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1 Semide�nite Programming, Matrix
Decomposition, and Radar Code
Design
Yongwei Huang, Antonio De Maio, and Shuzhong Zhang

Yongwei Huang is with Hong Kong University of Science and Technology, Hong Kong.
Antonio De Maio is with the Universit�a degli Studi di Napoli \Federico II", Italy.
Shuzhong Zhang is with Chinese University of Hong Kong, HongKong.

In this chapter, we study speci�c rank-one decomposition techniques for Her-
mitian positive semide�nite matrices. Based on the Semide�nite Programming
Relaxation method and the decomposition techniques, we identify several classes
of quadratically constrained quadratic programming problems that are polyno-
mially solvable. Typically, such problems do not have \too many" constraints.
As an example, we demonstrate how to apply the new techniquesto solve an
optimal code design problem arising from radar signal processing.

1.1 Introduction and Notations

Semide�nite programming (SDP) is a relatively new subject of research in opti-
mization. Its success has caused major excitements in the �eld. One is referred
to Boyd and Vandenberghe [11] for an excellent introductionto SDP and its
applications. In this chapter, we shall elaborate on a special application of SDP
for solving quadratically constrained quadratic programming (QCQP) problems.
The techniques we shall introduce are related to how a positive semide�nite
matrix can be decomposed into a sum of rank-one positive semide�nite matri-
ces, in a speci�c way that helps to solve non-convex quadratic optimization with
quadratic constraints. The advantage of the method is that the convexity of the
original quadratic optimization problem becomes irrelevant; only the number of
constraints is important for the method to be e�ective. We fu rther present a
study on how this method helps to solve a radar code design problem. Through
this investigation, we aim to make a case that solving non-convex quadratic opti-
mization by SDP is a viable approach. The featured techniqueis to decompose
a Hermitian positive semide�nite matrix into a sum of rank-o ne matrices with
a desirable property. The method involves some duality theory for SDP. Our
simulation study shows that the techniques are numericallye�cient and stable.

The organization of the chapter is as follows. In Section 1.2, we shall present
several key results about the rank-one decomposition of a positive semide�nite
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4 Chapter 1. Semide�nite Programming, Matrix Decomposition , and Radar Code Design

matrix. In Section 1.3, we shall introduce SDP and some basicproperties of
SDP, which will be useful for our subsequent studies. Section 1.4 introduces
non-convex QCQP problems. Such problems have a natural connection with
SDP. In fact, relaxing a QCQP problem one gets a convex SDP problem in the
lifted (matrix) space. Section 1.5 is devoted to the solution method for some
speci�c types of QCQP problems, where the number of constraints is relatively
few. We shall show that the matrix decomposition technique can be applied to
obtain a global optimal solution for the non-convex optimization problem. In the
remaining sections we shall present a case-study on how the proposed framework
applies to radar signal processing. In particular, in Section 1.6, we introduce a
radar code design problem, and in Section 1.7 the problem is formulated as
non-convex quadratic optimization. Then, in Sections and 1.8 and 1.9, we apply
the solution method and test its performance. Finally, in Section 1.10, we shall
conclude the study and the whole chapter.

Before proceeding, let us �rst introduce the notations that shall be used in this
chapter. We useH N to denote the space of HermitianN � N matrices, SN the
space of symmetricN � N matrices, and M M;N the space ofM � N matrices
with both complex-valued and real-valued entries. We adoptthe notation of using
boldface for vectorsa (lower case), and matricesA (upper case), especially,0
stands for zero column vector, or row vector, or matrix if its dimension is clear
in context. The Frobenius inner product is de�ned over M M;N as follows:

A � B = tr( AB H ) =
MX

k=1

NX

l =1

Akl Bkl ;

where `tr' denotes the trace of a square matrix,B H stands for the component-
wise conjugate of the transposeB T of B , Akl ; Bkl are the kl -th entries of A and
B respectively, anda denotes the conjugate of the complex numbera.

Note that the inner product is real-valued when it is de�ned i n H N or SN . In
this chapter, we shall always work with either H n (mainly) or SN . For simplicity,
we shall only mention H N if results are similar for H N and SN alike. Induced by
the matrix inner product, the notion of orthogonality, orth ogonal complement
of a linear subspace, and the (Frobenius) norm of a matrix, viz.

kZ k =
p

Z � Z ; Z 2 H N ;

all follow.
We denote by Z � 0 (� 0) a positive semide�nite matrix (positive de�nite),

i.e., zH Zz � 0 (> 0; respectively); 8 nonzero z 2 CN , where CN stands for the
Euclidean space in the complex number �eldC (similarly, RN for the Euclidean
space in the real number �eld R). We also denote the set of all positive semidef-
inite matrices (positive de�nite matrices) by H N

+ (H N
++ , respectively), and like-

wise, the set of all positive semide�nite matrices (positive de�nite matrices) in
SN by SN

+ (SN
++ , respectively).
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For any complex numberz, we use Re (z) and Im (z) to denote respectively the
real and the imaginary part of z, while jzj and arg(z) represent the module and
the argument of z, respectively. For a vectorz, we denote bykzk the Euclidean
norm of it. For a matrix Z (a vector z), we denote byZ (z) the component-wise
conjugate ofZ (z, respectively). We use� to denote the Hadamard element-wise
product [29] of two vectors (or two matrices) with the same size. In this chapter,
we reserve ì ' for the imaginary unit (i.e. i =

p
� 1), while the other commonly

used letter j̀ ' shall be reserved for index in this chapter.

1.2 Matrix Rank-One Decomposition

1.2.1 Rank-One Matrix Decomposition Schemes

Let us �rst introduce two useful rank-one matrix decomposit ion theorems for
symmetric and Hermitian positive semide�nite matrices respectively. They �rst
appeared in Sturm and Zhang [44] and Huang and Zhang [31] respectively. It
turns out that these results are quite useful. For instance,they o�er alternative
proofs to the famous S-lemma with real-valued variables and complex-valued
variables (see [19, 47, 42]). Also, these theorems lead to some very fundamental
results in the so-calledjoint numerical ranges (see [27, 12, 30]). As we will see
later, they are applicable to �nd a rank-one optimal solutio n from high rank
optimal solutions for some SDP problems.

Theorem 1.1. (Matrix Decomposition Theorem for Symmetric
Matrix ) Let Z 2 S N be a positive semide�nite matrix of rank R and A 2 S N

be a given matrix. Then, there is a decomposition ofZ , Z =
P R

k=1 zk zT
k , such

that, zT
k Az k = A � Z =R, for all k = 1 ; 2; : : : ; R.

Proof. Let

Z =
RX

k=1

zk zT
k

be any decomposition ofZ , e.g. by any Cholesky factorization.
If zT

k Az k = A � zk zH
k = A � Z

R for all k = 1 ; : : : ; R, then the desired decom-
position is achieved. Otherwise, let us assume, without loss of generality, that

zT
1 Az 1 <

A � Z
R

; and zT
2 Az 2 >

A � Z
R

: (1.1)

Now, let

v1 = ( z1 + 
 z2)=
p

1 + 
 2 and v2 = ( � 
 z1 + z2)=
p

1 + 
 2;

where 
 satis�es

(z1 + 
 z2)T A (z1 + 
 z2) =
Z � A

R
(1 + 
 2):
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The above equation has two distinguished roots due to (1.1).It is easy to see
that

v1vT
1 + v2vT

2 = z1zT
1 + z2zT

2 :

Let Z new := Z � v1vT
1 and R := R � 1. Then Z new 2 S N

+ with rank R � 1, A �

v1vT
1 = Z � A

R and

A � (Z � v1vT
1 )

R � 1
=

A � Z new

R � 1
=

A � Z
R

:

Repeating the procedure as described above for at mostR � 1 times, we are
guaranteed to arrive at the desired matrix decomposition.

It is simple to observe that the previous theorem remains true if all data
matrices are complex-valued, namelyZ 2 H N

+ and A 2 H N . As a matter of fact,
more can be done in the case of Hermitian complex matrices. Let us recall that
the rank of a complex matrix Z is the largest number of columns ofZ that
constitute a linearly independent set (for example, see Section 0.4 of [29]).

Theorem 1.2. (Matrix Decomposition Theorem for Hermitian Matrix )
Suppose thatZ 2 H N is a positive semide�nite matrix of rank R, and A ; B 2
H N are two given matrices. Then, there is a decomposition ofZ , Z =P R

k=1 zk zH
k ; such that,

zH
k Az k =

A � Z
R

; zH
k Bz k =

B � Z
R

; (1.2)

for all k = 1 ; 2; : : : ; R.

Proof. It follows from Theorem 1.1 that there is a decomposition ofZ

Z =
RX

k=1

u k u H
k such that u H

k Au k =
A � Z

R
; for k = 1 ; : : : ; R:

If u H
k Bu k = B � Z =R for any k = 1 ; : : : ; R, then the intended decomposition

is achieved. Otherwise, there must exist two indices, say 1 and 2, such that

u H
1 Bu 1 >

B � Z
R

and u H
2 Bu 2 <

B � Z
R

:

Denote u H
1 Au 2 = 
 1ei� 1 and u H

1 Bu 2 = 
 2ei� 2 . Let w = 
e i� 2 C with � =
� 1 + �

2 and 
 > 0 be a root of the real quadratic equation in terms of
 :
�

u H
1 Bu 1 �

B � Z
R

�

 2 + 2 
 2 sin(� 2 � � 1)
 + u H

2 Bu 2 �
B � Z

R
= 0 : (1.3)

Sinceu H
1 Bu 1 � B � Z

R > 0 and u H
2 Bu 2 � B � Z

R < 0, the above equation has two
real roots.

Set

v1 = ( wu 1 + u 2)=
p

1 + 
 2; v2 = ( � u 1 + wu 2)=
p

1 + 
 2:
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It is easy to verify that

v1vH
1 + v2vH

2 = u 1u H
1 + u 2u H

2 : (1.4)

Moreover

(1 + 
 2)vH
1 Av 1 = ( wu H

1 + u H
2 )A (wu 1 + u 2)

= 
 2u H
1 Au 1 + u H

2 Au 2 + wu H
1 Au 2 + wu H

2 Au 1

= 
 2u H
1 Au 1 + 2 

 1Re (ei ( � 1 � � ) ) + u H

2 Au 2

= 
 2u H
1 Au 1 + u H

2 Au 2

= ( 
 2 + 1)
A � Z

R
;

which amounts to vH
1 Av 1 = A � Z =R. Likewise, it holds that vH

2 Av 2 = A �
Z =R. Furthermore,

(1 + 
 2)vH
1 Bv 1 = ( wu H

1 + u H
2 )B (wu 1 + u 2)

= 
 2u H
1 Bu 1 + u H

2 Bu 2 + 2Re (wu H
1 Bu 2)

= 
 2u H
1 Bu 1 + 2 

 2 sin(� 2 � � 1) + u H

2 Bu 2

= (1 + 
 2)
B � Z

R
;

where, in the last equality, we use the fact that 
 solves (1.3).
Due to (1.4), by letting z1 = v1, we get

Z � z1zH
1 = Z � v1vH

1 = v2vH
2 +

RX

k=3

u k u H
k � 0:

We conclude that zH
1 Az 1 = A � Z =R and zH

1 Bz 1 = B � Z =R. Note that
rank(Z � z1zH

1 ) = R � 1 and vH
2 Av 2 = u H

k Au k = A � Z =R for k = 3 ; : : : ; R.
Repeating this process, if there are still rank-one terms which do not comply
with (1.2), we obtain a rank-one matrix decomposition of Z :

Z =
RX

k=1

zk zH
k

where zH
k Az k = A � Z =R and zH

k Bz k = B � Z =R, k = 2 ; : : : ; R.

Denote È ' to be `=', ` � ' or `� '. An immediate corollary follows.

Corollary 1.1. Let A ; B 2 H N be two arbitrary matrices. Let Z 2 H N be a
positive semide�nite matrix of rank R. Suppose thatA � Z E1 0 and B � Z E2 0.
Then there is a rank-one decomposition ofZ ,

Z =
RX

k=1

zk zH
k ;

such that zH
k Az k E1 0 and zH

k Bz k E2 0, for all k = 1 ; : : : ; R.
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1.2.2 Numerical Performance

Theorems 1.1 and 1.2 are not mere existence results. Clearly, their proofs are
constructive, and the respective rank-one decompositionscan be found fairly
quickly. In this subsection, we shall consider the computational procedures for
achieving such rank-one decompositions, and report the simulation results of our
computational procedures.

Algorithm DCMP1: computing the rank-one decomposition as
assured in Theorem 1.1

Input: A 2 S N , and Z 2 S N
+ with R = rank ( Z ).

Output: Z =
P R

k=1 zk zT
k , a rank-one decomposition of Z , such that A �

zk zT
k = A � Z =R; k = 1 ; :::; R.

1. Compute p1; : : : ; pR such that Z =
P R

k=1 pk pT
k .

2. Let k = 1. Repeat the following steps until k = R � 1:

a. i.If
�

pT
k Ap k � A � Z

R

� �
pT

j Ap j � A � Z
R

�
� 0 for all j = k + 1 ; : : : ; R, then

zk := pk .
ii.Otherwise, let l 2 f k + 1 ; : : : ; Rg be such that

�
pT

k Ap k �
A � Z

R

� �
pT

l Ap l �
A � Z

R

�
< 0:

Determine 
 such that

(pk + 
 pl )
T A (pk + 
 pl ) =

Z � A
R

(1 + 
 2):

Return zk := ( pk + 
 pl )=
p

1 + 
 2, and set pl := ( � 
 pk + pl )=
p

1 + 
 2.
b. If k = R � 1, then zR = pl .
c. k := k + 1.
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Algorithm DCMP2: computing the rank-one decomposition as
assured in Theorem 1.2

Input: A ; B 2 H N , and Z 2 H N
+ with R = rank ( Z ).

Output: Z =
P R

k=1 zk zH
k , a rank-one decomposition of Z , such that A �

zk zH
k = A � Z =R;B � zk zH

k = B � Z =R; k = 1 ; :::; R.

1. Call Algorithm DCMP1 to output p1; : : : ; pR such that Z =
P R

k=1 pk pH
k and

A � pk pH
k = A � Z =R; k = 1 ; : : : ; R.

2. Let k = 1. Repeat the following steps until k = R � 1:

a. i.If
�

pT
k Bp k � B � Z

R

� �
pT

j Bp j � B � Z
R

�
� 0 for all j = k + 1 ; : : : ; R, then

zk := pk .
ii.Otherwise, let l 2 f k + 1 ; : : : ; Rg be such that

�
pT

k Bp k �
B � Z

R

� �
pT

l Bp l �
B � Z

R

�
< 0:

Compute the arguments � 1 := arg( pH
k Ap l ) and � 2 := arg( pH

k Bp l ) and
the modulus 
 0 = jpH

k Bp l j, and determine 
 such that
�

pH
k Bp k �

B � Z
R

�

 2 + 2 
 0 sin(� 2 � � 1)
 + u H

l Bu l �
B � Z

R
= 0 :

Set w = 
e i ( � 1 + �= 2) . Return zk := ( wpk + pl )=
p

1 + 
 2, and set pl :=
(� pk + wpl )=

p
1 + 
 2.

b. If k = R � 1, then zR = pl .
c. k := k + 1.

It can be readily veri�ed that the computational complexity of the above rank-
one decomposition schemes isO(N 3). In fact, the required amount of operations
is dominated by that of the Cholesky decomposition, which isknown to be O(N 3)
[11, Appendix C.3.2].

We report numerical implementation of Algorithm DCMP1 and A lgorithm
DCMP2. We execute Algorithm DCMP1 and Algorithm DCMP2 for 50 0 trial
runs, respectively. At each run, data matricesA and Z for Algorithm DCMP1
(A ; B and Z for Algorithm DCMP2) are randomly generated, with the size
N=10+floor(40*rand) and Z 's rank R=min(2+floor((N-1)*rand),N)) . The
performance of each trial run is measured by the max error:

maxfj zT
k Az k � A � Z =Rj; 1 � k � Rg

for Algorithm DCMP1, or

maxfj zT
k Az k � A � Z =Rj; jzT

k Bz k � B � Z =Rj; 1 � k � Rg

for Algorithm DCMP2. Figures 1 and 2 summarize the performance of these 500
trial runs for Algorithms DCMP1 and DCMP2, respectively, wh ere the red line
in the �gure is the mean of the performance measure.
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1.3 Semide�nite Programming

In this section, we consider the following SDP problem:

(P)

8
<

:

maxX A 0 � X
s.t. A k � X E k ck ; k = 1 ; : : : ; M;

X � 0;
(1.5)

where

E k 2 f� ; = g; k = 1 ; : : : ; M: (1.6)

The dual of (P) is

(D)

8
<

:

miny1 ;:::;y M

P M
k=1 ck yk

s.t. y1A 1 + � � � + yM A M � A 0 � 0;
yk E �

k 0;
(1.7)

where

E �
k is

�
� ; if E k is �
unrestricted; if E k is =

; k = 1 ; : : : ; M; (1.8)

with yk E �
k 0 meaning that the sign ofyk is unrestricted, if E �

k is \unrestricted".
It is evident that the weak duality is true for (P) and (D), and it is known that
the strong duality is true if some Slater conditions are satis�ed. Before stating
the strong duality theorem, we denote by

E0
k is

�
<; if E k is �
= ; if E k is =

(1.9)

and

E �0
k is

�
>; if E �

k is �
unrestricted; if E �

k is unrestricted
(1.10)

for k = 1 ; : : : ; M . To sum up, we list the relation betweenE, E0, E � and E �0 in
the following table:

E k E0
k E �

k E �0
k

� < � >
= = unrestricted unrestricted

Table 1.1: Relation betweenE, E0, E � and E �0.

Under some suitable regularity conditions, the SDP problems (P) and (D)
are solvable, i.e. their respective �nite optimal solutions exist. An easy veri�able
regularity condition leading to the existence of optimal solutions is the so-called
Slater condition, which essentially requires that both (P) and (D) are strictly
feasible. By saying that (P) is strictly feasible, we mean that there is X 0 � 0 such
that A k � X 0 E0

k ck , k = 1 ; : : : ; M , and by saying that (D) is strictly feasible, we
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mean that there are y1; : : : ; yM such that y1A 1 + � � � + yM A M � A 0 � 0 and
yk E �0

k 0. We quote the strong duality theorem, for example from [39], as follows:

Theorem 1.3. (Strong Duality Theorem) Consider the SDP problem (P)
and its dual problem (D). Then,

1. If the primal problem (P) is bounded above and strictly feasible, then the
optimal value of the dual problem (D) is attained at a feasible point, and
the optimal values of (P) and (D) are equal to each other.

2. If the dual problem (D) is bounded below and strictly feasible, then the optimal
value of the primal problem (P) is attained at a feasible point, and the optimal
values of (P) and (D) are equal to each other.

3. If one of the problems (P) and (D) is bounded and strictly feasible, then a
primal-dual feasible pair (X ; y1; : : : ; yM ) is a pair of optimal solutions to the
respective problems, if and only if

X � (y1A 1 + � � � + yM A M � A 0) = 0 ; (1.11)

yk (A k � X � ck ) = 0 ; k = 1 ; : : : ; M: (1.12)

We remark that (1.11) and (1.12) are called complementary conditions or
optimality conditions for the SDP problems (P) and (D). Note that for X 1 � 0
and X 2 � 0, X 1 � X 2 = 0 amounts to X 1X 2 = 0, and thus (1.11) amounts to

X (y1A 1 + � � � + yM A M � A 0) = 0: (1.13)

By (1.12), it follows that for each k, either A k � X = ck or yk = 0.

1.4 Quadratically Constrained Quadratic Programming and I ts
SDP Relaxation

Let us consider the following quadratically constrained complex quadratic pro-
gramming problem:

(QCQP)
�

maxz zH A 0z + 2Re (zH b0)
s.t. zH A k z + 2Re (zH bk ) + ck E k 0; k = 1 ; : : : ; M;

(1.14)

where the problem data is given as follows:A k 2 H N , bk 2 CN , ck 2 R, k =
0; 1; : : : ; M . Denote by

B 0 =
�

0 bH
0

b0 A 0

�
; B k =

�
ck bH

k

bk A k

�
; k = 1 ; : : : ; M; B M +1 =

�
1 0
0 0

�
;

and observe that

zH A k z + 2Re (zH bk ) + ck = B k �
�

1 zH

z zz H

�
; k = 1 ; : : : ; M:



Semide�nite Programming, Matrix Decomposition, and Radar Code Design 13

Hence, the problem (QCQP) can be rewritten into an equivalent matrix form:

(QCQP)

8
>><

>>:

maxz B 0 �
�

1 zH

z zz H

�

s.t. B k �
�

1 zH

z zz H

�
E k 0; k = 1 ; : : : ; M:

(1.15)

Recall that a quadratic optimization problem is homogeneous if the objective
and the constraint functions are all homogenous quadratic functions (i.e. there
are no linear terms). A homogenized version of (QCQP) is

(HQ)

8
>>>>>>><

>>>>>>>:

maxt; z B 0 �
�

jt j2 tzH

�tz zz H

�

s.t. B k �
�

jt j2 tzH

�tz zz H

�
E k 0; k = 1 ; : : : ; M;

B M +1 �
�

jt j2 tzH

�tz zz H

�
= 1 :

(1.16)

It is easy to verify that if [ t; zT ]T solves (HQ), then z=t solves (QCQP), and
on the other hand, if z solves (QCQP), then [1; zT ]T also solves (HQ). Also, the
optimal values of (QCQP) and (HQ) are equal to each other. Therefore, solving
(QCQP) is equivalent to solving (HQ).

(QCQP) is NP-hard in general. Consider for example,M = N , bk = 0, ck = � 1
for k = 0 ; 1; : : : ; M and A k = ek eT

k where all entries ofek 2 RN are zeros except
for the k-th entry, which is 1. In this case, (QCQP) becomes the problem of
maximizing a homogeneous complex quadratic form over the unit hypercube,
which is known to be NP-hard even in the caseA 0 is positive semide�nite [7];
see also, [20].

The SDP relaxation of (QCQP) or (HQ), by dropping the rank-on e constraint
on the matrix variable, is:

(QSR)

8
>><

>>:

maxZ B 0 � Z
s.t. B k � Z E k 0; k = 1 ; : : : ; M;

B M +1 � Z = 1 ;
Z � 0:

(1.17)

The SDP problem (QSR) is standard, and the dual problem (DQSR) of (QSR)
is given by:

(DQSR)

8
<

:

miny1 ;:::;y M +1 yM +1

s.t. Y =
P M

k=1 yk B k � B 0 + yM +1 B M +1 � 0;
yk E �

k 0; k = 1 ; : : : ; M + 1 :
(1.18)

Note that the dual problem (DQSR) is identical to the so-called Lagrangian
dual of (QCQP), and the weak duality always holds.

We remark that in general, the SDP relaxation of a QCQP problem is not
tight because of its nonconvex nature. However, for some QCQP problems with
nice structures (see e.g. [40], [35], and [28]), the dualitygap can be estimated.
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Moreover, it is interesting that in some other cases, due to some kind of `hidden
convexity', the SDP relaxation is tight, and the original QC QP problem can be
solved in polynomial time.

1.5 Polynomially Solvable QCQP Problems

In this subsection, we shall identify several important classes of the QCQP prob-
lem that can be solved in polynomial time. The main tools that we need to exploit
are SDP relaxation and rank-one decomposition schemes. Indeed, a polynomially
solvable QCQP problem has the same optimal value as its SDP relaxation prob-
lem. The latter is convex optimization, and can be solved in polynomial-time
by e.g. interior-point methods. As a consequence, an optimal solution for the
underlying QCQP problem can be found by using our rank-one decomposition
schemes, hence the entire process will run in polynomial time.

Before proceeding, let us assume, throughout the subsection, that (QSR) and
its dual (DQSR) satisfy the strict feasibility assumption. Namely, there is a
positive de�nite matrix Z 0 � 0 such that

B k � Z 0 E0
k 0; k = 1 ; : : : ; M; B M +1 � Z 0 = 1 ; (1.19)

and there is a vectory 2 RM +1 such that yk E �
k 0; k = 1 ; : : : ; M + 1 ; and

Y =
MX

k=1

yk B k � B 0 + yM +1 B M +1 � 0: (1.20)

It is evident that the dual strict feasibility is satis�ed if one ofyk B k ; k = 1 ; : : : ; M
or � B 0, is positive de�nite.

1.5.1 QCQP Problem with Two Constraints

The complex-valued QCQP problem with two constraints will be the �rst can-
didate of our study.

Theorem 1.4. Suppose (QSR) and (DQSR) are strictly feasible, andM = 2 .
Then (QCQP) can be solved in polynomial time and the SDP relaxation (QSR)
and (QCQP) have the same optimal value.

Proof. By the assumption, we know that the strong duality holds for (QSR)
and (DQSR). Let Z � � 0 and (y�

1; y�
2; y�

3; Y � ) be optimal solutions of (QSR) and
(DQSR), respectively. Recall the notation È ' to be either `< ' or `='. Then
B j � Z � E k 0, k = 1 ; 2. By the decomposition theorem 1.2, there are non-zero
z j , j = 1 ; : : : ; R, where R is the rank of Z � , such that

Z � =
RX

j =1

z j zH
j ; B k � z j zH

j E k 0; k = 1 ; 2; j = 1 ; : : : ; R:
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SinceZ �
11 = 1, there is l 2 f 1; : : : ; Rg such that t l 6= 0 where z l =

�
t l ; ~zT

l

� T
. It is

not hard to verify

(~z l =tl )H A k (~z l =tl ) + 2Re (( ~z l =tl )H bk ) + ck = B k �
�

1
~z l =tl

� �
1

~z l =tl

� H

E k 0

(1.21)
for k = 1 ; 2, which implies that ~z l =tl is a feasible point of (QCQP).

It follows from the third claim of Theorem 1.3 that the complementary con-
ditions (1.11) and (1.12) become

Z � � Y � = Z � � (y�
1B 1 + y�

2B 2 � B 0 + y�
3B 3) = 0 ;

and

y�
k (B k � Z � ) = 0 ; k = 1 ; 2;

y�
3(B 3 � Z � � 1) = 0 :

Due to Y � � 0, we have

Y � � z l zH
l = 0 : (1.22)

If B k � Z � < 0, then by complementary conditions, it follows that y�
k = 0. Other-

wise, if B k � Z � = 0, then by the rank-one decomposition construction, we have
B k � z l zH

l = 0. Therefore, we always have

y�
k (B k � z l zH

l ) = 0 ; k = 1 ; 2:

This, combined with the complementary condition (1.22) and the feasible con-
dition (1.21), leads to the conclusion that the rank-one matrix

�
1

~z l =tl

� �
1

~z l =tl

� H

is an optimal solution of (QSR). Therefore ~z l =tl is an optimal solution of
(QCQP).

Note that all the computational procedures involved, including solving the
SDP relaxation problem and the rank-one decomposition algorithms, run in poly-
nomial time. Thus, the desired result follows.

Now, we consider a particular case of (QCQP), whereM = 2, A 2 = I , b2 = 0
and c2 = � 1. That is

(CDT1)

8
<

:

maxz zH A 0z + 2Re (zH b0)
s.t. zH A 1z + 2Re (zH b1) + c1 � 0;

zH z � 1:

This problem has its own history. In the case when all the matrices are real,
the problem was proposed by Celis, Dennis and Tapia [13] as a basic quadratic
model in the so-called trust region method to solve constrained nonlinear pro-
grams. How to solve this problem e�ciently has attracted much attention in
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optimization. That problem, now abbreviated as the CDT prob lem, falls pre-
cisely into the category of nonhomogeneous QCQP with two constraint. We
shall consider the CDT problem in the context that the matric es are Hermitian
and complex. As we shall see, the problem becomes easy in somesense. Clearly,
the feasible set of (CDT1)'s dual problem is

f (y1; y2; y3; Y ) : Y = y1

�
c1 bH

1

b1 A 1

�
+ y2

�
� 1 0
0 I

�
�

�
0 bH

0

b0 A 0

�
+ y3

�
1 0
0 0

�
� 0;

yk E �
k 0; k = 1 ; 2; 3:g;

which has an interior point. The SDP relaxation of (CDT1) is
8
>><

>>:

maxv ;Z A 0 � Z + 2Re (vH b0)
s.t. A 1 � Z + 2Re (vH b1) + c1 � 0;�

1 vH

v Z

�
� 0 and tr(Z ) � 1:

An immediate consequence now follows.

Corollary 1.2. If (CDT1) is strictly feasible, then (CDT1) can be solved within
polynomial time and its SDP relaxation admits no gap.

How to solve the CDT problem where all the matrices are restricted to real val-
ues remains a challenge. However, in caseA k = A k1 + iA k2; bk = bk1 + ibk1; k =
0; 1, and z = z1 + iz2, then Corollary 1.2 states that whenever the quadratic
optimization problem in the variable [ zT

1 ; zT
2 ]T 2 R2N :

8
>>>><

>>>>:

maxz 1 ;z 2 [zT
1 ; zT

2 ]
�

A 01 � A 02

A 02 A 01

� �
z1

z2

�
+ 2( bT

01z1 + bT
02z2)

s.t. [zT
1 ; zT

2 ]
�

A 11 � A 12

A 12 A 11

� �
z1

z2

�
+ 2( bT

01z1 + bT
02z2) + c1 � 0;

zT
1 z1 + zT

2 z2 � 1;

has an interior point, then it has an exact SDP relaxation.

1.5.2 QCQP Problem with Three Constraints

It is interesting to study another special case of QCQP wherethere are at most
three constraints. One can show the following result.

Theorem 1.5. Suppose that (QCQP) hasM = 3 and both (QSR) and (DQSR)
are strictly feasible. Furthermore, suppose that the primal problem (QSR) has at
least one non-binding (inactive) constraint at optimality. Then (QCQP) can be
solved in polynomial time.

Proof. Let Z � be an optimal solution of (QSR), (y�
1; y�

2; y�
3; y�

4; Y � ) be an opti-
mal solution of (DQSR) such that they satisfy the complementary conditions
(1.11) and (1.12). By assumption on the non-binding constraint at optimality,
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we may assume, without loss of generality, thatB 3 � Z � < 0. Then y�
3 = 0 by

the complementary condition.
SupposeB 1 � Z � C1 0; B 2 � Z � C2 0. Corollary 1.1 implies that there are non-

zero vectorsz j , j = 1 ; : : : ; R, where R is the rank of Z � , such that

Z � =
RX

j =1

z j zH
j ; B k � z j zH

j Ck 0; k = 1 ; 2; j = 1 ; : : : ; R:

Due to B 3 � Z � < 0, consequently, there isl 2 f 1; : : : ; Rg such that B 3 � z l zH
l <

0. Let z l =
�
t l ; ~zT

l

� T
, i.e., ~z l 2 CN . Without loss of generality, assume thatl = 1.

We claim that t1 6= 0. In fact, suppose that t1 = 0. Let Z 0 = � 2z1zH
1 +P R

j =2 z j zH
j , for � > 0. It is easy to verify that B k � Z 0Ck 0, k = 1 ; 2 and

B 3 � Z 0 < 0 for � � 1. Then Z 0 for � � 1 is feasible. SinceZ � � Y � = 0 and
Y � � 0, it follows that Z 0 � Y � = 0, whence Z 0 is an optimal solution of (QSR),
for any � � 1. However, the Frobenius normkZ 0kF =

p
Z 0� Z 0 is unbounded

when � goes to in�nity. That is, the optimal solution set is unbound ed, which
is impossible due to the assumption that (DQSR) is strictly feasible. (For a
detailed account for the duality relations for conic optimization, one is referred
to Chapter 2 of [21]).

Then,

B 3 � z1zH
1 < 0;

and

jt1j2(( ~z1=t1)H A k (~z1=t1) + 2Re (( ~z1=t1)H bk ) + ck ) = B k � z1zH
1 Ck 0; k = 1 ; 2:

That is, ~z1=t1 is feasible to (QCQP).
We can easily verify that the rank-one matrix

�
1

~z1=t1

�
[1 ~zH

1 =�t1]

satis�es the complementarity, meaning that it is an optimal solution of (QSR),
and thus ~z l =tl is an optimal solution of (QCQP). Furthermore, all the computa-
tions involved can be run in polynomial time. The desired results follow.

1.5.3 QCQP Problem with Homogeneous Functions

Let us now consider

(HQCQP)
�

maxz zH A 0z
s.t. zH A k z E k 1; k = 1 ; : : : ; M;

where we suppose thatM � 3, N � 2, and A k 2 H N , k = 0 ; : : : ; M .
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The corresponding SDP relaxation is

(HQSR)

8
<

:

maxZ A 0 � Z
s.t. A k � Z E k 1; k = 1 ; : : : ; M;

Z � 0:

Its dual problem is

(DHQSR)

8
<

:

miny1 ;:::;y M

P M
k=1 yk

s.t. Y =
P M

k=1 yk A k � A 0 � 0;
yk E �

k 0; k = 1 ; : : : ; M:

Theorem 1.6. Suppose that M = 3 and the primal and dual SDP prob-
lems (HQSR) and (DHQSR) are strictly feasible. Then the SDP relaxation of
(HQCQP) has zero gap, and an optimal solution of the problem (HQCQP) can
be constructed from an optimal solution of (HQSR) in polynomial time.

Proof. If there is a non-binding constraint at Z � , the conclusion holds due to The-
orem 1.5. Suppose that the three constraints are binding atZ � , i.e., A 1 � Z � =
A2 � Z � = A 3 � Z � = 1. Then, we have (A 1 � A 2) � Z � = ( A 2 � A 3) � Z � = 0.
By the decomposition theorem 1.2, it follows that there is a rank-1 decom-
position Z � =

P R
j =1 z j zH

j such that (A 1 � A 2) � z j zH
j = ( A 2 � A 3) � z j zH

j =
0; j = 1 ; : : : ; R, where R is the rank of Z � . Since A 1 � Z � = 1, there is j 0 2
f 1; 2; : : : ; Rg, say j 0 = 1, such that A 1 � z1zH

1 = s > 0. By checking the com-
plementary conditions (1.11) and (1.12), we conclude that (z1=

p
s)(z1=

p
s)H

is also an optimal solution of (HQSR). Then z1=
p

s is an optimal solution of
(HQCQP). Then the proof is complete.

1.6 The Radar Code Design Problem

In the next few sections we shall elaborate on one particularapplication of the
results that we have developed so far. The application �nds its root in radar
code design.

1.6.1 Background

The huge advances in high speed signal processing hardware,digital array radar
technology, and the requirement of better and better radar performances has
promoted, during the last two decades, the development of very sophisticated
algorithms for radar waveform design [16].

Waveform optimization in the presence of colored disturbance with known
covariance matrix has been addressed in [9]. Three techniques based on the max-
imization of the SNR are introduced and analyzed. Two of themalso exploit the
degrees of freedom provided by a rank de�cient disturbance covariance matrix.
In [34], a signal design algorithm relying on the maximization of the SNR under



Semide�nite Programming, Matrix Decomposition, and Radar Code Design 19

a similarity constraint with a given waveform is proposed and assessed. The
solution potentially emphasizes the target contribution and de-emphasizes the
disturbance. Moreover, it also preserves some characteristics of the desired wave-
form. In [22], a signal subspace framework, which allows thederivation of the
optimal radar waveform (in the sense of maximizing the SNR atthe output of
the detector) for a given scenario, is presented under the Gaussian assumption
for the statistics of both the target and the clutter.

A quite di�erent signal design approach relies on the modulation of a pulse
train parameters (amplitude, phase, and frequency) in order to synthesize wave-
forms with some speci�ed properties. This technique is known as the radar coding
and a substantial bulk of work is nowadays available in open literature about this
topic. Here we mention Barker, Frank, and Costas codes whichlead to waveforms
whose ambiguity functions share good resolution properties both in range and
Doppler. This list is not exhaustive and a comprehensive treatment can be found
in [33, 5]. It is, however, worth pointing out that the ambigu ity function is not
the only relevant objective function for code design in operating situations where
the disturbance is not white. This might be the case of optimum radar detec-
tion in the presence of colored disturbance, where the standard matched �lter
is no longer optimum and the most powerful radar receiver requires whitening
operations.

In the remainder of the chapter, following [15], we shall tackle the problem of
code optimization in the presence of colored Gaussian disturbance, as an appli-
cation of our rank-one matrix decomposition theorems. At the design stage,
we focus on the class of coded pulse trains and propose a code selection algo-
rithm which is optimum according to the following criterion : maximization of
the detection performance under a control both on the regionof achievable val-
ues for the Doppler estimation accuracy and on the degree of similarity with a
pre-�xed radar code. Actually, this last constraint is equi valent to force a simi-
larity between the ambiguity functions of the devised waveform and of the pulse
train encoded with the pre-�xed sequence. The resulting optimization problem
belongs to the family of non-convex quadratic programs [11,6]. In order to
solve it, we �rst resort to a relaxation of the original probl em into a convex one
which belongs to the SDP class. Then an optimum code is constructed through
the special rank-one decomposition theorem, Theorem 1.2, applied to an optimal
solution of the relaxed problem. Thus, the entire code search algorithm possesses
a polynomial computational complexity.

At the numerical analysis stage, we assess the performance of the new encoding
algorithm in terms of detection performance, region of estimation accuracies that
an estimator of the Doppler frequency can theoretically achieve, and ambiguity
function. The results show that it is possible to realize a trade o� among the three
aforementioned performance metrics. In other words, detection capabilities can
be swapped for desirable properties of the waveform ambiguity function and/or
for an enlarged region of achievable Doppler estimation accuracies.
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1.6.2 System Model

We consider a radar system which transmits a coherent burst of pulses

s(t) = at u(t) exp[i (2�f 0t + � )] ;

where at is the transmit signal amplitude,

u(t) =
N � 1X

j =0

a(j )p(t � jT r ) ;

is the signal's complex envelope (see Figure 3),p(t) is the signature of the trans-
mitted pulse, Tr is the Pulse Repetition Time (PRT), [ a(0); a(1); : : : ; a(N � 1)] 2
CN is the radar code (assumed without loss of generality with unit norm), f 0 is
the carrier frequency, and � is a random phase. Moreover, the pulse waveform
p(t) is of duration Tp � Tr and has unit energy, i.e.

Z Tp

0
jp(t)j2dt = 1 :

The signal backscattered by a target with a two-way time delay � and received
by the radar is

r (t) = � r ei 2� ( f 0 + f d )( t � � )u(t � � ) + n(t) ;

where � r is the complex echo amplitude (accounting for the transmit ampli-
tude, phase, target re
ectivity, and channels propagatione�ects), f d is the target
Doppler frequency, andn(t) is additive disturbance due to clutter and thermal
noise.

Figure 3 : Coded pulse train u(t) for N = 5 and p(t) with rectangular shape.
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This signal is down-converted to baseband and �ltered through a linear system
with impulse responseh(t) = p(� t).Let the �lter output be

v(t) = � r e� i 2�f 0 �
N � 1X

j =0

a(j )ei 2�if d Tr � p(t � jT r � �; f d) + w(t) ;

where � p(�; f ) is the pulse waveform ambiguity function [33], i.e.

� p(�; f ) =
Z + 1

�1
p(� )p(� � � )ei 2�f � d�;

and w(t) is the down-converted and �ltered disturbance component.The signal
v(t) is sampled at tk = � + kTr , k = 0 ; : : : ; N � 1, providing the observables1

v(tk ) = �a (k)ei 2�kf d Tr � p(0; f d) + w(tk ); k = 0 ; : : : ; N � 1 ;

where � = � r e� i 2�f 0 � . Assuming that the pulse waveform time-bandwidth prod-
uct and the expected range of target Doppler frequencies aresuch that the sin-
gle pulse waveform is insensitive to target Doppler shift2, namely � p(0; f d) �
� p(0; 0) = 1, we can rewrite the samplesv(tk ) as

v(tk ) = �a (k)ei 2�kf d Tr + w(tk ); k = 0 ; : : : ; N � 1 :

Moreover, denoting by c = [ a(0); a(1); : : : ; a(N � 1)]T the N -dimensional col-
umn vector containing the code elements,p = [1 ; ei 2�f d Tr ; : : : ; ei 2� (N � 1) f d Tr ]T

the temporal steering vector, v = [ v(t0); v(t1); : : : ; v(tN � 1)]T , and w =
[w(t0); w(t1); : : : ; w(tN � 1)]T , we get the following vectorial model for the
backscattered signal

v = � c � p + w : (1.23)

1.7 Performance Measures for Code Design

In this section, we introduce some key performance measuresto be optimized or
controlled during the selection of the radar code. As it will be shown, they permit
to formulate the design of the code as a constrained optimization problem. The
metrics considered in this paper are:

1.7.1 Detection Probability

This is one of the most important performance measures whichradar engineers
attempt to optimize. We just remind the readers that the prob lem of detecting

1 We neglect range straddling losses and also assume that ther e are no target range ambiguities.
2 Notice that this assumption might be restrictive for the cas es of very fast moving targets

such as �ghters and ballistic missiles.
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a target in the presence of observables described by the model (1.23) can be
formulated in terms of the following binary hypotheses test

8
<

:

H0 : v = w

H1 : v = � c � p + w
(1.24)

Assuming that the disturbance vector w is a zero-mean complex circular Gaus-
sian vector with known positive de�nite covariance matrix

E[ww H ] = M

(E[�] denotes statistical expectation), the Generalized Likelihood Ratio Test
(GLRT) detector for (1.24), which coincides with the optimu m test (accord-
ing to the Neyman-Pearson criterion) if the phase of� is uniformly distributed
in [0; 2� [ [26], is given by

jvH M � 1(c � p)j2
H1
>
<
H0

G ; (1.25)

where G is the detection threshold set according to a desired value of the false
alarm Probability ( Pfa ). An analytical expression of the detection Probability
(Pd), for a given value of Pfa , is available both for the cases of non-
uctuating
and 
uctuating target. In the former case (NFT),

Pd = Q
� q

2j� j2(c � p)H M � 1(c � p);
p

� 2 ln Pfa

�
; (1.26)

while, for the case of Rayleigh 
uctuating target (RFT) with E [j� j2] = � 2
a ,

Pd = exp
�

ln Pfa

1 + � 2
a (c � p)H M � 1(c � p)

�
; (1.27)

where Q(�; �) denotes the Marcum Q function of order 1. These last expressions
show that, given Pfa , Pd depends on the radar code, the disturbance covariance
matrix and the temporal steering vector only through the SNR, de�ned as

SNR =

8
<

:

j� j2(c � p)H M � 1(c � p) NFT

� 2
a (c � p)H M � 1(c � p) RFT

(1.28)

Moreover, Pd is an increasing function of SNR and, as a consequence, the maxi-
mization of Pd can be obtained maximizing the SNR over the radar code.

1.7.2 Doppler Frequency Estimation Accuracy

The Doppler accuracy is bounded below by Cramer-Rao Bound (CRB) and CRB-
like techniques which provide lower bounds for the variances of unbiased esti-
mates. Constraining the CRB is tantamount to controlling th e region of achiev-
able Doppler estimation accuracies, referred to in the following as A. We just
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highlight that a reliable measurement of the Doppler frequency is very impor-
tant in radar signal processing because it is directly related to the target radial
velocity useful to speed the track initiation, to improve th e track accuracy [17],
and to classify the dangerousness of the target. In this subsubsection, we intro-
duce the CRB for the case of known� , the Modi�ed CRB (MCRB) [14] and the
Miller-Chang Bound (MCB) [36] for random � , and the Hybrid CRB (HCRB)
[45, pp. 931-932] for the case of a random zero-mean� .

Proposition 1.1. The CRB for known � (Case 1), the MCRB and the MCB
for random � (Case 2 and Case 3 respectively), and the HCRB for a random
zero-mean� (Case 4) are given by

� CR (f d) =
	

2
@hH

@fd
M � 1 @h

@fd

; (1.29)

where h = c � p,

	 =

8
>>>>>>>>>><

>>>>>>>>>>:

1
j� j2

Case 1

1
E[j� j2]

Cases 2 and 4

E
�

1
j� j2

�
Case 3

(1.30)

Proof. See Appendix A.

Notice that

@h
@fd

= Tr c � p � u ;

with u = [0 ; i2�; : : : ; i 2� (N � 1)]T , and (1.29) can be rewritten as

� CR (f d) =
	

2T 2
r (c � p � u )H M � 1(c � p � u )

: (1.31)

As already stated, forcing an upper bound to CRB, for a speci�ed 	 value,
results in a lower bound on the size ofA . Hence, according to this guideline, we
focus on the class of radar codes complying with the condition

� CR (f d) �
	

2T 2
r � a

; (1.32)

which can be equivalently written as

(c � p � u )H M � 1(c � p � u ) � � a ; (1.33)

where the parameter � a rules the lower bound on the size ofA (see Figure 4
for a pictorial description). Otherwise stated, suitably i ncreasing� a , we ensure
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that new points fall in the region A, namely new smaller values for the estima-
tion variance can be theoretically reached by estimators ofthe target Doppler
frequency.

Figure 4 : Lower bound to the size of the region A for two di�erent values of � a

(� 0
a < � 00

a ).

1.7.3 The Similarity Constraint

Designing a code which optimizes the detection performancedoes not provide
any kind of control to the shape of the resulting coded waveform. Precisely, the
unconstrained optimization of Pd can lead to signals with signi�cant modulus
variations, poor range resolution, high peak sidelobe levels, and more in general
with an undesired ambiguity function behavior. These drawbacks can be partially
circumvented imposing a further constraint to the sought radar code. Precisely,
it is required the solution to be similar to a known codec0 (kc0k2 = 1, that is, c0

is assumed to be a normalized vector, without loss of generality), which shares
constant modulus, reasonable range resolution and peak sidelobe level. This is
tantamount to imposing that [34]

kc � c0k2 � � ; (1.34)

where the parameter� � 0 rules the size of the similarity region. In other words,
(1.34) permits to indirectly control the ambiguity functio n of the considered
coded pulse train: the smaller� , the higher the degree of similarity between the
ambiguity functions of the designed radar code and ofc0.
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1.8 Optimal Code Design

In this section, we propose a technique for the selection of the radar code which
attempts to maximize the detection performance but, at the same time, provides
a control both on the target Doppler estimation accuracy andon the similarity
with a given radar code. To this end, we �rst observe that

(c � p)H M � 1(c � p) = cH
h
M � 1 � (ppH )

i
c = cH Rc (1.35)

and

(c � p � u )H M � 1(c � p � u ) = cH
h
M � 1 � (ppH ) � (uu H )

i
c = cH R 1c ;

(1.36)
where R = M � 1 � (ppH ) and R 1 = M � 1 � (ppH ) � (uu H ) are positive
semide�nite [45, p. 1352, A.77]. It follows that Pd and � CR (f d) are compet-
ing with respect to the radar code. In fact, their values are ruled by two di�erent
quadratic forms, (1.35) and (1.36) respectively, with two di�erent matrices R
and R 1. Hence, only when they share the same eigenvector corresponding to
the maximum eigenvalue, (1.35) and (1.36) are maximized by the same code. In
other words, maximizing Pd results in a penalization of � CR (f d) and vice versa.

Exploiting (1.35) and (1.36), the code design problem can beformulated as a
non-convex optimization Quadratic Problem (QP)

8
>><

>>:

maxc cH Rc
s.t. cH c = 1

cH R 1c � � a

kc � c0k2 � �

which can be equivalently written as

(QP)

8
>><

>>:

maxc cH Rc
s.t. cH c = 1

cH R 1c � � a

Re
�
cH c0

�
� 1 � �=2

(1.37)

The feasibility of the problem, which not only depends on theparameters� a and
� but also on the pre-�xed code c0, is discussed in Appendix B.

In what follows, we show that an optimal solution of (1.37) can be obtained
from an optimal solution of the following Enlarged Quadratic Problem (EQP):

(EQP)

8
>><

>>:

maxc cH Rc
s.t. cH c = 1

cH R 1c � � a

Re2 �
cH c0

�
+ Im 2 �

cH c0
�

= cH c0c0
H c � � �

(1.38)

where � � = (1 � �=2)2. Since the feasibility region of (EQP) is larger than that
of (QP), every optimal solution of (EQP), which is feasible for (QP), is also an
optimal solution for (QP). Thus, assume that c� is an optimal solution of (EQP)



26 Chapter 1. Semide�nite Programming, Matrix Decomposition , and Radar Code Design

and let � = arg ( c� H c0). It is easily seen that c� ei� is still an optimal solution of
(EQP). Now, observing that ( c� ei� )H c0 = jc� H c0 j, c� ei� is a feasible solution of
(QP). In other words, c� ei arg ( c� H c0 ) is optimal for both (QP) and (EQP).

Now, we have to �nd an optimal solution of (EQP) and, to this en d, we exploit
the equivalent matrix formulation

(EQP)

8
>>>><

>>>>:

maxC C � R
s.t. C � I = 1

C � R 1 � � a

C � C 0 � � �

C = ccH

(1.39)

where I stands for the identity matrix, and C 0 = c0c0
H .

Problem (1.39) can be relaxed into a SDP by neglecting the rank-one constraint
[2]. By doing so, we obtain an Enlarged Quadratic Problem Relaxed (EQPR)

(EQPR)

8
>>>><

>>>>:

maxC C � R
s.t. C � I = 1

C � R 1 � � a

C � C 0 � � �

C � 0

(1.40)

where the last constraint means thatC is to be Hermitian positive semide�nite.
The dual problem of (1.40), is

(EQPRD)

8
<

:

miny1 ;y 2 ;y 3 y1 � y2� a � y3� �

s.t. y1I � y2R 1 � y3C 0 � R
y2 � 0; y3 � 0

This problem is bounded below and is strictly feasible, it follows by the strong
duality theorem 1.3 the optimal value is the same as the primal, and the com-
plementary conditions (1.11) and (1.12), are satis�ed at anoptimal primal-dual
pair, due to the strict feasibility of the primal problem (se e Appendix B).

In the following, we prove that a solution of (EQP) can be obtained from
an optimal solution of (EQPR) C � , and from an optimal solution of (EQPRD)
(y�

1; y�
2; y�

3). Precisely, we show how to obtain a rank-one feasible solution of
(EQPR) that satis�es the complementary conditions, which specify (1.11) and
(1.12) for (EQPR) and (EQPRD),

(y�
1I � y�

2R 1 � y�
3C 0 � R ) � C � = 0 (1.41)

[C � � R 1 � � a ] y�
2 = 0 (1.42)

[C � � C 0 � � � ] y�
3 = 0 (1.43)

Such rank-one solution is also optimal for (EQP). The proof, we propose, is
based on the rank-one matrix decomposition theorem 1.2, synthetically denoted
as D(Z ; A ; B ).

Moreover, in order to �nd a step-by-step algorithm, we disti nguish four possi-
ble cases:
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Case 1 C � � R 1 � � a > 0 and C � � C 0 � � � > 0
Case 2 C � � R 1 � � a = 0 and C � � C 0 � � � > 0
Case 3 C � � R 1 � � a > 0 and C � � C 0 � � � = 0
Case 4 C � � R 1 � � a = 0 and C � � C 0 � � � = 0

Case 1: Using the decompositionD(C � ; I ; R 1) in Theorem 1.2, we can express
C � as

C � =
RX

r =1

cr cr
H

Now, we show that there exists ak 2 f 1; : : : ; Rg such that
p

Rck is an opti-
mal solution of (EQP). In fact, the decomposition D(C � ; I ; R 1) implies that
every (

p
Rcr )(

p
Rcr )H , r = 1 ; : : : ; R, satis�es the �rst and the second con-

straints in (EQPR). Moreover, there must be a k 2 f 1; : : : ; Rg such that

(
p

Rck )
H

C 0(
p

Rck ) � � � . Indeed, if (
p

Rcr )
H

C 0(
p

Rcr ) < � � for every r , then

RX

r =1

(
p

Rcr )
H

C 0(
p

Rcr ) < R� � ;

that is,

C � � C 0 < � �

which is in contradiction to the feasibility of C � . Thus, the rank-one matrix
(
p

Rck )(
p

Rck )H is feasible for (EQPR). As to ful�llment of the comple-
mentary conditions, C � � R 1 � � a > 0 and C � � C 0 � � � > 0 imply y�

2 = 0 and
y�

3 = 0, namely (1.42) and (1.43) are veri�ed for every (
p

Rcr )(
p

Rcr )H , with
r = 1 ; : : : ; R. Also, (1.41) can be recast as

(y�
1I � R ) � C � = ( y�

1I � R ) �

 
RX

r =0

cr cH
r

!

= 0

which, sincecr cH
r � 0, r = 1 ; : : : ; R, and y�

1I � R � 0 (from the �rst constraint
of (EQPRD)), implies

(y�
1I � R ) �

� p
Rcr cr

H
p

R
�

= 0 ; r = 1 ; : : : ; R:

In other words, (
p

Rck )(
p

Rck )H , together with ( y�
1; y�

2; y�
3), ful�lls all the com-

plementary conditions (1.41) - (1.43). Thus (
p

Rck )(
p

Rck )H is an optimal solu-
tion of (EQPR), and

p
Rck is an optimal solution of (EQP).

Cases 2 and 3: The proof is completely similar to Case 1, hence we omit it.
Case 4: In this case, all the constraints of (EQPR) are active, namely C � � I =

1, C � � R 1 = � a , and C � � C 0 = � � . Then the proof is the same as the proof in
Theorem 1.6.

In conclusion, using the decomposition of Theorem 1.2, we have shown how
to construct a rank-one optimal solution of (EQPR), which is tantamount to
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�nding an optimal solution of (EQP). Summarizing, the optim um code can be
constructed according to the following procedure.

Code Construction Procedure
Input: the datum of (QP): R , R 1, c0, � a and � .
Output: an optimal solution of (QP).

1. Enlarge the original (QP) into the (EQP) (i.e. substitute Re(cH c0) � 1 � �=2
with jcH c0j2 � � � );

2. Relax (EQP) into (EQPR) (i.e. relax C = ccH into C � 0);
3. Solve the SDP problem (EQPR) �nding an optimal solution C � ;
4. Evaluate C � � R 1 � � a and C � � C 0 � � � : if both are equal to 0 go to 5), else

go to 7);
5. Evaluate D(C � ; R 1=�a � I ; C 0=� � � I ), obtaining C � =

P R
r =1 cr cH

r ;
6. Compute c� =

p

 1c1, with 
 1 = 1 =kc1k2, and go to 9);

7. Evaluate D(C � ; R 1; I ) obtaining C � =
P R

r =1 cr cH
r ;

8. Find k such that cH
k C 0ck � � � =R and compute c� =

p
Rck ;

9. Evaluate the optimal solution of the original problem (QP) as c� ei� , with
� = arg(( c� )H c0).

The computational complexity connected with the implementation of the algo-
rithm is polynomial as both the SDP problemand the decomposition of the theo-
rem 1.2 can be performed in polynomial time. In fact, the amount of operations,

involved in solving the SDP problem, is O
�

N 3:5 log 1
�

�
[6, p. 250], where� is a

prescribed accuracy, and the rank-one decomposition requiresO(N 3) operations
(as known in Section 1.2).

1.9 Performance Analysis

This section is aimed at analyzing the performance of the proposed encoding
scheme. To this end, we assume that the disturbance covariance matrix is expo-
nentially shaped with one-lag correlation coe�cient � = 0 :8, i.e.

M (k; l ) = � jk � l j ;

and �x Pfa of the receiver (1.25) to 10� 6. The analysis is conducted in terms
of Pd, the region of achievable Doppler estimation accuracies, and ambiguity
function of the coded pulse train which results exploiting the proposed algorithm
(c.f. Section 1.6.2), i.e.

� (�; f ) =
Z 1

�1
u(� )u(� � � )ei 2�f � d� =

N � 1X

l =0

N � 1X

k=0

(a(l )) � (a(k)) � � p[� � (l � k)Tr ; f ] ;
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where [(a(0)) � ; : : : ; (a(N � 1))� ] is an optimum code. As to the temporal steer-
ing vector p, we set the normalized Doppler frequency3 f d Tr = 0. The con-
vex optimization MATLAB toolbox SElf-DUal-MInimization ( SeDuMi) of Jos
Sturm [43] is used for solving the SDP relaxation. The decomposition D(�; �; �)
of the SeDuMi solution is performed using the technique described in Algorithm
DCMP2. Finally, the MATLAB toolbox of [37] is used to plot the ambiguity
functions of the coded pulse trains.

In the following, a generalized Barker sequence [33, pp. 109-113] is chosen
as similarity code. We just highlight that generalized Barker sequences are
polyphase codes whose autocorrelation function has minimal peak-to-sidelobe
ratio excluding the outermost sidelobe. Examples of such sequences were found
for all N � 45 [10, 23] using numerical optimization techniques. In thesimula-
tions of this subsection, we assumeN = 7 and set the similarity code equal to the
generalized Barker sequencec0 = [0 :3780; 0:3780; � 0:1072� 0:3624i; � 0:0202�
0:3774i; 0:2752 + 0:2591i; 0:1855� 0:3293i; 0:0057 + 0:3779i ]T .

In Figure 5a, we plot Pd of the optimum code (according to the proposed
criterion) versus j� j2 for several values of� a , � � = 0 :01, and for non-
uctuating
target. In the same �gure, we also represent both thePd of the similarity code as
well as the benchmark performance, namely the maximum achievable detection
rate (over the radar code), given by

Pd = Q
� p

2j� j2� max (R );
p

� 2 ln Pfa

�
; (1.44)

where � max (�) denotes the maximum eigenvalue of the argument.
The curves show that increasing� a we get lower and lower values ofPd for a

given j� j2 value. This was expected since the higher� a the smaller the feasibility
region of the optimization problem to be solved for �nding th e code. Nevertheless,
the proposed encoding algorithm usually ensures a better detection performance
than the original generalized Barker code.

In Figure 5b, the normalized CRB (CRBn = T 2
r CRB) is plotted versus j� j2

for the same values of� a as in Figure 5a. The best value of CRBn is plotted too,
i.e.

CRBn =
1

2j� j2� max (R 1)
: (1.45)

The curves highlight that increasing � a better and better CRB values can be
achieved. This is in accordance with the considered criterion, because the higher
� a the larger the size of the regionA. Summarizing, the joint analysis of Figures
5a-5b shows that a tradeo� can be realized between the detection performance
and the estimation accuracy. Moreover, there exist codes capable of outperform-
ing the generalized Barker code both in terms ofPd and size ofA .

3 We have also considered other values for the target normaliz ed Doppler frequency. The
results, not reported here, con�rm the performance behavio r showed in the next two subsec-
tions.
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� a � � AverageN it Average CPU time

10� 6 0:01 21 0:30
6165:5 0:01 11 0:15
6792:6 0:01 11 0:15
7293:9 0:01 16 0:19
10� 6 0:6239 22 0:28
10� 6 0:8997 19 0:24
10� 6 0:9994 17 0:23

Table 1.2: AverageN it and CPU time in seconds required to solve problem (1.40).
Generalized Barker code as similarity sequence.

The e�ects of the similarity constraint are analyzed in Figu re 5c. Therein, we
set � a = 10 � 6 and consider several values of� � . The plots show that increasing� �

worse and worsePd values are obtained; this behavior can be explained observ-
ing that the smaller � � the larger the size of the similarity region. However, this
detection loss is compensated for an improvement of the coded pulse train ambi-
guity function. This is shown in Figures 6b-6e, where such function is plotted
assuming rectangular pulses,Tr = 5 Tp and the same values of� a and � � as in
Figure 5c. Moreover, for comparison purposes, the ambiguity function of c0 is
plotted too (Figure 6a). The plots highlight that the closer � � to 1 the higher
the degree of similarity between the ambiguity functions of the devised and of
the pre-�xed codes. This is due to the fact that increasing � � is tantamount to
reducing the size of the similarity region. In other words, we force the devised
code to be similar and similar to the pre-�xed one and, as a consequence, we get
similar and similar ambiguity functions.

Finally, Table 1.2 provides the average number of iterations N it and CPU time
(in seconds) which are required to solve the SDP problem (1.40). The computer
used to get these results is equipped with a 3 GHz Intel XEON processor.

1.10 Conclusions

We have presented two rank-one decomposition theorems for Hermitian positive
semide�nite matrices with some special desired properties, designed computa-
tional procedures to realize the decompositions respectively, and assessed their
computational complexity. Resorting to the known SDP theory and the decompo-
sition theorems, we have studied QCQP problems, and identi�ed several classes
of polynomially solvable QCQP problems with a few of constraints.

As an application of SDP and the matrix decomposition techniques to radar
signal processing, we have considered the design of coded waveforms in the pres-
ence of colored Gaussian disturbance. Particularly, we have illustrated a polyno-
mial time algorithm, originally proposed in [15], which att empts to maximize the
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detection performance under a control both on the region of achievable values
for the Doppler estimation accuracy, and on the similarity with a given radar
code. Finally, numerical analysis of the algorithm has beenconducted.



Appendix A: Proof of Proposition 1.1

Cases 1, 2, and 3 follow respectively from [45, p. 928, Eq. 8.37], the de�nitions
[14, Eq. 4], and [25, Eq. 20]. Case 4 is based on the division ofthe parameter
vector � into a non-random and a random component, i.e.� = [ � 1; � T

2 ]T , where
� 1 = f d, � 2 = [ � R ; � I ]T , � R and � I are the real and the imaginary part of � .
Then, according to the de�nition [45, pp. 931-932, Section 8.2.3.2], the Fisher
Information Matrix (FIM) for the HCRB can be written as

JH = JD + JP ;

where JD and JP are given by [45, pp. 931-932, Eq. 8.50 and 8.59]. Standard
calculus implies that

JD = 2diag
�

E[j� j2]
@hH

@fd
M � 1 @h

@fd
; hH M � 1h; hH M � 1h

�
;

and

JP =

2

4
0 0

0 K

3

5 ;

where diag(�) denotes a diagonal matrix, andK is a 2� 2 matrix whose elements
are related to the a-priori probability density function of � through [45, pp. 930,
Eq. 8.51]. The HCRB for Doppler frequency estimation can be evaluated as
[J � 1

H ](1; 1) which provides (1.29).
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Appendix B: Feasibility of (QP), (EQPR),
and (EQPRD)

.0.1 Feasibility of (QP)

The feasibility of (QP) depends on the three parameters� a ; � � and c0.
Accuracy parameter � a . This parameter rules the constraintcH R 1c � � a . Since

c has unitary norm, cH R 1c ranges between the minimum (� min (R 1)) (which is
zero in this case) and the maximum (� max (R 1)) eigenvalue of R 1. As a conse-
quence, a necessary condition on� a in order to ensure feasibility is � a 2 [0; � max ].

Similarity parameter � � . This parameter rules the similarity between the
sought code and the pre-�xed code, through the constraint kc � c0k2 � � . If
� < 0 then (QP) is infeasible. Moreover, 0� � � 2 � 2Re(cH c0) � 2, where the
last inequality stems from the observation that we choose the phase ofc such that
Re(cH c0) = jcH c0 j � 0. It follows that a necessary condition on� � = (1 � �=2)2

in order to ensure feasibility is � � 2 [0; 1].
Pre-�xed code c0. Choosing 0� � a � � max (R 1) and 0 � � � � 1 is not su�cient

in order to ensure the feasibility of (QP). A possible way to construct a strict
feasible (QP) problem is to reduce the range of� a according to value of c0. In
fact, denoting by � max = cH

0 R 1c0, the problem (QP) is strictly feasible, assuming
that 0 � � a < � max and 0 � � � < 1. Moreover, a strict feasible solution of (QP)
is c0 itself.

.0.2 Feasibility of (EQPR)

The primal problem is strictly feasible due to the strict feasibility of (QP).
Precisely, assume thatcs is a strictly feasible solution of (QP), i.e. cH

s cs = 1,
cH

s R 1cs > � a and jcH
s c0j2 � Re2(cH

s c0) > � � . Then there are u 1; u 2; : : : ; u N � 1

such that U = [ cs; u 1; u 2; : : : ; u N � 1] is a unitary matrix [29], and for a su�cient
small � > 0 the matrix C s

(1 � � )Ue1eH
1 U H +

�
N � 1

U
�
I � e1eH

1

�
U H ;

33
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with e1 = [1 ; 0; : : : ; 0]T , is a strictly feasible solution of the SDP problem
(EQPR). In fact,

C s � I = 1

C s � R 1 = (1 � � )cH
s R 1cs +

�
N � 1

N � 1X

n =1

u H
n R 1u n

C s � R 1 = (1 � � )cH
s C 0cs +

�
N � 1

N � 1X

n =1

u H
n C 0u n

which highlight that, if � is suitable chosen, thenC s is a strictly feasible solution,
i.e. C s � I = 1 ; C s � R 1 > � a and C s � C 0 > � � .

.0.3 Feasibility of (EQPRD)

The dual problem is strictly feasible because, for every �nite value of y2 and y3,
say ŷ2; ŷ3, we can choose a ^y1, such that ŷ1I � ŷ2R 1 � ŷ3C 0 � R . It follows that
(ŷ1; ŷ2; ŷ3) is a strictly feasible solution of (EQPRD) [6].
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Figure 5a : Pd versusj� j2 for Pfa = 10 � 6 , N = 7, � � = 0 :01, non-
uctuating target, and

several values of � a 2 f 10� 6 ; 6165:5; 6792:6; 7293:9g. Generalized Barker code (dashed

curve). Code which maximizes the SNR for a given � a (solid curve). Benchmark code

(dotted-marked curve). Notice that the curve for � a = 10 � 6 perfectly overlaps with the

benchmark Pd .
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Figure 5b : CRB n versus j� j2 for N = 7, � � = 0 :01 and several values of � a 2

f 10� 6 ; 6165:5; 6792:6; 7293:9g. Generalized Barker code (dashed curve). Code which

maximizes the SNR for a given � a (solid curve). Benchmark code (dotted-marked

curve). Notice that the curve for � a = 7293:9 perfectly overlaps with the benchmark

CRB n .
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Figure 5c : Pd versusj� j2 for Pfa = 10 � 6 , N = 7, � a = 10 � 6 , non-
uctuating target, and

several values of � � 2 f 0:01; 0:6239; 0:8997; 0:9994g. Generalized Barker code (dashed

curve). Code which maximizes the SNR for a given � � (solid curve). Benchmark code

(dotted-marked curve). Notice that the curve for � � = 0 :01 perfectly overlaps with the

benchmark Pd .

Figure 6a : Ambiguity function modulus of the generalized Barker code

c0 = [0 :3780; 0:3780; � 0:1072� 0:3624i; � 0:0202� 0:3774i; 0:2752 + 0:2591i; 0:1855�

0:3293i; 0:0057 + 0:3779i ]T .
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Figures 6b : Ambiguity function modulus of code which maximizes the SNR for N = 7,

� a = 10 � 6 , c0 generalized Barker code, and several values of� � = 0 :9994.

Figures 6c : Ambiguity function modulus of code which maximizes the SNR for N = 7,

� a = 10 � 6 , c0 generalized Barker code, and several values of� � = 0 :8997.
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Figures 6d : Ambiguity function modulus of code which maximizes the SNR for N = 7,

� a = 10 � 6 , c0 generalized Barker code, and several values of� � = 0 :6239.

Figures 6e : Ambiguity function modulus of code which maximizes the SNR for N = 7,

� a = 10 � 6 , c0 generalized Barker code, and several values of� � = 0 :01.
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