantized using the same number of bits in the case
of frequency domain CSI feedback. In a scenario such as the one evaluated in Fig. 10, with F' = 64
carriers instead of the 128 carriers considered in Fig. 9, the number of elements to be quantized is
higher in the time domain CSI feedback than in the frequency domain CSI feedback, and the later
shows better performance.

From this we conclude that the choice of the most adequate feedback scheme (feedback of the
time domain CSI or feedback of the frequency domain CSI) depends on the number of taps of the
temporal channel response and the number of carriers, and this should be taken into consideration
at the system design stage. Note that the trend in wireless communication systems is to increase the
number of carriers (WiMAX for example supports up to 1728 usable carriers [28]), in which case the

feedback of the time domain CSI provides better performance.

VII. CONCLUSIONS

This work presents a framework for the design of multiuser MIMO-OFDM BC systems with CSI
feedback. The proposed framework is based on the computation of an equivalent triangular channel
response matrix, and enables the use of efficient CSI feedback techniques based on the quantization
of the Gram matrix of the temporal response of the channels. This scheme is valid for and can be

applied to any given design quality criterion. An analytical study of the propagation of CSI quantization
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error through the channel Gram matrix computation and the posterior equivalent channel response
matrix computation is also presented. As an illustrative example of the potential of this framework for
transceiver designs, the case of MSE minimization has been considered and a closed form expression
for a robust space-frequency linear precoding design has been derived. Numerical simulations reveal the
advantages of the proposed feedback scheme and also of the MSE minimization precoding technique

compared to other feedback techniques and to the non-robust counterpart precoding techniques.
APPENDIX A

CSI ERROR PROPAGATION THROUGH THE COMPUTATION OF THE EQUIVALENT CHANNEL
In the neighborhood of R;k) the errors Rgﬁ)f and Tf(:]fr)f can be approximated by the differentials,
ngck) and dTgck), respectively. From (23), we readily obtain:
®) _ qp®Hpk) | p® T k)
dR,” =dT,” T,”+T;” dT,". 41)
By separating the real and imaginary parts of the individual matrices, Rgf:) = %e(REfC)), Rgf:) =
k k k k k . k k : k k
Sm(RYY), TV = Re(T), T = Sm(T), and defining AR} = dR{” + j dR}” and 4T} =
dTgf:) +7 dT(lf), we obtain:

®) _ )T k) &) T (k) &) (k) &) (k)

dRj =dT, " Ty +dT;" Ty + Ty AT, + T dTg7, (42)
*) _ 3p®)T k) &) (k) BT (k) &) (k)

dRy" =dT," T,  —dT; T, +T;" dT; —T;” dT;". (43)

The following facts are considered in the derivations:

1) From the fact that T}k) is upper triangular with real and positive elements in the main diagonal,
it follows that dTgf:) is strictly upper triangular. Thus, the only non-zero elements of dTgf:) and
dTEf:) are contained in the vectors vech(dTgc]:)T) and veci(dTgfj)T).

2) From (42), it follows that dR}Ij) is symmetric. Thus its non-repeated elements are contained in
the vector vech(ngfj)).

3) From (43), it follows that ngfj) is anti-symmetric. Thus, it has zeros in the main diagonal and
all its non-repeated elements (up to a change of sign) are contained in the vector veci(dR;l:)).

Consequently, from all that has been said above, in order to compute the derivative of Tgfk) with

respect to R}k), our objective is to linearly relate the elements of vech(dT}]:)T) and veci(dTgfj)T) to
those of vech(ngff)) and veci(dR}/j)) and apply the first identification theorem [23].
We start by applying vech at both sides in (42), and it follows that’:

k k)T (k k)T (k k)T k k)T ik
vech(dR) = vech (4T T + a1 T 4 T 4T + T a1 (44)
T T T T
= D, vec (aTf T 4 4T T £ 1" ar 4 T aT) (45)

T T T
—2nf, (9" @L,) v, avech (arf’") + (TP 21,,) VE
R z

(qT®"
(k) VECI de (46)
nrng ?
°In the developments, we make use of the triangularization matrix V, ,,,, which is the unique matrix of the appropriate dimensions such
that, for all lower triangular X € R™*™, we have vec(X) = V,, mvech(X), and the strict triangularization matrix V3 ,,, which is the

unique matrix of the appropriate dimensions such that, for all strictly lower triangular X € R™*™, we have vec(X) = Vf,mvech(X).
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Now, applying veci at both sides in (43), and operating similarly as before, we get:
veci(dR () = veci (TP T + 4T T + TP a7 + TP a1?) (47)
=205, ((T9 @ 1,) v, wvech (aTP") — (TP @1, ) VS veci (aTf") ) .48)
Now, defining
6 = vee (TP") e = vee (1" ) o = vec (RYY) ar) =vee (aRPY) . @9)
from (46) and (48), it follows that

T k)T S
o | Do (T8 @1V, e Di (T ®Inf> Vira® | o)
iy =2 o7 . © dt;”. (50)
C, (Tfi ® InT) VnT’ngw -CJ. (Tfr ® InT) V 0

It only remains to take the pseudo-inverse in the last equation to obtain the desired Jacobian matrix:

—_

T O
D, (Tf ©1.,)V,, 0 Db (Tf oL, ) Vs

D m““’ . . (51)
k k
2 Cr, <T§%> ® InT> Vot —Ch, (T;) ® InT> VfT,ng>
Consequently, we have that Tgn ;asa function of Réﬁ?f can be computed as:
vec (Tgfg T) ~ D, tWvec (Rgf) ) . (52)
f r; f

A. On the element-wise propagation error vector

In this subsection we will express the total error propagation from (26) using element-wise notation.

We will denote the ith row of matrix X(k) as xgc ) . The element n, r of the error matrix Télfr § € (C”R xnr

will be denoted by #{&) Fon) and can be computed as:

5 agck) rgﬁ, Vn <r,
Re(tl)  ym{d (53)
(i) 0 Vn > r
N b}"” 7 vn<or,
Sm(tyy, )= (nar (54)
(i) 0 Vn > r.

Based on the antenna topology, two cases have to be considered:

—_~ T . .
1) ngf) > npo In this case, vec (Tc(:]fr)f ) € R""*1 and X;k) € CrrxL*n% Because of this matrix
structure, we have that a}]fi x;k) and b}k) = x®

f(ﬁing@‘F"T("fl)*w‘Pr)

r+nT(n—1)—Z"x:1 T

rz#n—1
) (k) (k) ) n
2) n < np: In this case, vec (Tgﬁ)f ) e R"® (2nT "R >X1 and chk) e C'r (2"T R )XLQ 7. This

results in 2% = x® and b = x® .
F(n,r) ! Fn,r) ! NOPROIN
(7}% QR +(anng))ng)+nT(nfl)f7n(n2_1) +7‘>
r+nT(n71)7Z"x:1 T
T#n
r#En—1
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APPENDIX B

COMPUTATION OF MATRIX A

From (28), the element 7, j of matrix A € CF"7*¥n7 can be computed as:

AGs) ZE o {1 D"y | - ZE oo (@D D) 69
K
_Ztr <D "DV (){ <§>tg§1H}), (56)

where tgf% is the jth column of matrix Télfr).

For simplicity with the notation, the elements of A € C"7*F"7 will be denoted as A f4nnrg+m)s

where f,g € {0,..., F — 1} and n,m E {1, ...,n7}. Using this notation, (56) can be expressed as:

= (k H
Bosinersin = 30 (D DE {8, }) 7

R
1 (k) (k)
= Z Z Z fro n(k)g+r)E {terrg(nm) te"f(x,n) } ; (58)

k=1 2=1r

where t&’;?f( ; is the element 7, 7 of matrix Tgfr) 7 (see appendices A-Al, and A-A2 for the expression

(k) (k) (k)
of ter f( ) in the cases of ny

~ (k

D( " D ). Note that some of the elements of the summation in (58) are zero due to the fact that

matrix Tgfr)f is upper triangular. Expression (58) can be manipulated further to write it as a function of

> nr and ny’ < ngp, respectively) and d 1s the element 7, j of matrix

T
E {fglﬁ%fglﬁ% } the variance of the error introduced in the quantization of the temporal Gram matrix:

R
Tk (k) 1. (k) =(k) = (k)T T BT
A(an-i-n nrg+m) = Z Z Z f+z n(k)g+r> ( g(r m) + ]bg(nm)> E {rerrrerr } (af(x,n) jbf(x,n) (59)

k=1 =1 r=1
In the particular case when the error in the CSI at the transmitter, Rerr, is composed of i.d.d.

elements with zero mean and Variance ®)? it follows that E {ré&réﬁf} = 5T and (59) results in:

R
ik (k) (k) (k) (k)T
Aur frnnrgm) ~ZZZ d 9 i) (a0, +m ) (af = wf” ). o)

k=1 z=1 r=1
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Fig. 3. Diagram of the complete CSI processing and the error propagation through the stages of such processing.
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Fig. 4. MSE versus the total transmission power allocated among all the 128 carriers in a 4x{2,2} system with R generated using i.d.d.

elements following a Gaussian distribution with zero mean and variance 7.2
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512 symbols transmitted simultaneously. Rgﬁ) consists of i.d.d. elements following a Gaussian distribution with zero mean and variance &.>.
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Fig. 6. MSE versus the total transmission power allocated among all the 128 carriers in a 4x{2,2} system with R generated using i.d.d.
elements following a Gaussian distribution with zero mean and variance .2, and an implementation of a BD design.
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Fig. 7. MSE versus SNR. in a 4x{2,2} system with a total transmission power allocated among all the 128 carriers of P, = 60 dB above the
noise level.
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Fig. 8. Feedback based on the channel Gram matrix versus feedback based on the complete channel response matrix, for different values of
the feedback overhead in number of bits.
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Fig. 9. Feedback of the frequency domain CSI versus feedback of the time domain CSI. Scenario with L = 8 taps, I’ = 128 carriers, and

different values of the feedback overhead in number of bits. The transmit power F; is spread over all 128 carriers and all 4 antennas, and 512

QPSK symbols are transmitted simultaneously.
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Fig. 10. Feedback of the frequency domain CSI versus feedback of the time domain CSI. Scenario with L = 8 taps, F' = 64 carriers, and
different values of the feedback overhead in number of bits. The transmit power P; is spread over all 64 carriers and all 4 antennas, and 256
QPSK symbols transmitted simultaneously.



