Is Transmit Beamforming Robust?
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Abstract—Transmit beamforming is a simple strategy that uses transmit strategy is called robust if it can achieve the best
only one spatial direction in a multiple-input multiple-output  performance in the worst channel within the uncertaintyaeg
(MIMO) channel. Due to its simplicity, beamforming is usualy [7]-[15]. So far, the only result on the worst-case robussne

seen sensitive to inaccuracies of the channel state inforrian fb f . tricted t K h | stract
at the transmitter (CSIT). In this paper, we investigate the of beamforming was restricted o a rank-one channel stractu

robustness of beamforming with respect to the worst-case @8 [12].
Our result shows that beamforming is actually robust, in the The goal of this paper is to study the robustness of

sense that it achieves the maximum received signal-to-neisatio  peamforming from the perspective of worst-case robustness
(SNR) in the worst channel within an elliptical uncertainty region Specifically, we consider a robust MIMO transmit strategy

defined by the weighted spectral norm. This result implies that . L . ;
beamforming has the ability to combat against the imperfect design by maximizing the worst-case received SNR, which

ness of CSIT, especially when channel dimensions or channell€ads to a maximin problem. The channel uncertainty region
uncertainty are small. is modeled as an ellipsoid centered at the nominal chanuel an

defined by the spectral norm.
|. INTRODUCTION Surprisingly, we prove that beamforming along the right
The performance of a multiple-input multiple-outpufingular vector associated with the maximum singular value
(MIMO) system depends, to a substantial extent, on the bjuaIPf the nominal channel is the optimal solution to the maximin
of the channel state information (CSI). Given perfect cgiroblem. This result indicates that beamforming is acyuall
at the transmitter (CSIT), the optimal transmit strategiekPbust, in the sense that it provides the maximum received
under various criteria, have been well studied [1]—[3]. TheNR in the worst channel within the spectral-norm-defined
simplest one of them is beamforming, which consists éfcertainty region. Furthermore, we can reasonably irfat t
transmitting data only through one spatial direction, iome Peamforming is approximately robust, for the most common
eigenvector of the transmit covariance matrix. The sinitglic Matrix-norm-defined uncertainty regions, provided thareh
of beamforming makes it attractive in practice, but at thraesa N€l dimensions or channel uncertainty are small.
time sparks worries on its sensitivity to inaccuracies of Ics  Notation: The operators)™, ()™, ()", and T(-) represent
[2], [3]. In practice, however, CSIT is often imperfect dudhe Hermitian, inverse, pseudo-inverse, and trace opesti
to, e.g., inaccurate channel estimations, quantizatiog®f respectively.||-|[, and |||z denote the spectral norm and
or feedback errors. Therefore, the robustness of beamfgrmfhe Frobenius norm of a matrix, respectively. The maximum
against imperfect CSIT should be investigated. eigenvalue of a Hermitian matrix is represented Yy, (-).
In the literature, there are generally two kinds of model§n€ range space ok is denoted byR (A) and its null space
to characterize imperfect CSIT: the stochastic model aed ty NV (A).
dete_rministic one. The _stoch_ast_ic mod_el_assumes that ere ch Il. PROBLEM STATEMENT
nel is a random quantity, with its statistics, such as themmea . — . )
and/or covariance, known by the transmitter. The optipalit COnsider a MIMO communication system wiffi transmit
of beamforming, in terms of maximizing the average receivead]dM receive antennas. The system can be represented by
signal-to-noise ratio (SNR) or mutual information, has rbee y=Hx+n Q)
well studied [4]-[6]. The deterministic model, more sul&ab _ ) ) )
for characterizing instantaneous CSIT with errors, assumgherex € C is the transmitted signal vectoy, € C"' is
that the actual channel lies in the neighborhood, called tHe received signal vectaH € C**" is the channel matrix,
uncertainty region, of a nominal channel known by the tran@0d the noise vectas € C** follows n ~ CN(0, 571).
mitter. Following the philosophy of worst-case robustness A MIMO transmit strategy, for a given distribution on the
input symbols, is fully characterized by the transmit céamace
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the power allocated to thi¢h eigen-mode. Beamforming is the Proof: See Appendix A. ]
simplest transmit strategy because it uses only one directi Proposition 1, in fact, provides an efficient way to com-
(i.e., p; > 0 for somei andp; = 0 for j # ). However, this pute the optimal transmit covariance matrix through convex
simplicity induces worries on the sensitivity of beamfonigni optimization [17]. Indeed, one can easily see that (5) is a
to inaccuracies of CSIT. In practice, CSIT is usually impetf semidefinite program (SDP), i.e., a very tractable form of
due to many factors, which makes it necessary to investigatvex optimization, meaning that (5) can be efficientlyed|
how robust beamforming is against imperfect CSIT. through numerical methods, e.g., the interior-point mdtho
To characterize imperfect CSIT, we follow a very commoiihis observation becomes particularly important when rothe
model [7]-[15] and assume that the actual charfietan be power constraints, e.g., the maximum power constraint er th
expressed a#l = H + A, whereH is the nominal channel per-antenna power constraint, are considered.
known by the transmitter, and is the channel error lying in  In the following, we use the equivalent form in Proposition
an elliptical uncertainty region defined by the spectralmmorl to find the optimal transmit directions. Denote the EVDs

as [8], [13] of W, Z, and A" by W = U, A, U with eigenvalues
£ A {A ||A||2 < 6} _ {A . AAH < 621} (2) {,,wz}é(\;l' 7 = UZAZUf with eigenvalues{zi},fil, and
= U,A, U with eigenvaluesy; > --- > 4y in

with a given radius. According to the. philo;ophy of worst- decreasing order, respectively. Then, we have the follgwin
case robustness, a transmit strategy is defined to be rcfbu%gult_

it can guarantee a performance level for any channel (erronyheorem 1 U, — U, is optimal for the maximin problem

real_ization in the uncertainty _region, or, equivalentlgnc (3), i.e., the optimal transmit directions are the rightgsitar
achieve the best performance in the worst channel. vectors of the nominal channel.

Assuming perfect CSI at the receiver (CSIR), we take  proof \We shall use the following lemma.
Tr(HQH™) as the performance measure. It has been shown amma 1 ([8]): LetJ € RVN*N pe a diagonal matrix with
in [15] that maximizing TCHQH"') corresponds to: 1) max- ¢ diagonal elements beingl. There areL, = 2" different
imizing the received SNR; 2) minimizing the pairwise errog,.n matrices indexed froi—= 1 to L. Let A c CNxN pe
probability (PEP) if a space-time block code (STBC) [16] i§ arpitrary matrix andDa be a diagonal matrix such that
used; 3) maximizing the mutual information at low SNR; 4 alii = [Alis, ¥i. Then,Da = 1 5 J3,AJ,.
minimizing the mean square error (MSE) at low SNR. Then, By“introdulc%:i,ngQ A U}{QUh LVV lgleHWUh andZ 2

= Y J = % J =

. N . ,
the rqbust tra_ns_mlt strategy is given by the solution to tr@{l{ZUh, (5) can be rewritten as
following maximin problem:

minimize  Tr{(Z — Q)Ax} + >Tr(W)

max min Tr{(H + A)Q(H + A)#} 3) QW2
Qeeace subject to Q€ Q, W =0 (6)
where 7 Q
02{Q:Q=0, Tr(Q) <P} (4) [Q QJFVAV}?O-

represents the power constraint at the transmitter.

The most important contribution of this paper is to sho epends only on the diagonal elements of the variaBles
that the solution to (3) is just beamforming on the nomin P M 9 *

channel, indicating that beamforming is actually a robust andZ. Thus, we have'(Q, W, Z) = F(Dq, Dy, Dy),
: Where Dy, Dy, and D, are diagonal matrices such that
transmit strategy. Q

[Dglii = [Qlii, [Dywli = [Wlii, and[Dyli; = [Z];;, Vi
IIl. OPTIMAL TRANSFORMATION DIRECTIONS Next, we show that if the constraints in (6) are satisfied by

An important step towards the beamforming solution i€, W, Z), they are also satisfied b§D ¢ Ds,» D). First,
to find the optimal transmit directions, i.e., the eigenwest the linear matrix inequality (LMI) in (6) amounts to
of the optimal transmit covariance matrix. An interesting . N
phenomenon, for perfect CSIT [2], [3] and statistical CSIT { Ji 0 ] [ Z Q. } [ Ji 0 ]
with mean or covariance feedback [5], [6], is that the optima Ju Q Q+W 0 &
transmit directions diagonalize the channel and resultnin a _ 3,23, JlQJl
eigen-mode transmission. We show that this desirable prppe [ JQJ, J,QI, +IWJ,

also holds for the worst-case design. _ _ ) L PPN
We first need to transform the maximin problem (3) into 2iith J: defined in Lemma 1. This implies that {3, W, Z)

equivalent, but more convenient form as follows. satisfies the LMI in (6), so doesl;QJ;, J/WJy, JiZJy).
Proposition 1: The maximin problem (3) is equivalent to TlhenL, according to Lemma 1, the convex combination
I lel(JlQJl,JlWJl,JlZJZ) = (DQ7DW7DZ) is still in

Notice that the objective in (6), denoted Wy(Q, W,Z)

1
~

]zo @)

mgki{?izze Tr{(Z - Q) H"H} + £2Tr(W) the convex feasible set defined by the LMI. Second, it is easy
subject to Q € O, W = 0 (5) to see that ifQ € Q andW - 0, thenDg, € Q andDy, = 0.

Consequently, given any feasibl¢Q, W,Z) in (6),
(Dg: Dy, Dy) is also feasible and results in the same

Z Q
[Q Q+W}io'



objective value agQ, W, Z). Therefore, in the solution set Worst Cha@for each region

of (6), there must exist a diagonal structure, which can be
achieved by lettingU, = U, U, = U, and U, = Uy,
leading toDQ =Ag4, Dy =Ay, andDy, = A [ |
With the optimal transmit directions given by the right
singular vectors of the nominal channel, Theorem 1 indgate
that the worst-case robust design leads to an eigen-mode
transmission, just similar to the cases of perfect CSIT [2],
[3] and statistical imperfect CSIT [5], [6]. Interestinglthe
same optimal directions were also found for the uncertainfiy. 1.  General situation: given the same error radius, thebéhius-
region defined by the Frobenius norm in [14]’ [15]_ A direc@orm-dgfined u_ncertainty regidiy is contained by the spc_ectral-norm-defined
. . uncertainty regior€,. Observe that the worst channel lies on the boundary
consequence of Theorem 1 is that the matrix-valued problgjme region in both cases.
(3) or (5) can now be simplified into a scalar power allocation
problem without losing any optimality, thus helping us move
closer to the beamforming solution. the maximum received SNR in the worst channel within the
elliptical uncertainty region defined by the spectral nofinis
means that beamforming is a robust solution for the spectral
We first use the result in Theorem 1 to Slmp“fy th%orm-deﬁned uncertainty region.
matrix-valued problem (5) into the following power alloitat  Gjyen that the maximin problem with the Frobenius-norm-
problem. defined uncertainty region also admits a closed-form swtuti
Proposition 2: With U, = Uy, the problem (5) reduces to[14], [15], we summarize the robustness results of beamform
N N ing for the spectral-norm-defined and Frobenius-norm-éefin
maximize WiviPi 2 Zwi (8) uncertainty regions in the following corollary.
PEP,W20 = Wi + ;i st Corollary 1: Beamforming is the solution to the problem
of maximizing the worst-case received SNR if
Proof: See Appendix B 1) eitherA e 5;2 2 A AA’;j 5212} for anye;
It can be verified that the objective in (8) is jointly concave 2) O A € &r = {A: Tr(AAT) < &*} ande < (/1 —
in (p,w), implying that (8) is a convex problem (since V72) [15, Corollary 1J.
is a convex set). Now, we show that the optimal solution to In general, the optimality of beamforming is determined by
the power allocation (8) is beamforming over the maximuihe shape of the uncertainty region (e&,and&r) and its
eigen-mode. parameters such as the ceritband the radius. Interestingly,
Theorem 2: The solution to the problem (8) jst = P and Within the uncertainty regiodi, defined by the spectral norm,
pr = 0fori > 2, and the optimum value of (8) E(ﬁ—g)Q. beamformiqg is always the robust solution, regardless ef th
Proof: Assume without loss of generality (w.l.0.g.) thaparameterd ande.
{p;}N | are ordered decreasingly and réfK = . For fixed One may notice that the spectral norm is the smallest
p, it is not difficult to find the optimalv asw} = 2:(,/7;—¢) o0ne among the most common matrix norms [18] (e.g., given
fori <m andw? = 0 for i > m, wherem € {1,--- ,r}isan A€ CM*N we have that|A|l2 < ||A]l1, |A]l2 < || Allmax
integer such that,, > 2 > ~,,41 with 7,1 £ 0. Plugging and|[Al}2 < ||A|/r, where|A|; = Z” [[A]ij], 1Al max =
w* back into (8), the objective function can be expressed ag N M max; ; |[A];;], and||A| ¢ is the aforementioned Frobe-

Beamforming
is optimal

IV. OPTIMALITY OF BEAMFORMING

whereP £ {p:p > O,Zij\ilpi < P}.

moo m m nius norm). Consequently, given the same radiust, is
3 ZiNPi 2 STwr=Y (vai—2)P’p. (9 the biggest one among all ellipsoids defined by these matrix
o Wi T i=1 i=1 norms, e.g.&r C & (see Fig. 1), which implies thafs is

Therefore, the power allocation problem reduces to the fér_ne most conservative uncertainty region based on thesé&xmat

lowing simple linear program (LP): norms. _ o
) Strictly speaking, beamforming is not the exact robust
maximize Y.7", (Vi —€) pi (10) solution for other uncertainty regions thah. Nevertheless,
o

the gap between the spectral norm and any other matrix norm
decreases as the matrix’s dimension decreases. For example
where we have explicitly taken into account the decreasimghen M = 1 or N = 1, i.e., a rank-one channel, we have
order of {p;}Y,. Apparently, the optimal solution to (10) is& = £r. Meanwhile, if the radiug is small enough, using
to put all available poweP on the maximum tern, /71 —¢), &, to cover the set defined by other norms will only add a
which completes the proof. B small amount of uncertainty (see Fig. 2). Therefore, lopsel
Theorem 2 (together with Theorem 1) indicates that bearspeaking, one can state that beamforming is an approximnatel
forming along the right singular vector associated with th®bust solution, for the most common matrix-norm-defined
maximum singular value of the nominal channel results uncertainty regions, when the channel dimension is small or

subject to Z?]:lpiép, p1>--->py=>0



Worst channel for each region received SNR in the worst channel within the spectral-norm-

defined uncertainty region. It was then reasonably infettiat
beamforming is a robust transmit strategy for small channel
dimensions or channel uncertainty independent of the shape
of the uncertainty region. Finally, our results were vedifi®y

the numerical examples.

Beamforming
is optimal 10°

Fig. 2. Small uncertainty radius or small channel dimersitine Frobenius-
norm-defined uncertainty regiofir is still contained by the spectral-norm- 10°
defined uncertainty regio#is, but the gap between the two regions is very

small.

the channel uncertainty is small.

Worst-Case SER

V. NUMERICAL RESULTS

—©— beamforming
—%— robust strategy
—+— equal power

" n T

In this section, we evaluate the robustness of beamforming
through numerical examples. To be more exact, we compare Wl A e
beamforming, which is robust fof,, with the equal-power SNR (dB)
transmission and the robust strategy £r [14], [15] through
their worst-case performance in the Frobenius-norm-defin@g. 3. Worst-case SER versus SNR f§r= M= 2 and different amounts
uncertainty regior€r (see Corollary 1). The radius @ is ©f uncerainty.
set to bee = s||H||» = sy/71 with s € [0,1). Although
beamforming is not the exact robust solution ¥, it will
be shown later that the performance of beamforming is quite
close to that of the robust strategy 16F when then channel
dimension or channel uncertainty is small. The elements of
the nominal channefl are randomly generated according to
zero-mean, unit-variance, i.i.d. Gaussian distributions

Figs. 3 and 4 depict the average worst-case symbol error
rate (SER) versus SNR for different sizes of the uncertainty
region (i.e., different values of), where the average is taken
over the nominal channdl. In Fig. 3, we use 2 antennas at w0l
both ends of the MIMO link 4/ = N = 2), while we use 2
transmit antennas\ = 2) and 4 receive antennas/(= 4) in 23 o power
Fig. 4. In both figures, the full-rate complex STBC [16] and o 2 4+ o
QPSK modulation are adopted.

One can observe from Figs. 3 and 4 that, the robust Stratqgé{ 4, Worst-case SER versus SNR fér= 2, M = 4, and different amounts
for £ achieves the best worst-case performance, since w&ncertainty.
have usedr in the simulation. However, the interesting part
is that, for a small or even moderate amount of uncertainty,
the performance of beamforming is very close to that of the APPENDIXA
robust strategy fo€r, and better than that of the equal-power PROOF OFPROPOSITION1
transmission, even though beamforming is robust&derout We will use the following results in the proof.

not £r. Therefore, the numerical results verify our inference | gmma 2 ([19]): Let A = B = 0. Then,R (A) D R (B)
that beamforming is approximately robust for small channghq o7 (A) ¢ A (B). - -

uncertainty or small numbers of antennas, rather independe | orma 3 (General Schur’s Complement [17]): Let
of the shape of the uncertainty region.
X — [ A B ]

Worst-Case SER

—6— beamforming

8 10 12 14 16
SNR (dB)

VI. CONCLUSION B C

We have investigated the ability of beamforming to combdéie a Hermitian matrix. TheriX = 0 if and only if C > 0,
against the imperfectness of CSIT in a MIMO channel from — BEC'B = 0 andBv € R (C), Vv.
the perspective of worst-case robustness. We have proaed th First, we note that by exploiting the Lagrangian duality on
beamforming is robust in the sense of providing the maximuthe inner minimization in the maximin problem (3), one can



transform (3) into the following equivalent problem:

minimize Tr{Q(Q+W) 'QHH} -Tr(QH"H)+2Tr(W).
(11)

Then, it is easy to see that (11) is equivalent to
minimize (1]

Tr(ZH"H) — Tr(QH"H 2Tr
quinimize, ( ) (Q ) +e*Tr(W)

subject to Q(Q+W)'Q < Z.

(12) [2
SinceQ + W = Q, from Lemma 2, it follows thafR (Q) C
R(Q + W), or in other wordsQv € R(Q + W), Vv.
Therefore, by using Lemma 3, we can equivalently transforri)
(12) into (5) in Proposition 1.

4
APPENDIXB

PROOF OFPROPOSITION2
Using U, = Uy, U,, = U, and U, = U, the problem
(5) becomes

(5]

minimize [6]

minimizs Tr{(A, — Ay) A} +2Tr(AuAY)

subject to A, € Q, Ay =0

A, A,
[Aq AﬁAw}zo.

The LMI in (13), via proper symmetric column and row
permutations, can be rewritten as

(13)
7]

(8]

{Z pzl—i)—lwz ] =0, v 4
which represent the same constraints as
zi (pi +wi) > p3, pi+w; >0, 2 >0, Vi. (15) [10]
Hence, (13) is equivalent to 1]
minimize Zf\il vi (2 — pi) + &2 Zf\il -
sug’j:gt to peP,w>0,z2>0 (16)

zi (wi + pi) > p?, Vi. [12]

Assume w.l.o.g. thatv; >0 fori € Z C {1,---,N}, and
w; = 0 for i ¢ Z. First, the constraint; (w; + p;) > p?
reduces toz; > p; for i ¢ Z, so (16) amounts to

minimize

p,w,z ZiEI Vi (Zi - pi) + g2 ZiGI %
subject to peP, w>0,z>0
zi(wi +pi) > p}, i€ L.

(13]
[14]

(17)
(15]

Second, the constraint (w; + p;) > p? is equal top? /(w; +
p;) < z; for i € Z. Hence, (17) is equivalent to

—Z%pi-i—EQZ%

i€ i€l

[16]

Yip}
ez Wi TP

minimize (17]
pPEP,w>0

(18)
[18]
[19]
WiYiPs
w; + pi

WiYiPi

whose objective amounts to
N W
+e2)y —
wi + pi Z i

N
-TEam ey oS
i€l =1 i=1
(19)

where the second equality is duedg = 0 for ¢ ¢ Z. Finally,
(8) is just the maximizing counterpart of (18).
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