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TABLE I
SOLVABLE INSTANCES OF OPTIMAL MULTIUSER DOWNLINK BEAMFORMING PROBLEM (OBP)

decomposition of , (synthetically denoted as ),
such that

.
Let and

be optimal solutions of (P2) and (D2) respec-
tively, and let and ,

.
It follows by Lemma 5.3 that we can find a rank-one decom-

position for each such that

Observe that , . Then, take
, , and formulate linear

program (LP1) and its dual (DLP1), as displayed in (50) and
(51) respectively. We claim problem (P2) has some properties
similar to those in Theorem 5.2 with parameters satisfying (32),
(33), and (52).

Theorem 5.4: Suppose that the parameters of (P2)
comply with (32), (33) and (52). Suppose that both
(P2) and (D2) are solvable, and let and

be optimal solutions of
(P2) and (D2) respectively. Perform the rank-one decomposi-
tion for each , yielding ,
where , so that ; take vectors

from , , and formulate the LPs
(LP1) and (DLP1). Then,

(i) (LP1) is bounded below, and is feasible for
(LP1) (i.e., (LP1) and (DLP1) are solvable).

Let be an optimal solution of (DLP1). Suppose
that , , fulfill (34). Then,

(i) , , and ,
, and , where is defined in

(45);
(ii) , and

is an optimal solution of (P2).
Proof: See Appendix I.

Algorithm 5 summarizes the procedure to produce a rank-one
optimal solution of (P2):

Algorithm 5: Procedure for Rank-One Solution of Separable
SDP Problem With Individual Indefinite Shaping Constraints

, , , , , ,
, satisfying (32)–(34) and (52);

an optimal solution with
, ;

1:solve SDPs (P2) and (D2), finding solutions ,
and ;

2:perform the rank-one decompositions , ,
outputting

, where ;

3:take vectors , ;

4:form the matrix as in (45), and compute ;

5:output , .

Last, we mention that it is possible to generate a rank-con-
strained solution of (P2) with a given rank profile
using Algorithm 3, but with the difference that in Step 1 of Al-
gorithm 3 one has to solve (D2) and (P2) and additionally im-
plement the specific rank-one decompositions.

VI. SUMMARY OF SOLVABLE INSTANCES OF OBP

In this section, we summarize all known solvable instances
of the general QCQP downlink (unicast) beamforming problem
(OBP) (see Table I), as well as an account of the complexity of
the algorithms.

We remark that when problem (OBP) has soft-shaping
constraints (in additional to SINR constraints and individual
shaping constraints), only the primal method (cf. Algorithm 1)
can be employed (the dual-based Algorithms 2, 4, and 5 cannot
be used). When the problem has no soft-shaping constraints, the
dual-based method is preferred due to its lower computational
complexity as elaborated next.

We now compare the computational complexity of the
primal and dual methods when solving the beamforming
problem (OBP) with only SINR constraints. The primal method
consists of solving the separable SDP, which has a worst-case
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Fig. 3. Radiation pattern of the base station, for the problem with three SINR
constraints and nine null-shaping interference constraints and � � ��. The
required transmit power is 15.95 dBm.

where

(58)

and and is the same as the one in
(54). To better control the robust region of the null-shaping in-
terference around external user , we introduce two more null
interference constraints for the external user

(59)

for . In other words, there are four
constraints [i.e., (56), (57), and (59)] describing a robust null-
shaping interference constraint around user . Assume that the
base station has transmit antennas, and three external
users located, respectively, at are consid-
ered beside the three internal users. For external user

, we impose only one null interference constraint on it,
while for external users and , we im-
pose one robust null interference constraint on each of them.
Therefore, the resulting optimal beamforming problem has three
SINR constraints and nine null interference constraints. Fig. 4
depicts the radiation pattern of the base station (the required
minimal transmission power is 16.94 dBm). As expected, the
power radiated over and is sufficiently
lower so that it is almost negligible.

VIII. CONCLUSION

In this paper, we have considered the optimal beamforming
problem minimizing the transmission power subject to SINR
constraints, global and individual shaping interference con-
straints (e.g., to protect other users from coexisting systems).
Although the problem belongs to the class of separable ho-
mogeneous QCQP which is typically hard to solve in general,
we have proposed efficient algorithms for the beamforming

Fig. 4. Radiation pattern of the base station, for the problem with three SINR
constraints, one null interference constraint, two robust null interference con-
straint, and � � �. The required transmit power is 16.94 dBm.

problem. The presented algorithms mainly consist of solving
the SDP relaxation of the problem, formulating an LP by using
the properties of optimal solution of the dual SDP, and solving
the LP (with closed-form solution) to find a rank-one optimal
solution of the separable SDP. The proof is based on the LP
strong duality. The resulting algorithms can output a rank-one
solution, as well as a rank-constrained solution with a prefixed
rank profile. Based on these, we have identified the subclasses
of the optimal beamforming problem that are “hidden” convex,
in the sense that the corresponding SDP relaxation has always
a rank-one optimal solution.

APPENDIX

A. Proof of Theorem 3.1

Proof: The proof is just slightly different from that of
[5, Lemma 3.1] (see [5, pp. 675–676]) when checking the
primal feasibility and complementarity (optimality) in each
iteration of the purification process (rank reduction procedure).
Precisely, we need to additionally verify ,

, and , , ,
where , and

. Indeed, if , then ,
and ; if ,
then it is evident that . Since all columns of
are in , hence , .

B. Proof of Proposition 4.1

Proof: (i) First of all, we show , . In fact, suppose
that , then one has the contradiction

due to the parameter conditions (32) and (33).
(ii) Now, we show , and , . Suppose

, for some , say ; then ,
from the complementary condition (30). However, this is not
possible since we have shown the fact that , .
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C. Proof of Proposition 4.2

Proof: Since , , and
, , hence, for those with

, for those with , and for
. In order to show , ,

we shall first prove the fact that for (or
more precisely, for ).

Assume, without loss of generality, that , , ,
, , , for some .

Then, , together with
, ,

is feasible for problem (D), and has the objective function
value . Thus

cannot be optimal, which is a contradiction.
Therefore, we have , . Let us check
the feasibility of . In-
deed, for , one has

, where the first
relation is due to , and the second is due to the

assumption that , , for ,
. For , one also has

, due
to for , for ,
(32), (34), and (35).

Now we wish to prove . Suppose that
one of , say , then

, which is a con-
tradiction to that we have shown in Proposition 4.1.

It follows from (31) that ,
.

D. Proof of Proposition 4.3

Proof: Since ,
and the assumptions (32), (35), (34) are valid,

hence, it follows from (36) that each has at least one positive
eigenvalue.

(i) Suppose is defined by the point
as in set , and let

Clearly, , . Then, we have

(60)

Recall that each , , has at least one positive
eigenvalue, thus , .
From (60), it follows that
leads to , for (for either the case
that is positive semidefinite and nonzero, or the case
that has both positive and negative eigenvalues). Since

(from the definition of ), then
, .

(ii) From (60), we see that
implies and , , and that

implies , , and
that implies ,

.
(iii) Suppose that there exists

such that .
Then it follows from (i) that , .
Let , and suppose that

without loss of generality (otherwise let
). Also suppose that

, . It follows that

, which would
imply .
But this is not possible since .

It follows from the proof of (ii) that the set
is a singleton and contains the point: See the equation at the
bottom of the page.

E. Proof of Theorem 4.4

Proof: (i) Since both (LP1) and (DLP1) are solvable, we
suppose that is an optimal solution of (LP1). Thus,

and satisfy the complementary con-
ditions (43) and (44).

To proceed, we claim that any feasible point of
(LP1) must be positive, i.e., , . To see this,
assume that , then by the parameter assumptions, one has
the contradiction

Consequently, every must be positive. Now, from (44), this
implies that , .

(ii) Note that each has at least one positive eigenvalue
and , , from (41). Indeed, if some is neg-
ative semidefinite, then problem (P1) is infeasible, which con-
tradicts the assumption that (P1) is solvable. Also
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, , since
and (from Proposition 4.2). It follows that

, since and ( )
from the parameter assumptions (32) and (33).

(iii) We claim that satisfying (i) and (ii) must be unique,
i.e., the solution for the system of and is
unique. Suppose that is another solution for the system,
and let . Without loss of generality,
we assume that and ; thus we have

, , which implies that
and , . Then one gets the contradiction

.
Suppose that the square matrix is singular, then there is a

nonzero such that , and since , we have that
for sufficiently small . This implies that the vector

is a solution for the system of and , which
is not possible since the system has only one solution. Therefore,

is invertible, which yields . If , then
(DLP1) has no optimal solution, which is contradictory to the
solvability of (DLP1).

(iv) It suffices to prove the inequality chain
. It is clear that

and , due to strong
duality. Notice that the optimal solution of (D1) is
also feasible for (LP1), and that (D1) and (LP1) have the same
objective function, then we can assert that .
Likewise, observing that is feasible
for (P1), we conclude that . Therefore, we
arrive at . Further,
it is easily verified that is optimal for (LP1) and

is optimal for (P1).

F. Proof of Theorem 4.5

Proof: This proof is similar to that of Theorem 4.4.
(i) Assume that is an optimal solution of (LP2).

Thus, , together with the solution , complies
with the complementary conditions of (LP2) and (DLP2)

(61)

, and

(62)

It is easily seen from (46) that any feasible point
of (LP2) is positive, i.e., , (due to a similar argument to

the second paragraph of the proof of Theorem 4.4). Thus ,
. It follows from (62) that

(ii) Suppose that , , are zero.
It follows from (i) that

, which is not true since the
left-hand side (LHS) is nonpositive and the right-hand side
(RHS) is positive. We thus conclude that at least one element
of is positive, .

(iii) The proof is similar to the proof of (iii) of Theorem 4.4,
and thus omitted.

G. Proof of Proposition 5.1

Proof: Applying Proposition 4.1 (with )
to (P2) and (D2), one concludes that (i) and (ii) hold. It follows
from (18)–(20) that and ,

. Indeed, from (18) and (20), we have

which means that cannot be zero for any
(otherwise, say , then and

which is not possible).

H. Proof of Theorem 5.2

Proof: (i) It is easily seen that (LP1) is bounded below, due
to the constraints and the assumptions . Now, we
wish to show that the solution of (D2) is feasible
for (LP1).

Since , , hence
. Com-

bining the complementary condition in (20)
with the fact that yields

(63)

Therefore, , and
accordingly is feasible for (LP1).

Since (LP1) is bounded below and feasible, hence it follows
by the strong duality theorem for LP that both (LP1) and (DLP1)
are solvable.

(ii) The proof is completely similar to those of (i), (ii), and
(iii) of Theorem 4.4, and we skip it here.

(iii) It is easily seen that fulfills the
individual shaping constraints, that is, ,

, . This, together with (ii), gives that
for feasible to (P2), hence,

we have . Since the optimal solu-
tion of (D2) is feasible for (LP1), hence,

. Thus, we arrive at the inequality chain
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