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Abstract In this paper, we present several new rank-one decomposition theorems
for Hermitian positive semidefinite matrices, which generalize our previous results
in Huang and Zhang (Math Oper Res 32(3):758-768, 2007), Ai and Zhang (SIAM
J Optim 19(4):1735-1756, 2009). The new matrix rank-one decomposition theorems
appear to have wide applications in theory as well as in practice. On the theoretical
side, for example, we show how to further extend some of the classical results includ-
ing a lemma due to Yuan (Math Program 47:53-63, 1990), the classical results on
the convexity of the joint numerical ranges (Pang and Zhang in Unpublished Manu-
script, 2004; Au-Yeung and Poon in Southeast Asian Bull Math 3:85-92, 1979), and
the so-called Finsler’s lemma (Bohnenblust in Unpublished Manuscript; Au-Yeung
and Poon in Southeast Asian Bull Math 3:85-92, 1979). On the practical side, we
show that the new results can be applied to solve two typical problems in signal pro-
cessing and communication: one for radar code optimization and the other for robust
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beamforming. The new matrix decomposition theorems are proven by construction in
this paper, and we demonstrate that the constructive procedures can be implemented
efficiently, stably, and accurately. The URL of our Matlab programs is given in this
paper. We strongly believe that the new decomposition procedures, as a means to
solve non-convex quadratic optimization with a few quadratic constraints, are useful
for many other potential engineering applications.

Keywords Positive semidefinite Hermitian matrix - Matrix rank-one
decomposition - Joint numerical range - Quadratic optimization

Mathematics Subject Classification (2000) 90C33 - 90C51 - 90C05
1 Introduction

In a series of recently papers [2,18,25] we have developed the technique of decom-
posing a positive semidefinite matrix into the sum of rank-one matrices with some
desirable properties. This matrix rank-one decomposition approach proves to be use-
ful in a variety of ways. Most noticeably, it can be used to derive the rank-one opti-
mal solutions for an Semidefinite Program when the number of constraints is small;
see [26]. In that way, the method has found wide applications in signal processing and
communication; see [12,13].

The first such type matrix rank-one decomposition method was introduced by
Sturm and Zhang in [25] as a means to characterize the matrix cone whose quadratic
form is co-positive over a given domain. This naturally connects to the S-lemma of
Yakubovich, since the S-lemma is concerned with the positivity of a quadratic form
over the domain defined by the level set of another quadratic form. As a matter of
fact, these results can be viewed as a duality pair. The matrix rank-one decomposition
procedure proposed in [25] is easy to implement, and can be considered as a con-
structive proof for the S-lemma. For a survey on the S-lemma, we refer to Polik and
Terlaky [24]. Applications of such matrix decomposition technique can be quite ver-
satile. For instance, Sturm and Zhang in [25] showed how one can solve the quadratic
optimization problem with the constraint set being the intersection of an ellipsoid and
a half-plane, via semidefinite programing (SDP) relaxation followed by a rank-one
decomposition procedure. Following the approaches adopted in Sturm and Zhang [25],
Huang and Zhang [18] generalized the constructive technique to the domain of Her-
mitian PSD matrices, proving the complex version of Yakubovich’s S-lemma, and
also deriving an upper bound on the lowest rank among all the optimal solutions for
a standard complex SDP problem. Pang and Zhang [21] and Huang and Zhang [18]
gave alternative proofs for some convexity properties of the joint numerical ranges
[4,10] using the matrix rank-one decomposition techniques. Up to that point, the matrix
rank-one decomposition was meant to be a complete decomposition. Ai and Zhang [2]
obtained a partial rank-one decomposition result for the real symmetric positive semi-
definite matrices, and used this result to fully characterize the condition under which
the strong duality holds for the (nonconvex) quadratic optimization problem over the
intersection of two ellipsoids: the problem is known as the CDT subproblem in the
literature needed by the trust region method for nonlinear programming.
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New results on Hermitian matrix rank-one decomposition

In the current paper, we present some new rank-one decomposition results for the
Hermitian positive semidefinite matrices, generalizing the matrix decomposition the-
orems in [2,18]. We illustrate the potentials of the new decomposition results from
both practical and theoretical aspects. On the practical side, we shall demonstrate two
applications of the new decomposition theorems in signal processing, viz. the optimal
radar code selection problem and the robust beamforming problem. On the theoretical
side, we present a generalization of Yuan’s lemma [27], and show the connections
to the famous convexity results with regard to the joint numerical ranges (cf. [4,21])
and a generalized Finsler’s lemma (cf. [4,9]). Finally, we discuss the numerical per-
formance of the matrix rank-one decomposition algorithms. The URL of our Matlab
programs can be found at Sect. 6. We believe that the algorithms are useful in many
other applications.

This paper is organized as follows. In Sect. 2, we present three new Hermitian p.s.d.
matrix rank-one decomposition theorems and some initial analysis of the results. Sec-
tion 3 is devoted to the proofs of these three new theorems. To showcase the potential
applications of the new results, we illustrate in Sect. 4 applications of the decompo-
sition theorems arising from signal processing. To put our new results in perspective,
we present in Subsect. 5.1 an extension of Yuan’s lemma [27], and in Subsect. 5.2
the equivalence between one of the new decomposition theorems and some other
well-established results in the literature. All of our proofs are constructive, and they
can be efficiently implemented in the form of algorithms. In order to evaluate these
algorithms, in Sect. 6 we present the performance of the constructive procedures;
we pay special attention to the numerical stability and accuracy of those solution
procedures.

Notation Throughout, we denote a to be the conjugate of a complex number a, C" to
be the space of n-dimension complex vectors, i to be the imaginary unit, i.e.,i> = —1.
For a given vector z € C", zH denotes the conjugate transpose of z. The space of n x n
real symmetric and complex Hermitian matrices are denoted by S" and H", respec-
tively. For a matrix Z € H", we denote Re Z and Im Z as the real and imaginary
part of Z, respectively. Matrix Z being Hermitian implies that Re Z is symmetric and
Im Z is skew-symmetric. We denote by St (S} ;) and H'} (H'} ) the cones of real
symmetric positive semidefinite (positive definite) and complex Hermitian positive
semidefinite (positive definite) matrices, respectively. The notation Z > (> 0) means
that Z is positive semidefinite (positive definite). For two complex matrices Y and Z,
their inner product Y ¢ Z = Re (tr YHZ) = tr [(Re Y)T(Re Z) + (Im ¥)T(Im Z)],
where ‘tr’ denotes the trace of a matrix and T denotes the transpose of a matrix, and
H denotes the conjugate transpose of a matrix. For a square matrix M, the notation
‘rank(M)’, ‘Range(M)’, ‘Null(M)’ stand for, respectively, the rank, the range space,
and the null space of M.

2 The main results
Let us start by presenting the main results of this paper, in the form of three theorems.

The first theorem is about decomposing a Hermitian positive semidefinite matrix into
the sum of rank-one matrices, with a specific condition, as we see below.
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Theorem 2.1 Let Ay, Az, A3 € H", and X € H'| be a nonzero Hermitian positive
semidefinite matrix. If r = rank (X) > 3, then one can find in polynomial-time a
rank-one decomposition of X, X = > ;_, xl-le, such that

Alox,-xinAloX/r, i=1,...,r;
Azoxile:AzoX/r, i=1,...,r;
A30X,‘X?=A3OX/F, i=1,...,r—2.

The real-case counterpart of the above theorem is in Ai and Zhang [2]. In the real
case, the result actually appears to be weaker. The next theorem mainly deals with
the situation where Theorem 2.1 does not apply; in particular, when rank (X) = 2. In
Theorem 2.2, we no longer seek for a complete rank-one decomposition of X. Rather,
we look for a rank-one matrix solution to a system of linear matrix equations, within
a slightly expanded range space (of X).

Theorem 2.2 Suppose n > 3. Let Ay, Ay, A3 € 'H", and X € H'_ be a nonzero
Hermitian positive semidefinite matrix of rank r. If r > 3, then one can find in poly-
nomial-time a nonzero vector y € Range (X) such that

AloyszA]oX,
Areyyi = Ar e X,
Az e yyH = A3 e X,

with X—%yyH > OQandrank (X — %yyH) <r—L11Ifr =2, thenforanyz ¢ Range (X)
there exists y € C" in the linear subspace spanned by 7z and Range (X), such that

Areyyl = A e X,
Ayeyy = Ase X,
Az e yyl = A3 e X,

with X + zz% — LyyH > 0 and rank (X + zz" — Lyy") <2.

Although Theorem 2.2 is best possible in general, with one more regularity condi-
tion we will be able to extend the result to satisfy four matrix equations.

Theorem 2.3 Suppose n > 3. Let Ay, Ay, A3, Ay € H", and X € 'Hi be a nonzero
Hermitian positive semidefinite matrix of rank r. Furthermore, suppose that

(A1eY, AyeY Az3eY AseY) #(0,0,0,0),
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for any nonzero matrix Y € ‘H'\. If r > 3, then one can find in polynomial-time a

nonzero vector 'y € Range (X) such that

Ajeyyl = A 0 X,
Ayeyy=Ase X,
Azeyyl = Aje X,
Ageyyil = A 0 X.

If r = 2, then for any 7 ¢ Range (X) there exists y € C" in the linear subspace

spanned by z and Range (X), such that

Ajeyyl = Al e X,
Aryeyyi = Ar e X,
Az e yyl = Az e X,
Ajeyyl = A 0 X,

Before discussing the proofs, let us start by presenting the following three examples,
demonstrating that the conditions in these theorems are all necessary. Examples 1 and
2 show that the assumption n > 3 is necessary for Theorems 2.1 and 2.3, and Exam-
ple 3 shows that the assumption (Aj e Y, Ay eY, AzeY, AseY) £ (0,0, 0, 0) for all
nonzero Y > 0 is necessary for Theorem2.3.

Example 1 Consider

A 1 0 A 01 A 0 i o1
1= 0_1 ’ 2= 10 ’ 3= _i() ’ = 12,

where I represents the 2 x 2 identity matrix. Wehave Aje X = AreX = Aze X = 0.
Notice that the system A; @ yy! = A, o yyH = A3 ¢ yy! = 01is equivalent to

IV11? = [y21> = 0, Re (31y2) = 0, Im (31 y2) = 0,

which imply that y; = y» = 0. Thus there can be no rank-one matrix X to the system
of equations: A e X = A e X = A3 ¢ X = 0, X > 0. This shows that n > 3 is
necessary for Theorems?2.1 and 2.2.

Example 2 Consider

20 11 1 i 1 0
Al = , Ay = , Az = ) , Ay = .
00 11 —i 1 01

It is easily verified that all the assumptions in Theorem?2.3 are satisfied, except for
‘n > 3. Notice that

Alelh=Arelh =Azelh) = Age ], =2.
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Assume that there is a two-dimensional complex vector y = [y1, y2]7 such that
A o yy = A e yyH = A3 e yy = A4 e yy! = 2. These equalities amount
to

il =1, 112+ 1»20* +2Re (F1y2) = 2,
V12 + [y2)* = 2Im (Giy2) = 2, [y11> + 1nl? =2,

which lead to

il =ly2l =1, y1y2 =0,

a clear contradiction. Hence there can be no y € C2\{0} satisfying A; e yy? =
Aiel,i=1,2,3,4.

Example 3 Consider

1 00 1 10 1 —i 0
Aj=|0 -1 0|,Ay=|1 -1 O0|,A3=|i —1 O,
L0 00 0O 00 0O 00
1 0 0
Ag=1(0-1/2 0 |,
L0 0 —1/2
and
20 0
X=]01 0
00 1/2

Noticethat A;je I3 =0,i =1,2,3,4,and A;e X =1,i =1,2,3,and Aye X = 5/4.
Suppose that there is a three-dimension complex vector y = [y1, y2, y3]T satisfying
A eyy! =1,i =1,2,3, and A4 e yy! = 5/4. Then, these equalities would lead to
il = 1y2lP = 1, [y = [y2l> +2Re (i) = 1,
_ 1 1
12 = 12l +2Im Gryo) = 1 i = Sl = Syl = 5/4,

which is clearly impossible.

3 Proofs of the main results
In this section we shall present proofs for the three theorems that we have just dis-

cussed above. To accomplish this task, we need the following two technical results,
Lemma 3.1 and Proposition 3.2, as the main tools.
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Lemma 3.1 For any positive numbers c_1 > 0,co > 0, any complex numbers
ai,bi,ci,i = 1,2,3, and any real numbers as, ba, c4, the following system of
equations
Re (a1%y) + Re (a2%2) + Re (a352) + aalz* = 0,
Re (b1Xy) + Re (h2xz) + Re (b3y2) + balz|* = 0,
c_1]x> — colyl* + Re (c1Xy) + Re (c2%2) + Re (¢352) + calz* = 0,

always admits a non-zero complex-valued solution.

Our proof for the above lemma is constructive, but it is rather tedious. In order not
to distract the flow of our discussion, we delegate the detailed proof to Appendix A.

The following proposition is due to Huang and Zhang [18] (Theorem2.1), where
the proof is based on a simple (polynomial-time) construction.

Proposition 3.2 Suppose that Ay, Ay € H" and X € H!}.. Then there exists a rank-
one decomposition of X, X = xlx{'l + -+ xrxfl, such that

A]O)Cixl!{ZA]OX/r, Azoxix}'lezoX/r, i=1,...,r,

where r = rank (X).

3.1 Proof of Theorem 2.1

To simply the notation, in this and subsequent proofs we shall denote §; = A; e X, for
all index i.

It follows from Proposition3.2 that there is a rank-one decomposition
X =>7_| xix;" such that

Alox,-xincSl/r, Azox,-xiH=82/r, i=1,...,r

If Az e xile =§/rfori =1, ..., r — 2, then the theorem would follow. Otherwise,
let us suppose that A3 e xlx}I —83/r >0and Az e x2x§ —§83/r < 0. Let

a1X] + 02Xy + 03x3
y= ,
Vier? + o2 + a2

where «;,i = 1, 2, 3, are three complex-valued parameters to be specified. Then the
equation (with respect to a1, o2, @3)

Aoy =61/r,
Ay e yyH =8/,
Az e yyH =683/,
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is equivalent to

0 =Re (Zx{{Alxzo_llolz) + Re (2x§1A1x3&2a3) + Re (2x§1A1x1073a1),
0 =Re (2x¥A2x2&1a2) + Re (2x§A2x3d2a3) + Re (2x?A2x1&3ot1),
0= (xl1A3x; — 83/r) |1 > + (XN Asxy — 83/7) |2l + Re 2x} Asxo@ o)
+Re (2x§1A3x3&2a3) + Re (2ng3x1a3a1) + ()c3 Aszxz — 83/r)|a3)?.
3.1

By Lemma3 1 we know that the above system of equations has a nonzero solution
(oz 1> ozz, oz3) Let us normalize the solution to be

0 0 _O\T
= @), 9. &)/ /10012 + 212 + [dP2.

H

One easily verifies that /3 — o™ is a positive semidefinite matrix of rank 2, and

H H H H H H
X1x) +x2xy +x3x3 —yy = [x1,x2, x3](I3 —ao ) [x1, x2, x3]".

Therefore X — yy™ remains positive semidefinite and rank (X — yy") =r — 1.
Letus update x| and X by x| := yand X := X —yy", and then repeat the above pro-

cedure until rank (X) = 2. Then we have Aioxlx{{ == Aioxrfzxiz =6;i/r,i =
1,2,3. Finally, applying Proposition 3.2 to the resulting X leads to A; e x,_ 1x;{_ =
A; ex,x, =38;/r,i = 1,2. The proof is thus complete. O

We remark that Theorem 2.1 is a generalization of Theorem 3.4 of [2], Theorem 2.1
of [18] and Corollary 4 of [25].

3.2 Proof of Theorem 2.2

If rank (X) > 3, then applying Theorem 2.1, we have that there is a rank-one decom-
position X = > "7 x;x} such that

Aloxl =41/r, Azox, =8/, i=1,...,r1;
Agoxl =&/, i=1,...,r =2,

where r = rank (X). Observing that lez = 0, for all z € Null(X), hence x; €
Range(X),i = 1,...,r. Take y = /rx;. We have A; o yy! = §;, Ay o yyH =
82, A3 @ yy! = 83. Also, clearly in this case X — Lyy" > 0 and rank (X — Lyy') <
r — 1, and the proof is complete.

If rank (X) = 2, then by Proposition 3.2 there exists a rank-one decomposition of
X, X = X]X{{ + xzxg, such that

A1 oxlx{{zAloxzx?:(Slﬂ; A2 oxlx{{:Ag ox2x§=62/2.
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If Az e xlel = 83/2, then choosing y = +/2x would complete the proof. Otherwise,
in the remainder let us consider the case that (A3 ox])cfI —83/2)(A3 oxzxg —83/2) <O.

Since n > 3, there must be a vector x3 which is linearly independent of x| and x;.
We claim that there exists a nonzero («p, a2, @3), such that

a1Xx] + o2x2 + 3x3 )
Y= 2 2 2’
Ve 2 + oz 2 + o]
Az o yy =83/2.

Aoyt =581/2, Ayeyyt =6,/2,

Indeed, the above can be equivalently expanded to the following system of equations:

[ Re (Zx{'IAlxz&]az) + Re (2x§1A1x3&2a3) + Re (2x?A1x1&3051)
+} AL = 81/2)las)* = 0,
Re (Zx{'IAgxzézlocz) + Re (2x§1A2x35{2a3) + Re (Zx?Aleégal)
+(x} A2z — 82/2) e3> = 0,
(ri'Asxy — 83/2) e |* + (3 Asxa — 83/2)[aa]* + (x§ A3xs — 83/2) ]3|
+Re (Zx?A3x26l1a2) + Re (2x§A3x3&2a3) + Re (Zx?Agxl&gal) =0.

(3.2)

Following the constructive proof of Lemma 3.1, we can find such (¢, o2, o3). Thus,
letting z := x3 and y := /2y produces the required solution. O

Remark The mere existence of y in Theorem 2.2 follows from a result of Bohnenb-
lust [9]; however, Bohnenblust’s proof is nonconstructive. In the case that (A e X,
Are X, Az e X) # (0,0, 0), one may also prove Theorem 2.2 constructively by using
some purification techniques (see e.g. Theorem 5.1 of [18], or Appendix A of [7], or
[22]). However, if A; ¢ X = 0 for all i = 1, 2, 3, then these purification techniques
do not work. Even if (A] e X, A2 e X, A3 e X) # (0,0, 0), such y obtained by the
purification technique may not satisfy the property that rank (X — % yyH) <r—1
Here is such an example. Suppose that

1 01 010 1 i 0
Ai=]10 00|, A=|101],A=|—-i 00
1 01 010 0 01

The system of matrix equations

Ale X =6 =2,
AreX =68=0, (3.3)
Az e X =83 =2,
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has a matrix solution X = I3, the 3 x 3 identity matrix. Following a standard rank
reduction procedure (e.g. [18]), we obtain from /3 a rank-one solution

200
xixf'=10 00
000

However, one verifies that

S Owi—
o = O
- O O
Il
W

1
rank (X — gxlx{'l) = rank
If we apply the procedure as in the proof of Theorem 2.2 to the above example, then
the output of our Matlab program (to be introduced later) is

—0.0737 — 1.6514i
y=| 0.2745-0.0789 |,
—0.3168 + 0.2922i

and the rank of X — 1yy" is indeed 2.

3.3 Proof of Theorem2.3

Since (81, 82, 83, 84) # 0, without loss of generality, let us assume 64 7# 0. Then we
have

5.
(Ai ——’A4) eX=0, i=1,223.
84

It follows from Theorem 2.2 that there exists a nonzero n-dimensional complex vector
y € C" such that

81’ H .
A,'——A4 eyy =0, l=1,2,3.
84

Denote t = A4 e yy'/84. Then we have
Aoy =18, i=1,2734.

Itisclearthatt # 0,since (AjeY, AreY, AzeY, AgeY) # (0,0, 0, 0) for all nonzero
Y > 0. Furthermore, ¢t > 0, because if # < 0 then by setting ¥ = X — %yyH > 0 we
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will have A; oY = Oforalli = 1, 2, 3, 4, which violates the condition of the theorem.
Letting y := %ﬁy, we get

Ajeywl =5, i=12734.

4 Applications in signal processing and communication

In this section, we will illustrate applications of the matrix decomposition results
presented in Sect. 2 to solve some specific problems in signal processing and commu-
nication. In particular, we shall study one application from the radar code optimization
and another from robust beamforming. These two case-studies will be presented in
the next two subsections, to show how non-convex (complex) quadratic optimization
models arise in engineering applications, and how our new results help to solve such
non-convex quadratic programs.

4.1 Application in radar space-time adaptive processing (STAP)

Various algorithms for radar signal design have been proposed in the recent years. One
approach in the radar signal design, known as the radar coding, relies on the modula-
tion of a pulse train parameters (amplitude, phase, and frequency), so as to synthesize
waveforms to satisfy some specified properties. A substantial amount of work has
been done and recorded in the literature on this topic; the interested reader is referred
to our recent paper and the references therein [ 14]. In this subsection, we introduce the
code optimization problem for radar STAP in the presence of colored Gaussian distur-
bances. Our main goal, however, is to demonstrate how the decomposition theorems
developed in Sect. 2 of the paper help solve the resulting optimization problems.

The problem is to design an optimal radar code, which is used to modulate transmit-
ted signals belonging to the class of coded pulse trains, in such a way that the detection
performance of radar is maximized under a control on the achievable values of the
temporal and spatial Doppler estimation accuracy, as well as on the degree of similar-
ity with a pre-fixed radar code. The resulting optimization problem is formulated as
follows:

max ..o cHRyc

s.t. cHe =1,
(QP) cHRic > 8,
MRse > 6,

lle —¢)* < e.

The objective function is the output Signal-to-Interference-plus-Noise Ratio (SINR),
with respect to which the detection probability (P;) of radar is increasing, and Ry > O.

@ Springer



W. Ai et al.

The first and fourth constraints are normalized code constraint and similarity constraint
with a pre-fixed code ¢ (¢'¢ = 1), respectively, and the second and third constraints
rule the region of achievable temporal and spatial Doppler estimation accuracies,
respectively. For the detailed derivation, one is referred to [14]. It is easy to verify that
(QP) is tantamount to the following homogenous quadratic programming:

max, o ¢ Roc
s.t. cHe =1,
(HQP) | MRic > &,
HRe > 6y,
HCoc > 8,

where Cp = ¢é% and 8 = (1 — ¢/ 2)2, in the sense that they have the same optimal
value and ¢* = Gl @@ j5 an optimal solution of (QP) if  is optimal to (HQP). For
this reason, from now on we shall focus on (HQP). Note that the SDP relaxation for
(HQP) and its dual are:

max RpeC
S.t. I [ ] C = 1’ ) 8 8 8
min y; — — V28, —
R; e C >4, Y17 Y20t — Y305 — Y40e
(SDR) and (DSDR) { s.t. y1I—y2R,—y3Rs—y4Co > Ry,
Bec =t 9N 0 0 0
1EN, y»>0, yv3>0, y4 >0,
CoeC >4, Y y y y
C >0,
respectively.

Suppose that both the primal and dual SDPs are solvable. (To this end, it suffices
to assume that the initial code ¢ is strictly feasible to (QP), which ensures (SDR) to be
strictly feasible, while (DSDR) is always strictly feasible). Suppose that the primal-
dual feasible pair (C*, y{, ¥3, 3, y;) is optimal to (SDR) and (DSDR), respectively.
Consequently, it satisfies the complementary conditions:

OT1 = 3R = y3Ry — yiCo — Ro) ¢ C* =0, 4.1
(R, o C* —5,)y; =0, 4.2)
(Ry o C* — 8,)y% = 0, 4.3)
(Coe C* —80)y} =0. (4.4)

If rank (C*) > 3, then apply Theorem?2.3 to (C*, I, R, Ry, Cp) we find a vector
¢* € Range (C*) such that

Tec*c*™ =T eC*, R ec*c*™ =R, o C*, R, o ¢*c*!

=Ry C* Coec*c™ =CyeC*.
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Since the primal-dual pair (c*c*", y¥, y3, y¥, y}) is feasible and satisfies the comple-
mentary conditions, we conclude that ¢*c*! is optimal to (SDR) and c¢* is optimal to
(HQP).

Ifrank (C*) = 2 and one of the inequality constraints of (SDR) is non-binding (non-
active) at optimality, then a rank-one solution of (SDR) can be obtained by resorting
to Proposition 3.2. We remarked in [14, Section IV-C] that when we pick the param-
eters Rg, R;, and R from the standard Knowledge Aided Sensor Signal Processing
and Expert Reasoning (KASSPER) datacube, and set ¢ to be a generalized Barker
sequence, and randomly choose §;, §; and 8, from proper intervals, respectively, our
simulation shows that only 10 out of 10,000 instances of (QP) can be classified as
in the ‘hard case’, meaning that the output solution of the corresponding (SDR) is
exactly of rank 2 and all inequality constraints are active at the optimality. For these
instances classified as the ‘hard case’ above, we then apply Theorem 2.3 to get a
high quality feasible solution for (HQP); specifically, we may choose any z vector as
required in Theorem 2.3 to produce a feasible solution based on that vector z. The z
vector can be picked randomly and we can choose the best one among the random
samples. Our simulation results show that this heuristic for the ‘hard case’ instances
works extremely well in practice.

To summarize, in this approach the main steps to solve the radar code optimiza-
tion problem involve: (1) using an SDP solver (e.g. SeDuMi) to solve (SDR); (2)
implementing the appropriate decomposition theorem to further process the solution
of (SDR) as we discussed above; (3) assembling an optimal solution (or high quality
feasible solution) for (HQP). In the last section of the paper, we will test the numerical
performance of the decomposition procedures stipulated in Theorems 2.1-2.3.

4.2 Application in triply constrained robust capon beamformer design

Beamforming is an important task in array signal processing. The so-called Capon
beamformer selects the beamforming weight vector adaptively so as to minimize the
array output power subject to the linear constraint that the signal of interest does
not suffer from any distortion [19,20]. As long as the array steering vector (i.e., the
response of the array to an arriving plane wave, termed also the array manifold in the
literature) corresponding to the signal of interest is known, the Capon beamformer
has a better performance than the standard data-independent beamformer; see [20].
However, like other adaptive beamformers, the Capon beamformer is sensitive to the
steering vector to the signal of interest, and the performance of the Capon beamformer
will be substantially degraded if the mismatch between the presumed steering vector
and the true steering vector occurs. In practical situations, this type of mismatch can
easily occur due, for instance, to look directions and signal pointing errors, among other
possible causes. To cope with the performance degradation caused by the mismatch
and improve the robustness of the adaptive beamformers, engineers have proposed
various remedies in the past three decades (cf. [19] and the references therein). In this
subsection, we shall focus on the robust Capon beamforming problem as introduced
in [20], and we shall demonstrate how to resolve this class of problems using the
decomposition theorems presented in this paper.
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Consider an array of n sensors, and denote by R the theoretical covariance matrix
of the array output vector. Assume that R has the following form:

K
R =0aa"+ ) ofbib} + 0. (4.5)

k=1
where (02, 012, cee, 012{) are the powers of the (K + 1) uncorrelated signals impinging
on the array, a is the steering vector to the signal of interest, (b1, ..., bk ) are the steer-

ing vectors to the K signals treated as interference, and Q > 0 is the noise covariance.
In practical applications, R is replaced by the sample covariance of recently received
samples of the array output, e.g.,

1 N
D H
RZN’;}’nyn-

The robust Capon beamforming problem that we deal with is to determine the power
of the signal of interest (i.e., o2 in (4.5)), where the only knowledge about its steering
vector a is that it belongs to an uncertainty set. More specifically, we assume the
uncertainty set is given by

A={aecC"||al*=n, (a—a)'Di(a—a)

IA

€1, (a—a)"Da(a — az) > e2}. (4.6)

In the above set, the norm constraint is imposed to avoid ambiguities (see [20]); in
the second constraint (i.e., the similarity constraint), D; > 0 and €] > 0 define the
similarity scale, and a; is a presumed nominal steering vector; by imposing the third
constraint, the steering vector is forced to be away from the prefixed steering vector
ap corresponding to a known co-existing source emitting “contaminating” (or inter-
fering) signals, and the parameters D> > 0 and €, > 0. In particular, if D; = I and
€y = 0, then the uncertainty region is exactly the same as the one considered in [20].

Using the reformulation of the robust Capon beamforming problem in [20], to
which the uncertainty set (4.6) is appended, we obtain a robust estimate of o2, without
calculating the beamforming weight vector:

2
max,2 , ©

(RCB)
S.t. R — o2aa" >0, VaeA.

It is easily checked that the optimal value is attained 6% = 1/(a*"R™'a*), where a*

is an optimal solution of the following equivalent problem

min "R~ la

st. |lal> =n,
(a—a)"Di(a —ay) <€,
(a—a)"Dr(a — ap) > es.

(RCB)
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Therefore, all we need to do now is to solve (RCB), which can be further homogenized
as:
min x"Rpx
st. xHRix =n,
(HRCB) xHRyx < e,
XMR3x > e,

xHR4x =1,

where

. a 7 RO _ R71 Onxl ’ R1 _ 1 Onxl 7
t O1xn O O1xn O
Ry — [1)11 —HDlal Ry — 11)12 —HDzaz Re— Onxn Onx1 .
—a; Dy ayDia —ay, Dy ay Dra O1xn 1
In other words, (RCB) and (HRCB) have the same optimal value, and a*/t* is an

optimal solution if x* = [a*T, r*T]T is an optimal solution of (HRCB). The SDP
relaxation of (HRCB) and its dual are:

min Rye X
st. RieX=n,
max nyj+e€1y2+€2y3+y4
Ry e X <¢q,
(SDR2) and (DSDR2) § s.t.  Ro—y1R1—y2R2—y3R3—y4R4 >0,
R; e X>e, % 0 0 %
1€, »=<0,y3 >0, y4 €N

RieX=1. y y y y
X >0,

Suppose that both (SDR2) and (DSDR2) are solvable, and let (X*, y{, y3, y3, ¥1)
be an optimal primal-dual pair. Similarly as in the previous application case, if the
rank of X* is at least three, then an optimal solution of (HRCB) can be found using
Theorem2.3; if the rank of X™* is two, and one of the two inequality constraints of
(SDR?2) is non-binding at the point X*, then an optimal solution of (HRCB) can be
found by Proposition 3.2; if the rank of X* is two, and the two inequality constraints
of (SDR2) are binding at the point X*, then a good feasible solution of (HRCB) can be
found by resorting to Theorem 2.3, where one may randomly choose the ‘dimension
extending direction’ z.

Here we shall briefly summarize our findings in this section. As far as optimization
formulations are concerned, our new matrix decomposition results can be applied, in
combination of SDP relaxation, to solve any non-convex, complex-valued, homoge-
neous, quadratically constrained quadratic programs, where the number of constraints
is at most four and the number of variables is at least three. Our approach solves a
vast majority of the instances to optimality, leaving only one possible unsettled case,
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whose frequency of occurrence is exceedingly small. Even when the unsettled case
does occur, our decomposition theorem (Theorem 2.3) can still be applied to yield
a good feasible solution (though not necessarily optimal anymore in this case). Such
non-convex quadratic optimization models appear to be useful for a variety of practical
applications, and according to our numerical experiences the approach proposed in
this paper works extremely well, for instance, in solving problems arising from signal
processing and communication.

5 Theoretical implications of the new results
5.1 Extension of Yuan’s lemma and the S-lemma

Yuan [27] proved the following result (Lemma 2.3 in Yuan [27]) which turns out to
be useful in several applications.

Theorem 5.1 Let Ay and A; be in §". Then the following are equivalent:
() max{xTAx,xTAyx} > 0forall x € X" (resp. > 0 for all x # 0).
(i) There exist u1 > 0, uo > 0, 1 + pp = 1 such that 1Ay + Az > 0 (resp.
> 0).

Our new results lead to the following extension for Yuan’s theorem.

Theorem 5.2 Suppose thatn > 3, A; € H",i = 1,2, 3,4, and there are ;i € R, i =
1,2, 3,4, such that 1 A1 + XAz + A3A3 + AgAgq > O. If

max{z" Az, 27 Arz, M A3z, 2 A4z} > 0, VZ € C" (resp. > 0, Yz #0),

then there are u; > 0,i = 1,2,3,4, such that 1 + puy + w3 + u4 = 1 and
Hi1AL + u2 Ay + u3Az + pnaAg = 0 (resp. > 0).

Proof If the conditions of the theorem hold, then max{AeZ, AreZ, AzeZ, AyeZ} >
0 for all Z > 0. To see this, suppose by contradiction that there is Z > 0 such that
A;eZ < 0, fori = 1,2,3,4. It follows from Theorem2.3 that there is nonzero
y € C", with A; e yyH < 0,i = 1,2,3, 4, which contradicts to the condition that
max{zH Az, 20 Az, 2H A3z, 77 A4z} > 0,Vz € C". Therefore, the optimal value of
the following SDP problem

min ¢

st. t—A;eZ>0, i=1,2,3,4
leZ =1,
Z>0

is nonnegative. At the same time, the dual of the above problem is

max (s

st 1Ay + u2Az + u3Az + gy > usl,
L—py —po—pu3—pg =0,
m1 >0, u2>0,u3 >0, us4 >0.

@ Springer



New results on Hermitian matrix rank-one decomposition

Itis easily seen that both the primal and dual problems have a strictly feasible solution.
Hence the strong duality holds, with both primal and dual problems having attainable
optimal solutions, to be denoted by (+*, Z*) and (u], u3, ;Lg‘, wy, ,ug‘), respectively.
Note that u* > 0,i =1,2,3,4, uj + pu3 4+ pi ++py = 1, and ujA; + pnjA2 +
w3A3 + wyAq = pil = t*1 > 0, completing the proof. O

We remark that in the same vein, Yuan’s result (Theorem 5.1) can be proven anal-
ogously (but then in the real domain), using Proposition 3 of Sturm and Zhang [25].
In fact, there are several different ways to prove Theorem 5.1, including of course the
original one presented in Yuan [27]. Remark here that Hiriart-Urruty and Torki [16]
used a separation argument to prove Theorem 5.1, based on a convexity result of the
joint numerical range. The situation is similar for the proofs of the S-lemma (see P6lik
and Terlaky [24]). Particularly, in Sect. 2.4 of [24], the authors used Theorem 5.1 to
prove the S-lemma.

5.2 Joint numerical ranges

To put the results in perspective, we present in this subsection some other connections
between the convexity of the joint numerical ranges, generalized Finsler’s lemma, and
our new rank-one decomposition theorem.

Theorem 5.3 The following statements are all equivalent and correct:

(1) Theorem?2.2, where A;j @ X =0,i =1,2,3.
(2) Supposen >3, and Ay, Ay, Az € H", then the set

W ={("A1z, M Az, M As30) | M2 =1, zeC}

is convex.

(3) Suppose n > 3, and A, Aj, Az € H*  satisfy  p(z) =
V(HA12)? + (2HA22)2 + (HA32)2 > 0, for all z with ||z|| = 1. Then the
set

S = {("A1z/p(). M Asz/p(2), M Asz/p(2) | 2 = 1}

is a closed region contained in a half-sphere of the 3-dimensional unit ball, with
the property thatx € S = —x & S.

(4) Suppose n > 3, and Ay, Ar, A3 € H" satisfy (2HA1z, 2 Arz, 2 Az7) #
(0,0,0),Vz € C"\ {0}. Then there exist Ay, Ay, A3 € N such that

MAL + A2 + A3A3 > 0.

Proof (1) =2).LetW ={(A1eZ,A0Z,A30Z)| Zel =1, Z > 0}. Clearly
W’ is a convex set, and W C W’. We shall show W C W. Let (v, vp, v3) =
(AieZ,AryeZ A3e0Z) c W’,andAg = A —vl, i = 1,2,3.ThenA;oZ =
0,i =1, 2, 3. It follows by Theorem 2.2 that there is a non-zero vector y € C"
such that A e ywh=0,i=1,2,3;
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hence

H
y y o -
A(mm)‘ =2

implying that (vy, v2, v3) belongs to W as well, and consequently W/ = W.

(2) = 3). We begin by showing that S does not contain opposite points. Suppose
that this is not the case. Let (a, b, ¢) € S, while —(a, b, ¢) € S, that is, there are
x,y € C" with ||x|| = ||y]l = 1 and

p(x) x (a,b,¢) = x"Ax, x" Arx, x" A3x), —p(y) x (a, b, ¢)
O Ay, YAy, yHAsy).

Since W is convex, we have

() " " "
_ POy A 4
() + p(y A A A
p(x) " - "
_ PO HA e Ay P W
p(x)+p(y)(y 1Y,y A2y, ¥ Azy) €
and so
p(y) 0(x)
0,0,0)= — 27 PP G b oew
( ) p(x)+p(y)0(x)(a c) p(x)+p(y)p(y)( a c) €

Hence there is z with ||z]| = 1 such that (z7 A1z, 27 A>z, ZHA32) = (0,0, 0), i.e.,
p(z) = 0, which is a contradiction.

Observe that S is the image of W on the sphere of the unit ball, projected from
the origin. Since W is a compact convex set which does not contain the origin,
its image S must be contained strictly in one half of the unit ball.

(3) == 4). Since S is a closed spherical region contained strictly in one half of the
3-dimensional unit ball, and does not contain two opposite points with respect to
the origin, its convex hull S must not contain the origin either. By the separation
theorem, there is a plane going through 0, with S lying properly on one half of
the plane. That is, if we let (ag, bg, co) the the normal direction of the separating
plane, then the angle between any vector in S and the direction (ag, bo, cp) should
be strictly less than 6 < 7/2. In other words,

cos® = apz A1z/p(z) + boz' Axz/p(2) + coz M Asz/p(z) > 0, Vz:|z| =1.
This implies that agA| + boAz + coAz > 0.
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(4) = 1). A key step in the proof of Theorem 2.2 is that the system of equations

(3.2) has a nontrivial solution. Recall that (3.2) can be explicitly written as

[0 xfAix,  FAx 7 /e
(@, a2, a3) 0 XA X3 a | =0
_ A =4 ] \es
0 x?Azxz xglAle T /oy
(o1, a2, @3) 0 xHAyx; a | =0
X?Az)g — 872 1 \a3
_X%{A:J,)C] — %3 x{{A3xz xglA3x1 o
(a1, a, @3) X?A3)C2 — 873 X?A3X3 ay | =0,
| X?A3X3 — % a3

where for clarity we only displayed the upper part of the matrices—the lower
part is determined by (Hermitian) symmetry. The first two diagonal elements of
these three matrices are (0, 0), (0, 0), and (x}'A3x; — %3, x5 Azxy — %3). The last
vector has one positive element and one negative element, and so it is impossible
to combine these vectors into a positive vector, let alone the three entire matrices.
By 4), we know that there is a non-zero solution of (3.2). The rest of the proof
is identical to that in the proof of Theorem 2.2. The essential difference between
this argument, and the proof presented in Sect. 2 is that the latter is constructive;
i.e., following that proof we can actually produce a rank-one solution of a sys-
tem of linear matrix equations, which makes the result more useful in practical
engineering applications. O

Another immediate consequence of Theorem 2.3 is the following result, which

generalizes the famous theorems of Hausdorff [15] and Brickman [10].

Theorem 5.4 Suppose n > 3. Let Ay, Aa, Az, Ay € H" satisfy

(A1eY, AyeY , Az3eY AseY) # (0,0,0,0),

Sfor any nonzero matrix Y € H',.. Then,

((MA 1z, 2 Arz, 2 A3z, M ALz) | z € C1)

is a convex cone.

Proof Let us denote

K1 = {(z"A1z, M Arz, 21 A3z, M A4z) | z € C),

and

Ko ::{(AloZ,AzoZ,A3oZ,A4OZ)|Z€Hﬁ_}.
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Evidently, K1 € K,. Next we shall show the other containing relation, thus establish-
ing the equality. Take any 0 # Z € H",. If rank (Z) = 1, then

(AjeZ,AryeZ, AzeZ AseZ) c Ky;

if rank (Z) > 3, then Theorem 2.3 asserts that there is z € Range(Z) such that

(Ao Z, AyeZ AzeZ,AyeZ) = (z"A1z, 7" Arz, 2 A3z, 2 A7) € Ky
if rank (Z) = 2, then, since n > 3 we have C"\Range(Z) # ¢, and so by taking any
x € C"\Range(Z), Theorem 2.3 guarantees the existence of z which is in the span of
x and Range(Z), such that

(AjeZ,AreZ, Az Z, AseZ) = (M A1z, 2" Axz, M A5z, M Ayz) € K.
This shows that Ky € Ky, and consequently /C; = /C; as a result. O

In case A4 = I, then the condition of the theorem (regarding the A; matrices)
holds. It thus follows that

{(MA1z, 2" Arz, M As2) | e = 1)
is a convex set whenever n > 3, which is an enhancement of Hausdorff’s theorem [15],
and also a generalization of Brickman’s theorem [10] (see also Part 2 of Theorem 5.3).
The real number counterpart of Theorem 5.4 includes a result of Polyak [23] as a spe-
cial case; in Polyak’s paper, a seemingly different and stronger condition is used: the

A; matrices can be linearly combined into a positive definite one. Interestingly, the
statements as in Theorem 5.4 can be slightly strengthened along this line as well.

Theorem 5.5 Suppose n > 3, and A1, Ay, Az, Ay € H". If
(AjeY, AyeY AzeY AseY) #(0,0,0,0),

for any nonzero matrix Y € ‘H", then there exist a; € N, i = 1,2, 3,4 such that
Z?:l a;A; = 0, and

(M A1z, 27 Arz, M A3z, M ALz) | z € C)

is a pointed, closed, convex cone.

Proof Let us denote

K:={(z"A1z, 2" Arz, 2P A3z, 2M A42) | 2 € C)
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which is a convex cone by Theorem 5.4. Moreover, K is also pointed, because, if
there is 0 # d € K, with —d € K, then by denoting

d = (2Y'A1z1, 2 Arz1, 2} Aszy, 2 Aszy) and

H H H H
—d = (25 A122, 25 A222, 25 A322, 25 A422)
we would have

(A1 o (212} + 2228, Az o (212} + 2228, Az @ (212} + 2228, As 0 (212 + 222h)
=1(0,0,0,0)

which contradicts the condition of the theorem. We proceed to show that K is a closed

set. For this purpose, let us take any sequence v¥ € K with limg_, o v¥ = 0. Clearly,

if 0 = 0then ¥ € K. Let us consider the nontrivial case where 0 # 0. Suppose that

k H H H H
v = (g A12k, 7 A2z, 2y A3Zk, 7y Adzy)

a \' . w w \' ., w z \"
2
= lzkll ( )Al ,( )Az ,( )
Izl lzell ™ \llzxll lzell ™ \llzxll
Zk Zk H Zk
() )
lzell ™ \llzxll llzx |l

Without losing generality we may assume limy_, o zx/||zk || = 2. Therefore,

b= lim v = lim |z ]2G"A12, 27402, 21 As2, 21 AL2).
k—o00 k—o00

By the condition of the theorem, we know that (37 A2, 21 A,2, 2HA32, 2HA42) £ 0,

and therefore limy_, o ||z¢ || exists and is finite; hence 0 € K. This shows that K is

closed. To summarize, we have shown that K is a pointed, closed, and convex cone.

Using the separation theorem, we conclude that there is o; € N, i = 1, 2, 3, 4, such

that ZLI a;zA;z > 0 forany 0 # z € C". Stated differently, Z?=l a;A; = 0. O

6 Algorithms and numerical results

Our recent investigations indicate that there are amply applications of the rank-one
decomposition theorems in engineering, arising from signal processing, radar, wireless
communication and so forth (see for example [12—14]). It is therefore helpful to pro-
vide workable Matlab codes implementing these rank-one decomposition theorems,
for the benefits of the users. Based on our constructive proofs of the main results in
the previous sections, we implemented the algorithms to get the rank-one solutions.
Our Matlab programs can be found at the following website:

http://www.se.cuhk.edu.hk/~ywhuang/dcmp/paper.html

[username: dcmp ; password: dcmpdcmp]
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The theme of this section is to test the numerical stability of the implemented
programs, and consequently to make the algorithms accessible for practical problems.
Lastly, the codes also serve to cross checking the validity of our proofs, at least numer-
ically, since the programs are coded quite literally following the proofs presented in
this paper. To start with, let us outline the procedure to implement the decomposition
as stipulated in Theorem 2.1 (refer to the proof of Theorem2.1 in [18]):

Algorithm 1: Computing the decomposition as in Theorem 2.1

Input: A, Ay, A3 € H" andX € H'} with r = rank (X) > 3.

Output X = Z lx, a rank—one decomposmon of X, such that Aj e
Xi X _AloX/rAzox, =AeX/r,i=1,. r,andAgox,le
A3 e X/r,i=1,...,r — 2

0) Letr :=rank (X),6;, ;== A; e X,i =1,2,3,ands := 1.
1) Repeat the following steps if » > 3:
1.1) Use Proposition3 2, obtaining X = Z ]x,xiH such that A e

H—35/r Azox, —82/r1_1
1.2) IfallA3 ® XX _83/rf0r1_1 2,thenset)?i=xi,i=
1,.. -2, break and terminate; else go to Step 1.3.
1.3) Find i1 i2 € {1,...,r} such that A3 e x;x i —§3/r > 0 and

Az e x,z 83/}” < 0.

1.4) Pick any 13 e{l,...,r\{i1,i2}. W.lo.g., suppose i; = 1,ip =2
and i3 = 3.

1.5) Determine oy, aa, @3 € C such that

H
( o1X] + a2x2 + @3x3 ) o1X] + a2x2 + @3x3

l
Ve 2 + laa? + |as]? Ve ? + laa? + |as]?
8 .
=1 = 192’ 3’
.

by solving the system of equations (3.1) (see Lemma 3.1).

1.6) Return %, = ~UUF@Q0HTARG _ qpdypdate X = X —£, 20, r = r—1
Va1 2 +Hoz 2 +as |2 ‘
ands = s + 1.
2) Use Proposition3 2 obtaining X = xlx1 + x2x2 such that A| e x;x H =
AjeX/r, Azox, S = AreX/r,i =1,2.Return X,_; = x] and X, —x2

We test the numerical performance of Algorithm 1 as follows. We generate 300
trials. At each trial, data Ay, Ay, A3 and X are randomly generated, with matrix
sizen=6+floor (30*rand) and X’srank r=3+floor ( (n—1) *rand) (where
‘rand’ is uniformly drawn from [0, 1]). The performance of each trial is measured
by the error mean; that is, the average of the following 3r — 2 terms:
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x 1071 Matrix size n=6+floor(30*rand), rank=3+floor((n-2)*rand)
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Fig. 1 The performance of Algorithm 1 for 300 trial runs; the given accuracy is € = 10~3

Al e X Are X
[ xl-HAlxi — lr. , leAzxi — 2: , <i<r;
Az e X
leA3x,~— 3¢ , 1§i§r—2].

In Fig. 1, we plot the performance of the 300 trials, and the red line in the figure is the
mean of the performance measure. As we see, the algorithm performed remarkably

stable and accurate. Note that the accuracy was set to be 10~8 in our numerical tests.
Likewise, we implement the matrix decomposition procedures as described by
Theorem?2.2.

Algorithm 2.1: Computing the decomposition as in Theorem 2.2 (r > 3)

Input: A, A, A3 € H", and X € H'| with r = rank (X) > 3.
Output: Vector y suchthat A; e yy" = A; ¢ X, i =1,2,3, X — %yyH >0,
and rank (X — Lyyt) <r — 1.

0) Letd; ;= A; @ X,i =1,2,3.

1) Call Algorithm 1 to obtain X = >/, )?i)?,-H such that A| e )?,-)?l.H
81/r, Az e )?,le = &/r,i = 1,...,r;and Az e )e,)’le = 83/r, i
1,...,r —2.

2) Return y = /7.
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Algorithm 2.2: Computing the decomposition as in Theorem2.2 (r = 2)

Input: Ay, Ay, A3 € H" withn > 3, X € H| withr =rank(X) =2,and a
nonzero vector z ¢ Range (X).

Output: Vector y in the linear space spanned by z and Range (X), such that
Aoyl = Aj e X,i = 1,2,3, X + zz% — LyyM > 0, and rank (X + 2z —
Lyythy <2.

0) Letd; :=A; e X,i =1,2,3.

1) Use Proposition3.2 to obtain X = xjx{! + xpx3!, such that A| e x;x
81/2; Asexixl =68,/2,i =1,2.

2) If A3 oxlx{{ = 83/2, then set y = /rx; and terminate; otherwise, go to 3).

3) Setx3z =z.

4) Determine oy, a0z, a3 € C such that

H

i

H
a1X] + apX2 + o33 4, +ooxy +a3x3 g i—1.23
] — Ao bt—1, 4 I
Vie? +lea +les? ) Vil +leal? +lesl> 2

by solving the system of equations (3.2).

5) Return y = /F -ditentais
g [2+lea [P+ ]3|

We report numerical implementation of Algorithm 2.2 since for rank (X) > 3, the
algorithm can be considered as a special case of Algorithm 1. We execute Algorithm
2.2 for 300 trial runs. At each run, data matrices A1, A», Az and X are randomly gen-
erated, with the size n=6+floor (30*rand) and X’s rank r=2. The performance
of each trial run is measured by the error mean; that is, the average of the following
three terms:

YAy —Are X

yAzy — Az e X|}.

3 ’

{|y"A1y —A e X

Figure 2 summarizes the performance of these 300 trial runs, where the red line in the
figure is the mean of the performance measure.

Finally, we implement the matrix decomposition procedure as described in
Theorem?2.3.

Algorithm 3: Computing the decomposition as in Theorem 2.3

Input: X € H’jr with rank (X) > 2andn > 3, and Ay, Ay, A3, A4 € 'H" such
that (AjeY, Ay eY AzeY, AgseY) # (0,0,0,0) for all nonzero Y > 0.
Output: Vector y such that A; e yyH = A; e X, i = 1,2, 3, 4.

0) Lets; :=A;¢X,i=1,2,3,4.

1) Pick anig € {1, 2, 3, 4} such that §;, # 0, say ip = 4.

2) Apply Theorem?2.2 to A; — %A4, i =1,2,3, and X, obtaining a vector y
such that (A; — §-Ag) e yy =0, i =1,2,3.

3) Setr = A4 e yyH/sy.

4) Update and return y = %y.
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Fig. 2 Performance of Algorithm 2.2 for 300 trial runs; the given accuracy is € = 10-8

We report the numerical performance of Algorithm 3. Like before, we apply Algo-
rithm 3 for 300 trial runs, and at each trial run the data matrices Ay, A, A3 and
X are randomly generated, with the matrix size n=6+floor (30*rand) and X’s
rank r=2. Specially, data A4 is randomly generated such that it is positive or negative
definite (by this, Ay, Az, A3, A4 are legal inputs for the theorem). The performance
of each trial run is measured by the error mean; that is, the average of the following
four terms:

{[y"A1y — Al eX

YAy — Ay e X|, [yTAsy — Az e X

YWAsy—As e X|}.

’ )

Figure 3 plots the performance of these 300 trial runs, and the red line in the figure is
the mean of the performance measure.

Appendix
A Proof of Lemma 3.1

Lemma A.1 Let ay, az be given complex numbers, ay be a given real number. Then
the following equation has a complex-valued solution:

Im (xy) + Re (a2y) + Re (azx) + a4 = 0.
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Fig. 3 Performance of Algorithm 3 for 300 trial runs; the given accuracy is € = 10-8

Proof Let ay = u2e*%2, a3 = u3e'®, and x = r1e!?”, y = rye!?. Then the equation
can be rewritten equivalently as

rira sin(@ — 01) + roup cos(& — 02) + riuzcos(&s + 01) +aq = 0.

Ifas = 0,thenx = y = Oisasolution. Assume as < 0 (thecaseas > 0issymmetric).
If up = u3z = 0, then a solution is found by setting r; = 1,601 =0, r2 = |a4|, 02 = %
Ifup # 0orus # 0, say us # 0, then asolutionisr; =0,6; =0, = ‘Z—il, 0, = &.

[m}

Lemma A.2 Let ay, as, b, b3 be given complex numbers, aq, by be given real num-
bers. Then the following system of equations has a complex-valued solution:

Im (xy) 4+ Re (az2y) + Re (azx) + a4 = 0, (A.D)
Re (xy) + Re (b2y) + Re (b3x) + bs = 0. (A2)
Proof If as # 0, it follows from Lemma A.1 that there is a solution (xg, yp) solving
Equation (A.1), then using variable transformation: x = x" +xg, y = y’ + yo, we may
turn the equations (A.1) and (A.2) to
Im (x'y’) + Re (a5y") + Re (a4x’) = 0,
Re (x'y’) + Re (b4y') + Re (b3x') + by = 0,
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where aé =ap +1ixg, aé = a3+ iy, b’z = by + xg, bg = b3 + yo, bi‘ = Re (xpyo) +
Re (b2y0) + Re (b3xp) + ba. Hence, without losing generality we need only consider

. . . . 3 iel ’ y =
ret®” ar = ure'® a3 = u3e'®, by = vye!™ by = v3e!™. Then the equations
(A.1) and (A.2) become

as = 0. Let by # 0 (otherwise x = y = 0 is a solution). Let x = rie

rirp sin(@r — 01) + rauz cos(§p — 62) + riuzcos(§z +61) =0, (A.3)
riry cos(0y — 01) + rpva cos(ny — 62) + rivycos(nz + 01) + by = 0. (A4)

Assume by < 0. We choose 0, = 6. (If by > 0, then we choose 6, = 0; + m; the
remaining discussion is parallel). Three cases are considered here:

Case 1 upy = 0oruz = 0. Suppose up = 0. Then it is easy to check that r; = rp and
0h = 01 = /2 — &3 solve equation (A.3), and equation (A.4) becomes

r? + ri(va cos(na — 62) + vy cos(nz + 61)) + by = 0,

which clearly has a positive solution since b4 < 0. Denote this positive solution to
be 7. Therefore a solution of (A.3) and (A.4) can be set as 6, = 0] = /2 — &3, and
ro=ry="r.

Case 2 upy # 0,u3 # 0 and & + & = kx for some integer k. Similar to Case 1, one
verifies that 6 = 0y = /2 — &3 and r| = rp = 7 for some 7 > 0 is a solution.

Case 3 upy # 0,u3 # 0 and & + & # km for every integer k. Take 6, = 6] =
% + % Since cos(& — 0;) = —cos(é3 4+ 61) = sin % # 0, equation (A.3)
leads to f—f = %3 —: ) > 0. By this relation and (A.4), it follows that

up
hrf + 11 (v cos(i12 = 6) + v3 cos(n3 + 61)) + ba = 0,

which has a positive solution since b4 < 0. Denote this positive root to be 7. Clearly,

ri=r,mn=Arand6, =6 =7 — 53552 is a solution in this case. O

Now let us recall a particular case of Lemma 1 from [3], which we will need to use.

Lemma A.3 Forany real numbers ay, as, as, bz, b3, ba, the following system of equa-
tions with real variables:

xy +axx +azy +as =0,
x2 —y* 4+ byx + b3y + by =0,

has a solution (zero solution is allowed).

Notice that the proof of Lemma 1 of [3] is constructive, and indeed we can find a
solution of the above equations easily.
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Lemma A4 Letas, az, by, b3, ca, c3 be any given complex numbers, and as, bs, c4 be
any given real numbers. Then the system of equations has a complex-valued solution:

Im (Xy) + Re (a27) + Re (a3x) + a4 = 0, (A.5)
Re (¥y) 4+ Re (h27) + Re (b3x) + bs = 0, (A.6)
Ix1> — |y|> + Re (c27) + Re (¢3x) 4+ ¢4 = 0. (A7)

Proof We may assume a4 = by = 0, because, if (a4, bg) # 0, then by Lemma A.2
there exists a solution (xg, yo) to (A.5) and (A.6). Using a translation x = x’ + xo and
y =¥+ yo, the new zero-degree terms of equations (A.5) and (A.6), say aj and b},
will be zero. . . . .

Let a; = ujet, by = viel, ¢; = wiet%,i = 2,3, and x = r1e!?, y = re
Then the system of equations can be written as

16>

rirp sin(6r — 61) 4+ roup cos(é, — 6r) + riuz cos(és +61) = 0, (A.8)
riry cos(0y — 01) + rpvp cos(ny — 6r) + rivycos(nz +6;) =0, (A.9)
(r} = 13) + rwa cos(C2 — 62) + riws cos(&3 + 61) +ca = 0. (A.10)
We first wish to show that there is (61, 6>) such that

_ sin(p —061)  wupcos(bp —6r)  wuzcos(§z +01)

= = = , (A.11)
cos(th —01)  wvacos(m —62)  vzcos(nz+061)
where t € (—o0, +00). If t = 00, we proceed the proof by considering

cos(fp —61) wvacos(my —62)  wvzcos(nz +61)
5= = — = = . (A12)

sin(fr —01)  uzcos(§2 —62)  uzcos(§3+61)

Solving (A.11) yields the following equations:
tan(6, — 01) = t, (A.13)
t J—

tan 6, = V2 COS )2 — Up COs & (A.14)

ursin&y — tvysinmyy

1v3 COS 13 — U3 COS
tan @) = L3C0ST3 U3 COSEs (A.15)
tvzsinnz — u3z sin &3

Since tan(6, — 01) = (tan, — tan61)/(1 + tan 6, tan 61), we substitute (A.14) and
(A.15) into (A.13), and get the following after some arrangements:

£ vyv3 cos(n +13) + 12 py + tp1 — uguz sin(&; + £3) =0, (A.16)
where py = —upv3 cos(&r + 13) — vausz cos(n + £3) — vovs sin(ny + n3) and p; =

upuz cos(ér + &3) + upvz sin(€z + 13) + vaus sin(nz + &3). In order to investigate the
solution of equation (A.16), we proceed by the following three cases:
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Case 1 vavzcos(m + n3) # 0. Then equation (A.16) has a real solution 7y €
(=00, +00) (including zero), thus (Bg, 9?) are obtained from (A.14) and (A.15). It
follows that the equations (A.8), (A.9) and (A.10) reduce to

[ rira cos(8y — 60) + ravy cos(a — 69) + rv3 cos(nz + 60) =0, Al

(r} — r3) + rawa cos(r — 09) + riwz cos(¢3 + 60) + s = 0.

Since ty # 00, then cos(Gg — 9?) # 0. From Lemma A.3, we conclude that the system
(A.17) has always a solution, say (r?, rg).

Observe that (9? + ki, 6‘3 + ka7, tp) is also a solution of (A.13), (A.14) and (A.15)
for any integers k1, k. Then we can adjust the signs of r? and rg by selecting appro-
priate k1, ko such that r? >0, rg > 0 (for example, if r? < 0, we may replace (r?, 9?)
with (=7, 8 + ) in the system (A.17)). Hence a solution (r1e'% | 12et%) for the
system of equations (A.5), (A.6) and (A.7) is found.

Case 2 vov3 cos(nz +n3) = 0, upuz sin(é> +£&3) # 0. Instead of (A.11), we consider
(A.12), which yield

— sSuausz sin(& + &) + vavs cos(m +1m3) +57p1 +sp2 =0,  (A.18)

where pj, p» are the same as those in (A.16). Obviously s = 0 is a solution to (A.18),
and the remaining argument follows Case 1.

Case 3 vavzcos(mz + 1n3) = 0, upusz sin(é> + &) = 0. In the current case, note that
t = 01is a solution of (A.16), and then the remaining discussion is similar to Case 1.
O

Now we are ready to prove Lemma3.1.

Proof of Lemma 3.1 Redefine

. _a _ _ b . _ ¢

a) = o100’ bl = Z—ICO’ Cl = Z—ICO’
. a . .

a .= L'2,1 ’ bz = 02,1 ’ bz = Cz,l ’
. a3 _ b3 . 3

az ;= e b3 = e c3 = T

Then the above system becomes

Re (a1Xy) + Re (a2%z) + Re (a3yz) + aslz|> = 0,
Re (b1%y) + Re (b2iz) +Re (b352) + balz]> =0,  (A.19)
|x|> — |y|?> + Re (c1%y) + Re (c2%z) + Re (¢372) + cqlz|*> = 0.
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Since Re (a;xy) = Re (a1)Re (xy) — Im (a1)Im (xy) (similarly for Re (b1xy) and
Re (c1xy)), the system (A.19) can be rewritten in matrix form as:

Im (xy) Re (a2%z) + Re (a3z) + aslz|?
A| Re(xy) |+ | Re(brxz)+Re (b3yz) +b4lz|> | =0,  (A.20)
x]2 — y[?

Re (c2xz) + Re (c37z) + calz|?
where

—Ima; Rea; O
A= imb1 Re b] 0
imc; Recp 1

To complete the analysis, we consider the following two cases, exclusively.
Case 1 det A # 0.

Setting z = 1 and left-multiplying A~! on both sides of the equations (A.20) yields

Im (Xy) + Re (a5y) + Re (a3y) +a, =0,
Re (xy) +Re (b}y) + Re (byy) + by =0, (A21)
12 = [y]> + Re (c55) + Re (¢4y) + ¢} =0,

where
a, ay ay a) az as
by by by | =A""| by by by
¢y ¢4 ¢ 2 €3 4
Now, (A.21) has a solution due to Lemma A.4, which yields a nonzero solution for
(A.20), and consequently a nonzero solution as well for (A.19).

Case 2 det A = 0.
We set z = 0. Then, (A.20) reduces to

Im (Xy)
Al Re(xy) | =0,
Ix|? = |y[?

which has a nonzero real solution (sy, s, 53); that is

Im (¥y) =51, Re(xy) =s5. [x|*—|y[*=ss. (A22)
The relation (A.22) gives |x|?|y|? = s? + 52, |x|?> — |y|* = s3, from which one can
always assemble a solution (x, y) # (0, 0) to satisfy (A.19). m|
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