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Lagrangian

standard form problem (not necessarily convex)
minimize T

TCR" fo(x)

subject to  fi(x) <

hi(x) =

variable € R", domain D =" ,dom f; N ((;_, dom h;), optimal value p*

1=1,....,m

0,
0, :=1,...,p

Lagrangian (function): L : R" x R™ x R? — R, with domL =D x R™ x R?,
p
L(x, A\ v) —|—Z)\ fi(x —|—Zl/ihi(a:)
i=1

e weighted sum of objective and constraint functions
e )\; is Lagrange multiplier associated with f;(x) <0
e 1; is Lagrange multiplier associated with h;(x) =0

o [(x,\, v) is affine function with respect to A and v
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Lagrange dual function
Lagrange dual function: ¢ : R™ x R? — R,

g\, v)=inf L(x,\v)= a%rel{;) <f0(a:) + Z)\Zfz(a:) + Z%fh(@)

reD

g(A,v) is concave, can be —oo for some A, v
lower bound property: if A > 0 (i.e.,, \; > 0, Vi), then p* > g(\,v)
proof: if A > 0, and x is feasible, namely,

reX=Ax|filx)<0,i=1....,m, hi(x) =0,i=1,...,p} Ndom f,,

then fol#) > L(#,A,v) > inf L(z,\v) = g(A,v)
5
minimizing over all feasible x gives
p" = g(Av)

‘“ z .ok > g —  Mmaximize g(\, V)
the “best” lower bound: p* > d A>0, veRry
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Proof that —g(\, v) is convex

proof: the epigraph

epi(—g(A,v)) = {(Av, )] —g\v) <t} ={(Av,1) —wiIEI%L(CIJ,)\,I/)St}

= {(\v,t)| L(xe,\,v) > —t, Vo € D}
= (V{\v,0)] Lz, A v) > —t}

reD

Notice that given & € D, Lagrangian L(x, A, v) is affine function of A and v, thus
the set
{(A\ v, t) € R™TPHY Lz, A\, v) > —t}

is a half space in R P+,

Therefore epi(—g) is intersection of infinitely many convex sets (half spaces), and
then is a convex set.

general result: given L(x,y) is affine, then
¢ g(x) = infyep L(x,y) is concave
e h(z) = supycp L(z,y) is convex
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Least-norm solution of linear equations

minimize xlx
LER"

subjectto Ax =0b
dual function

e Lagrangianis L(xz,v) = x'x + v (Ax — b)

e to minimize L over x, set gradient equal to zero:

Vellx,v)=2x+A'v=0=x=—(1/2)A"v

e plug in L to obtain g

() = L(—(1/2)ATw. 1) = —EVTAATV .

a concave function of v

lower bound property: p* > —(1/4)vT"AATv — b' v for all v
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Standard form LP

minimize cl'x
TER"
subject to Ax = b,
x>0
dual function
e Lagrangian is
Lz, \v) = cdae+vi(Az—b) - Nz

= —bv+(c+Av -\

e [ is linear in &, hence

by ATy —X+te=0

g\ v) = %fL(ac,)\, V) = { — 00 otherwise

g is linear on affine domain {(A,v)|AYv — X + ¢ = 0}, hence concave

lower bound property: p* > —b'v, ifA=ATv+ec>0
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about standard form
in Lecture 3, we study LP in the form:

minimize clx
TR
subject to Gx < h,
Ax =0>b

LP: objective function linear; constraint functions: affine
the two standard forms are compatible to each other: introducing slack variable
s = h — Gx, and interpreting * = 1 — x3, 1, Ty > 0, then

minimize clx — minimize cl'ey — claxs
TR T,,LoeR",SER™
subject to Ga < h, subject to Gxi — Gxs + Is = h,
Ax =0b Axi — Axy, +0s=0>

L1,L2,8 2 0

on the other hand,

minimize clx — minimize cfx
TR TR
subject to Ax = b, subjectto —Ix <0
x>0 Ax =0b
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Two-way partitioning

minimize ! W
- L | .
subject to =1, i=1,...,m

e a nonconvex problem; feasible set contains 2" discrete points

e interpretation: partition {1,...,n} in two sets; W, is cost of assigning
i, j to the same set; —1V;; is cost of assigning to different sets

dual function
glv) = il_]f(J?T Wz + Z vi(ef —1)) = inf (W + diag(v))r — 11w

—1T W +diag(v) = 0
— O otherwise

lower bound property: p* > —11v if W + diag(v) = 0

example: v = —Apin(W )1 gives bound p* = nApm (W)
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Semidefinite program

primal SDP (F;, G € S*, A =[ay,a»,...,a,] € RPX")
T

miigirfrgize c'x

E n

subjectto $1F1—|—£E2F2—|——|—£UnFn—|—GjO
Ax =0

e Z c S*: Lagrange multiplier for the constraint x1F; + - + 2, F,, + G <0
e v € RP: Lagrange multipliers for Ax — b =10

e Lagrangian
Lx,Z,v) = cz+tr(Z(@1Fi1+ - +2,F, +Q))+v'(Ax — b)
— Z(CZ +tr(ZF;) +via)z; +tr(ZG) — v'b
e dual function i=1

g(Z,v)= inf L(x,Z,v)=

ecR"

tr(ZG) —v'b c¢; +tr(ZF;) +vla; =0, Vi
—00 otherwise

e lower bound property: p* > tr(ZG)—v!b,if Z = 0and ¢; +tr(ZF;)+via; =0
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Lagrange dual and conjugate function

minimize  fo(x)

TR
subject to Ax < b,
Cx=d
dual function
g\ v) =  inf ( fol@) + (ATA + CTv) Tz — b7 A — dTu>
xredom f,

= inf (fo(ac) + (AT + C’TV)Tw> —b'A—d'v
xedom f,

= —fi(—A"X-C'v)-b'X-d"v
o /*(y) =supycdom (¥’ — f(z)) is the conjugate function of f

e simplifies derivation of dual if conjugate of fy is known

example: entropy maximization

n

fole) = azlogz, fi(y)=) e !
1=1

1=1
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The dual problem
Lagrange dual problem

maximize g(\,v)
A\, UV
subjectto A >0

e finds best lower bound on p*, obtained from Lagrange dual function

e a convex optimization problem (g is concave); optimal value denoted d*
e )\, v are (dual) feasible, if A > 0, (A,v) € domg

e often simplified by making implicit constraint (A, ) € dom g explicit

example standard form LP and its dual

minimize c'x maximize —blv
T eR” VERP
subjectto Ax =0b subject to A'v+e¢>0
x>0
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examples standard form SDP and its dual

minimize c'x maximize tr(ZG)—v'b
ILcR" Z,I/
subjectto zF1+---+x,F,+G =0  subjectto c¢; +tr(ZF;)+vla;=0,Vi
Ax =0b Z =0
minimize c'x maximize tr(ZGQG)
TER" Z
subject to x1F1+---+z,F,+G =<0 subject to ¢; +tr(ZF;) =0,Vi
Z =0
examples
minimize x!Wax maximize —11v
LCR" %
subjectto z?=1,i=1,...,n subject to W +diag(v) = 0
maximize —17v minimize tr(W X)
v Xesn
subject to W 4 diag(v) = 0 subject to  tr(e;el X)=1,i=1,...,n
X >0
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Weak and strong duality
weak duality: d* < p*

e always holds (for convex and nonconvex problems)

e can be used to nontrivial lower bounds for difficult problem,
for example, solving the SDP

maximize —11v
v

subject to W +diag(v) = 0

gives a lower bound for the two-way partitioning problem

strong duality: d* = p*
e does not hold in general, and the quantity p* — d* is called duality gap
e (usually) holds for convex problems

e conditions that guarantee strong duality in convex problems are called constraint
qualifications
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Slater’s constraint qualification

strong duality holds for a convex problem

minimize  fu(x)
subject to  fi(x) <

o E

if it is strictly feasible, i.e.,

. LT, Ar=5b

]
—
"ol

Jax = int D ; filx) <=0, 3

e also guarantees that the dual optimum is attained (if p* > —~)

e can be sharpened: e.g., can replace int D with relint T (interior
relative to affine hull); linear inequalities do not need to hold with strict

inequality,

e there exist many other types of constraint qualifications
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Inequality and equality form LP

primal problem

minimize cla
TR

subject to Gax < h
Ax =0b

dual function

g\, v) = winff; (cTx + X' (Gx — h) + vT (Az — b))
6 n

=  inf ((c+G' A+ A"z —h'X-b'V)
TeR"

B —h'A-b'v c+G'A+ATv=0
N —00 otherwise

dual problem
maximize —h'X—b'v
AER™, VERP
subjectto ¢+ G'A+A'v=0
A>0
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e from Slater's condition: p* = d* if Gxy < h for some x
e in fact, p* = d* except when primal and dual are infeasible.

e generally, strong duality for LP requires no Slater’s condition, and:

— if both primal and dual are infeasible, then p* = 4+00 > —0c0 = d*

— if both primal and dual are feasible, then —c0 < p* = d* < o)

— if primal is feasible and dual is infeasible, then p* = d* = —oco (i.e, primal is
unbounded below)

— if primal is infeasible and dual is feasible, then p* = d* = +o0 (i.e., dual is
unbounded above)
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dual of dual of LP

primal problem
minimize clx
TR
subject to Gax < h

Ax =0b

dual problem
maximize —h'X—blv
AER™, VERP
subjectto ¢+ G'A+ATv=0
A>0

equivalent dual problem

— minimize h'Xx+ by
AER™ VERP
subjectto ¢+ G'A+ATv =0

A>0

Yongwei Huang



compute the dual problem of LP:

minimize h'Xx+bly

AER™, VCRP
subjectto ¢+ G'A+A'v=0
A>0
dual function
g(x,y) = inf  (A'A+b'v+al(c+G'X+ATv) +yT (=)
AER™, VCRP
= inf((h+Gx—y)'A+ Az +b)v+clx

A,V

B c'l h+Gxr—y=0 Az +b=0
B —o0 otherwise
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dual problem

maximize clx
T,y
subjectto Gx+h =1y
Ax+b=0
y=>0

removing vy, it is equivalent to

maxcicmize cC'x
subjectto Gax+h >0
Az +b=0

Therefore, the dual of problem:

— minimize h'Xx+ by
AER™ VERP
subjectto ¢+ G'A+ATv =0

A>0
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— maxiiEmize cl'zx
subjectto Gax+h >0
Ax+b=0
by setting z := —x, the above problem is equivalent to
minizmize cl'z
subjectto Gz < h
Az=b>

dual of dual of LP is itself!

e recall dual problem is always convex (primal problem not necessarily convex)
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e dual of dual of convex problem is itself, for example

minimize c!x maximize —h'A—blv minimize ¢!z
T cR” \. v ZeR™
subject to Gax < h subjectto ¢+ G A+ ATv =0 subjectto Gz < h
Ax=0b A>0 Az =0D>

e dual of dual of nonconvex problem is a convex relaxation, for example

min ! Wz max —17v min tr(WX)
T cR" v X
st. x2=1,Vi st. W +diag(v) =0 st. tr(e;el W) =1,Vi
X >0
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Quadratic program
primal problem (assume P < S )

minimize 1! Pur
subject to Axr = b

dual function

g(A) = inf (e Px + AT (Ax — b)) = _iﬂﬂp—lﬂﬁ =it A

dual problem

maximize —(1/ATAP~1ATX — b1
subject to A =0

e from Slater’'s condition: p* =d* if Ax < b for some &

e in fact, p™ = d4d* always
Yongwei Huang 22




Semidefinite program
primal SDP (F,,G = S%)
minimize ¢l z
subject to i+ -+ o tfn =G
e Lagrange multiplier is matrix Z = 8"
o Lagrangian L(z,Z) =clx+tr(Z(ziFy+ o+ 5, F, — G))

e dual function

— G otherwise

g(Z) =inf L(x, Z) = {

dual SDP

maximize —tr(GZ)
subjectto £ =0, tr(lZ)4+e¢ =0, i=1,....,n

—tr(GZ) tr(FiZ)4¢c;=0, i=1,..

T

p* = d* if primal SDP is strictly feasible (d& with =1 Fy 4+ - 4+ 2, F, < G)
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A nonconvex problem with strong duality

mingvmize T Ax + 2b' x
subject to x'xz <1

A is any given symmetric matrix, hence nonconvex

dual function

i%f(wT(A + M)z +2b7x — \) = _inf O(a:T(A + M)z + 20"z +t—t—)\)

A (RS Y

Observe that

g(A)

C c ' C ¢ T T T
T =0 | T, || =T Cxr+2cx+c>0,Vx
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Thus

g0 = w%?i()([ﬂT[AZT” lt)][:f]t)\>

N [A+>\I b]to

= bl t
—00 otherwise
dual problem
maximize —t— )\
£\
A I
subject to [ +T>\ b ] =0
b t
A>0

strong duality holds although primal problem is not convex (not easy to prove)
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Geometric interpretation
for simplicity, consider problem with one constraint fi(x) < 0

interpretation of dual function:

g(A) = inf (¢t 4+ Au), where G = {(fi(x), folx)) | z € D}

(w.t)=G

i
A
gy G o L LD
At t=gN) d”
< u
N

e du—+t=g(A)is (non-vertical) supporting hyperplane to G

e hyperplane intersects t-axis at = g(A)
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epigraph variation: same interpretation if ¢ is replaced with

A= {(u,t) | filx) < u, folx) < t for some x & D}

i
A
L _/-"’!JTHH‘\
Xl = QEA}%A
a(A) e

strong duality

e holds if there is a non-vertical supporting hyperplane to 4 at (0, p™)
e for convex problem, A is convex, hence has supp. hyperplane at (0, p*)

e Slater's condition: if there exist (#,f) € A with @& < 0, then supporting

hyperplanes at (0, p*) must be non-vertical
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Complementary slackness

assume strong duality holds, =* is primal optimal, (A*.2*) is dual optimal

n;f(fﬁ{ +Z}. £i(x +Zy*h )

}—I—Z)\ fi(a *34—2!!"?}&{

Jo(x™)

jﬂﬂ'{"l’-*.:l — g{;.l'* r Llr*}

4

|/

i\

hence, the two inequalities hold with equality
e ¥ minimizes L{x, A", ")

o M fi(e*)=0fori=1,....m (known as complementary slackness):

Al > 0= fi(«") =0, file") <0= A7 =0
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Karush-Kuhn-Tucker (KKT) conditions

the following four conditions are called KKT conditions (for a problem with differen-

tiable f;, h;)

e primal constraints: fi(x) <0,t=1,...,m, hy(x)=0,1=1,...,p
e dual constraints: A > 0

e complementary slackness: \;fi(x) =0,7=1,...,m

e gradient of Lagrangian with respect to @ vanishes:

V fo(x +§:VAﬂ +§:% )=0

from the last page: if strong duality holds and @, A, v are optimal, then they must

satisfy the KK'T conditions
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KKT conditions for convex problem

if &, A\, & satisfy KKT for a convex problem, then they are optimal:

e from complementary slackness: fu(i) = L(3, ), )

.

e from 4th condition (and convexity): g(\,7) = L(%. A, i7)

hence, fo(#) = g(,7)

if Slater's condition is satisfied:

x is optimal if and only if there exist A, 1 that satisty KK'T conditions

e recall that Slater implies strong duality, and dual optimum is attained

e generalizes optimality condition V fu{x) = 0 for unconstrained problem
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example: water-filling (assume a; > 0)

minimize —>_"", log(x; + o)
subject to = = 0, 172 =1

r is optimal iff = 0, 1T = 1, and there exist A € R”, v = R such that

1
9 Aix; = 0, — 4+ A =

o - Iy —|— Cky

o ifvr<ljfay: y=0and ; =1/v — o

o ifvr>1/a;: i=v—1/a; and ; =0

o determine v from 170 =37 max{0,1/v —a;} =1

interpretation

e 1 patches; level of patch i is at height o; o
'R

e flood area with unit amount of water

e resulting level is 1/1*
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Thank You !!

Lecture notes available at
http://www.ece.ust.hk/~eeyw/opt09/Its.htm

Yongwei Huang

32



