
Lecture 4: Lagrangian duality and optimality

conditions

Yongwei Huang
Hong Kong University of Science and Technology (HKUST)

University of Napoli “Federico II”

June 25, 2009



Outline

• Lagrangian dual problem

• weak and strong duality

• geometric interpretation

• optimality conditions

• examples

Yongwei Huang 1



Lagrangian

standard form problem (not necessarily convex)

minimize
x∈Rn

f0(x)

subject to fi(x) ≤ 0, i = 1, . . . , m
hi(x) = 0, i = 1, . . . , p

variable x ∈ R
n, domain D =

⋂m

i=0
dom fi ∩ (

⋂p

i=1
domhi), optimal value p⋆

Lagrangian (function): L : Rn × R
m × R

p → R, with domL = D × R
m × R

p,

L(x,λ,ν) = f0(x) +
m
∑

i=1

λifi(x) +

p
∑

i=1

νihi(x)

• weighted sum of objective and constraint functions

• λi is Lagrange multiplier associated with fi(x) ≤ 0

• νi is Lagrange multiplier associated with hi(x) = 0

• L(x, λ, ν) is affine function with respect to λ and ν
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Lagrange dual function

Lagrange dual function: g : R
m × R

p → R,

g(λ, ν) = inf
x∈D

L(x,λ, ν) = inf
x∈D

(

f0(x) +
m
∑

i=1

λifi(x) +

p
∑

i=1

νihi(x)

)

g(λ,ν) is concave, can be −∞ for some λ, ν

lower bound property: if λ ≥ 0 (i.e., λi ≥ 0, ∀i), then p⋆ ≥ g(λ, ν)

proof: if λ ≥ 0, and x̃ is feasible, namely,

x̃ ∈ X = {x|fi(x) ≤ 0, i = 1, . . . ,m, hi(x) = 0, i = 1, . . . , p} ∩ dom f0,

then
f0(x̃) ≥ L(x̃,λ,ν) ≥ inf

x∈D
L(x, λ, ν) = g(λ, ν)

minimizing over all feasible x̃ gives
p⋆ ≥ g(λ, ν)

the “best” lower bound: p⋆ ≥ d⋆ = maximize
λ≥0,ν∈Rp

g(λ, ν)
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Proof that −g(λ,ν) is convex

proof: the epigraph

epi(−g(λ,ν)) = {(λ, ν, t)| − g(λ, ν) ≤ t} = {(λ,ν, t)| − inf
x∈D

L(x, λ, ν) ≤ t}

= {(λ, ν, t)| L(x, λ, ν) ≥ −t, ∀x ∈ D}

=
⋂

x∈D

{(λ, ν, t)| L(x, λ, ν) ≥ −t}

Notice that given x ∈ D, Lagrangian L(x,λ,ν) is affine function of λ and ν, thus
the set

{(λ,ν, t) ∈ R
m+p+1| L(x,λ,ν) ≥ −t}

is a half space in R
m+p+1.

Therefore epi(−g) is intersection of infinitely many convex sets (half spaces), and
then is a convex set.

general result: given L(x, y) is affine, then
• g(x) = infy∈D L(x, y) is concave
• h(x) = supy∈D L(x,y) is convex
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Least-norm solution of linear equations

minimize
x∈Rn

xTx

subject to Ax = b

dual function

• Lagrangian is L(x,ν) = xTx + νT (Ax − b)

• to minimize L over x, set gradient equal to zero:

∇xL(x, ν) = 2x + ATν = 0 ⇒ x = −(1/2)ATν

• plug in L to obtain g

g(ν) = L(−(1/2)ATν,ν) = −
1

4
νTAATν − bTν

a concave function of ν

lower bound property: p⋆ ≥ −(1/4)νTAATν − bTν for all ν
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Standard form LP

minimize
x∈Rn

cTx

subject to Ax = b,
x ≥ 0

dual function

• Lagrangian is

L(x,λ,ν) = cTx + νT (Ax − b) − λTx

= −bTν + (c + ATν − λ)Tx

• L is linear in x, hence

g(λ,ν) = inf
x

L(x,λ,ν) =

{

−bTν ATν − λ + c = 0

−∞ otherwise

g is linear on affine domain {(λ,ν)|ATν − λ + c = 0}, hence concave

lower bound property: p⋆ ≥ −bTν, if λ = ATν + c ≥ 0
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about standard form
in Lecture 3, we study LP in the form:

minimize
x∈Rn

cTx

subject to Gx ≤ h,
Ax = b

LP: objective function linear; constraint functions: affine
the two standard forms are compatible to each other: introducing slack variable
s = h − Gx, and interpreting x = x1 − x2, x1, x2 ≥ 0, then

minimize
x∈Rn

cTx = minimize
x1,x2∈Rn,s∈Rm

cTx1 − cTx2

subject to Gx ≤ h, subject to Gx1 − Gx2 + Is = h,
Ax = b Ax1 − Ax2 + 0s = b

x1, x2, s ≥ 0

on the other hand,
minimize

x∈Rn
cTx

subject to Ax = b,
x ≥ 0

= minimize
x∈Rn

cTx

subject to −Ix ≤ 0

Ax = b
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Two-way partitioning
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Semidefinite program

primal SDP (F i, G ∈ S
k, A = [a1, a2, . . . , an] ∈ R

p×n)

minimize
x∈Rn

cTx

subject to x1F 1 + x2F 2 + · · · + xnF n + G � 0
Ax = b

• Z ∈ S
k: Lagrange multiplier for the constraint x1F 1 + · · · + xnF n + G � 0

• ν ∈ R
p: Lagrange multipliers for Ax − b = 0

• Lagrangian

L(x,Z, ν) = cTx + tr(Z(x1F 1 + · · · + xnF n + G)) + νT (Ax − b)

=
n
∑

i=1

(ci + tr(ZF i) + νTai)xi + tr(ZG) − νTb

• dual function

g(Z,ν) = inf
x∈Rn

L(x,Z, ν) =

{

tr(ZG) − νTb ci + tr(ZF i) + νTai = 0, ∀i
−∞ otherwise

• lower bound property: p⋆ ≥ tr(ZG)−νTb, if Z � 0 and ci+tr(ZF i)+νTai = 0
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Lagrange dual and conjugate function

minimize
x∈Rn

f0(x)

subject to Ax ≤ b,
Cx = d

dual function

g(λ, ν) = inf
x∈dom f0

(

f0(x) + (ATλ + CTν)Tx − bTλ − dTν
)

= inf
x∈dom f0

(

f0(x) + (ATλ + CTν)Tx
)

− bTλ − dTν

= −f∗
0 (−ATλ − CTν) − bTλ − dTν

• f∗(y) = supx∈dom f
(yTx − f(x)) is the conjugate function of f

• simplifies derivation of dual if conjugate of f0 is known

example: entropy maximization

f0(x) =
n
∑

i=1

xi log xi, f∗
0 (y) =

n
∑

i=1

eyi−1
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The dual problem
Lagrange dual problem

maximize
λ,ν

g(λ, ν)

subject to λ ≥ 0

• finds best lower bound on p⋆, obtained from Lagrange dual function

• a convex optimization problem (g is concave); optimal value denoted d⋆

• λ,ν are (dual) feasible, if λ ≥ 0, (λ,ν) ∈ dom g

• often simplified by making implicit constraint (λ,ν) ∈ dom g explicit

example standard form LP and its dual

minimize
x∈Rn

cTx maximize
ν∈Rp

−bTν

subject to Ax = b subject to ATν + c ≥ 0

x ≥ 0
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examples standard form SDP and its dual

minimize
x∈Rn

cTx maximize
Z,ν

tr(ZG) − νTb

subject to x1F 1 + · · · + xnF n + G � 0 subject to ci + tr(ZF i) + νTai = 0,∀i
Ax = b Z � 0

minimize
x∈Rn

cTx maximize
Z

tr(ZG)

subject to x1F 1 + · · · + xnF n + G � 0 subject to ci + tr(ZF i) = 0,∀i
Z � 0

examples

minimize
x∈Rn

xTWx maximize
ν

−1
Tν

subject to x2
i = 1, i = 1, . . . , n subject to W + diag (ν) � 0

maximize
ν

−1
Tν minimize

X∈Sn
tr(WX)

subject to W + diag (ν) � 0 subject to tr(eie
T
i X) = 1, i = 1, . . . , n

X � 0
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Weak and strong duality

weak duality: d⋆ ≤ p⋆

• always holds (for convex and nonconvex problems)

• can be used to nontrivial lower bounds for difficult problem,
for example, solving the SDP

maximize
ν

−1
Tν

subject to W + diag (ν) � 0

gives a lower bound for the two-way partitioning problem

strong duality: d⋆ = p⋆

• does not hold in general, and the quantity p⋆ − d⋆ is called duality gap

• (usually) holds for convex problems

• conditions that guarantee strong duality in convex problems are called constraint
qualifications
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Slater’s constraint qualification
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Inequality and equality form LP
primal problem

minimize
x∈Rn

cTx

subject to Gx ≤ h

Ax = b

dual function

g(λ,ν) = inf
x∈Rn

(cTx + λT (Gx − h) + νT (Ax − b))

= inf
x∈Rn

((c + GTλ + ATν)Tx − hTλ − bTν)

=

{

−hTλ − bTν c + GTλ + ATν = 0

−∞ otherwise

dual problem
maximize

λ∈Rm,ν∈Rp
−hTλ − bTν

subject to c + GTλ + ATν = 0

λ ≥ 0
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• from Slater’s condition: p⋆ = d⋆ if Gx0 < h for some x0

• in fact, p⋆ = d⋆ except when primal and dual are infeasible.

• generally, strong duality for LP requires no Slater’s condition, and:

– if both primal and dual are infeasible, then p⋆ = +∞ > −∞ = d⋆

– if both primal and dual are feasible, then −∞ < p⋆ = d⋆ < ∞)
– if primal is feasible and dual is infeasible, then p⋆ = d⋆ = −∞ (i.e, primal is

unbounded below)
– if primal is infeasible and dual is feasible, then p⋆ = d⋆ = +∞ (i.e., dual is

unbounded above)
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dual of dual of LP

primal problem

minimize
x∈Rn

cTx

subject to Gx ≤ h

Ax = b

dual problem

maximize
λ∈Rm,ν∈Rp

−hTλ − bTν

subject to c + GTλ + ATν = 0

λ ≥ 0

equivalent dual problem

− minimize
λ∈Rm,ν∈Rp

hTλ + bTν

subject to c + GTλ + ATν = 0

λ ≥ 0
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compute the dual problem of LP:

minimize
λ∈Rm,ν∈Rp

hTλ + bTν

subject to c + GTλ + ATν = 0

λ ≥ 0

dual function

g(x,y) = inf
λ∈Rm,ν∈Rp

(hTλ + bTν + xT (c + GTλ + ATν) + yT (−λ))

= inf
λ,ν

((h + Gx − y)Tλ + (Ax + b)Tν + cTx

=

{

cTx h + Gx − y = 0, Ax + b = 0

−∞ otherwise
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dual problem

maximize
x,y

cTx

subject to Gx + h = y

Ax + b = 0

y ≥ 0

removing y, it is equivalent to

maximize
x

cTx

subject to Gx + h ≥ 0

Ax + b = 0

Therefore, the dual of problem:

− minimize
λ∈Rm,ν∈Rp

hTλ + bTν

subject to c + GTλ + ATν = 0

λ ≥ 0
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is

− maximize
x

cTx

subject to Gx + h ≥ 0

Ax + b = 0

by setting z := −x, the above problem is equivalent to

minimize
z

cTz

subject to Gz ≤ h

Az = b

dual of dual of LP is itself!

• recall dual problem is always convex (primal problem not necessarily convex)
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• dual of dual of convex problem is itself, for example

minimize
x∈Rn

cTx maximize
λ,ν

−hTλ − bTν minimize
z∈Rn

cTz

subject to Gx ≤ h subject to c + GTλ + ATν = 0 subject to Gz ≤ h

Ax = b λ ≥ 0 Az = b

• dual of dual of nonconvex problem is a convex relaxation, for example

min
x∈Rn

xTWx max
ν

−1
Tν min

X
tr(WX)

s.t. x2
i = 1, ∀i s.t. W + diag (ν) � 0 s.t. tr(eie

T
i W ) = 1, ∀i

X � 0

Yongwei Huang 21



Quadratic program
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Semidefinite program
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A nonconvex problem with strong duality

minimize
x

xTAx + 2bTx

subject to xTx ≤ 1

A is any given symmetric matrix, hence nonconvex

dual function

g(λ) = inf
x

(xT (A + λI)x + 2bTx − λ) = inf
x, t≥0

(xT (A + λI)x + 2bTx + t − t − λ)

= inf
x, t≥0

(

[

x

1

]T [
A + λI b

bT t

] [

x

1

]

− t − λ

)

Observe that

[

C c

cT c

]

� 0 ⇔

[

x

1

]T [

C c

cT c

] [

x

1

]

= xTCx + 2cTx + c ≥ 0, ∀x
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Thus

g(λ) = inf
x, t≥0

(

[

x

1

]T [
A + λI b

bT t

] [

x

1

]

− t − λ

)

=







−t − λ

[

A + λI b

bT t

]

� 0

−∞ otherwise

dual problem
maximize

t,λ
−t − λ

subject to

[

A + λI b

bT t

]

� 0

λ ≥ 0

strong duality holds although primal problem is not convex (not easy to prove)
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Geometric interpretation
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Complementary slackness
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Karush-Kuhn-Tucker (KKT) conditions

the following four conditions are called KKT conditions (for a problem with differen-
tiable fi, hi)

• primal constraints: fi(x) ≤ 0, i = 1, . . . , m, hi(x) = 0, i = 1, . . . , p

• dual constraints: λ ≥ 0

• complementary slackness: λifi(x) = 0, i = 1, . . . ,m

• gradient of Lagrangian with respect to x vanishes:

∇f0(x) +

m
∑

i=1

∇λifi(x) +

p
∑

i=1

νihi(x) = 0

from the last page: if strong duality holds and x, λ, ν are optimal, then they must
satisfy the KKT conditions
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KKT conditions for convex problem
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Thank You !!

Lecture notes available at
http://www.ece.ust.hk/∼eeyw/opt09/lts.htm
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