436

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 2, FEBRUARY 2009

Adaptive Detection and Estimation in the Presence of
Useful Signal and Interference Mismatches

Antonio De Maio, Senior Member, IEEE, Silvio De Nicola, Student Member, IEEE, Yongwei Huang,
Shuzhong Zhang, and Alfonso Farina, Fellow, IEEE

Abstract—This paper considers adaptive detection and estima-
tion in the presence of useful signal and interference mismatches.
We assume a homogeneous environment where the random distur-
bance components from the primary and secondary data share the
same covariance matrix. Moreover, the data under test contains a
deterministic interference vector in addition to the possible useful
signal. We focus on the situation where an energy fraction of both
the useful signal and the deterministic interference may lie outside
their nominal subspaces (conical uncertainty model). Under these
conditions, we devise a procedure for the computation of the joint
maximum likelihood (ML) estimators of the useful signal and in-
terference vectors, resorting to a suitable rank-one decomposition
of a semidefinite program (SDP) problem optimal solution. Hence,
we use the aforementioned estimators for the synthesis of adap-
tive receivers based on different generalized likelihood ratio test
(GLRT) criteria. At the analysis stage, we assess the performance
of the new detectors in comparison with some decision rules, avail-
able in open literature.

Index Terms—Adaptive detection, nonconvex quadratic op-
timization, radar signal processing, semidefinite programming
relaxation.

. INTRODUCTION

DAPTIVE detection of a signal vector in the presence

of homogeneous Gaussian environment (namely distur-
bance components from the test vector and the training data with
the same spectral properties) with unknown covariance matrix
has been extensively addressed in open literature under different
uncertainty models for the useful signal. If the quoted vector is
known up to a scaling factor, an elegant framework based on the
theory of invariance, is developed in [1]. Therein, the maximal
invariant statistic is derived and it is shown that no uniformly
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most powerful invariant (UMPI) test exists. Due to the lack of
an optimum receiver, suboptimum decision rules, which exhibit
the invariance property, have been proposed. In [2], the one-
step GLRT criterion is exploited, in [3] the adaptive matched

Iter (AMF) is synthesized resorting to the two-step GLRT tech-
nique,! in [6] the adaptive beamforming orthogonal rejection
test (ABORT) is devised, and in [7] the Rao test receiver is
introduced and analyzed. Two-stage decision rules (equipped
with two detection thresholds) have also been studied. In [8],
the adaptive sidelobe blanker (ASB) is proposed, in [9] the AMF
and Kelly s receiver [2] are connected through an and logic, and
in [7] the Rao test is used as second stage of the aforementioned
connection in place of Kelly s GLRT. Another detector which
still possesses invariant properties is the adaptive normalized
matched lter (ANMF) [10], also known as adaptive coherence
estimator (ACE) [11]. Actually, it also exhibits (in addition to
the invariance under the group speci ed in [1]) a further invari-
ance with respect to a common scaling of the secondary data
relative to the primary one.2

The rst generalization of the aforementioned model for the
useful signal (where only a scale factor is unknown) relies on
considering a subspace model. This is tantamount to assuming
that the useful component of the received signal belongs to a
known subspace. In this case, the invariance group and the max-
imal invariant statistic is derived in [15]. Again, there is not a
UMPI test but the one-step and two-step GLRT are invariant de-
cision rules [15]. Other subspace detectors can be found in [16]
with reference to the case of known disturbance covariance ma-
trix, in [17] where an extensive analysis on real over the horizon
(OTH) radar data is also conducted, in [18] where a scale-mis-
match between the primary and secondary data is accounted for,
in [19] and [20] for radar space time adaptive processing (STAP)
applications.

It is worth pointing out that the interest in subspace mod-
eling stems from the fact that it often leads to closed form re-
ceivers also sharing the constant false alarm rate (CFAR) prop-
erty. The main drawback of the approach concerns the selection
of the subspace where the actual signal of interest should lie; of
course this is not an easy task. One might decide to assume the
maximum uncertainty about the signal subspace, which is tanta-
mount to modeling the useful signal component as a completely
unknown vector of the measurement space [21]. However, it is
well known that the subspace size cannot be increased too much

1This receiver is also known as the modi ed sample matrix inversion (MSMI)
receiver [4] and coincides with the Wald test [5].

2Speci cally, it turns out to be a maximal invariant statistic [12] and the UMPI
test according to the group of transformations given in [13] and [14].
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because this is usually accompanied by a detection performance
loss.

A more exible model is based on a conic uncertainty for
the useful vector. This approach has been followed in [22] [27]
and permits to handle situations where the useful signal is not
completely contained in the nominal subspace, but a bounded
fraction of its energy can lie outside. This also facilitates the
choice of the nominal signal subspace, because not all the signal
must belong to it. Nevertheless, quite often, under the conical
uncertainty, the decision statistics do not have a closed form ex-
pression like under the linear subspace modeling for the useful
signal.

In this paper, we consider the detection of a useful signal com-
ponent within the primary data vector in the presence of noise,
modeled as complex normal with unknown covariance matrix,
plus deterministic interference. Moreover, we suppose that a set
of noise-only additional data (the secondary data) is available
and the environment is homogeneous. We explicitly highlight
that the idea of introducing a deterministic interference com-
ponent in the primary data has already been proposed in [28],
with reference to the detection of range-spread targets (multiple
primary data), and in [29] for the design of matched direction
detectors. The main novelty of this paper is the assumption that
an energy fraction of both the useful signal component and the
deterministic interference may lie outside the range span of their
nominal subspaces. In other words, the proposed framework
permits to deal with situations where the knowledge about the
useful signal and interference subspaces is not completely reli-
able. As a consequence, the resulting detection techniques are
suitable for all the scenarios where the matched subspace re-
ceivers [16] and the detectors derived in [28] (with reference to
the single primary data case) can be applied.

The resulting detection problem does not admit a uniformly
most powerful (UMP) test because the optimum receiver,
according to the Neyman-Pearson criterion, requires the
knowledge of the useful and interfering signals as well as of
the disturbance covariance matrix. Hence, to cope with this
uncertainty, we synthesize GLRT-based receivers for the afore-
mentioned hypothesis test. Toward this goal, it is rst necessary
to evaluate the ML estimates of the unknown parameters under
the hypothesis of useful signal presence (H;). In this context,
we prove that, under Hy, the joint ML estimation of the useful
and interfering signatures is tantamount to solving a non-
convex quadratic optimization program (QP) problem which,
interestingly, possesses a particular hidden convexity property.
Otherwise stated, solving the QP problem is equivalent to
solving an SDP problem, which is convex, and its optimal value
can be found in polynomial time. Moreover, after the optimal
value of the SDP problem is proven to be attainable, we design
a procedure for the construction of an optimal solution of the
QP problem starting from an optimal solution of SDP one.
The proposed technigue resorts to the rank-one decomposition
theorem of [30] and still exhibits a polynomial computational
complexity. Exploiting this nding, we design several receivers
based on different GLRT criteria, one-step GLRT, two-step
GLRT, modi ed one-step GLRT, and modi ed two-step GLRT.
Moreover, we evaluate the computational complexity for the
implementation of the decision statistics.
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At the analysis stage, we assess the performance of the de-
vised receivers, focusing on the case of signal and interference
subspaces of dimension one,3 also in comparison to

the one-step GLRT and two-step GLRT of [28], which as-
sume the coincidence of the nominal and the actual sub-
spaces (both with reference to the useful signal and the in-
terference);
Kelly s receiver and the ANMF, which can be interpreted
as GLRTs when the useful signal direction is known and
the interference, complying with the generalized eigenre-
lation, is embedded in the primary data covariance matrix
[31] and [32].
The results show that, when a mismatch is present, the new re-
ceivers outperform their counterparts and the performance gain
depends on the entity of the mismatch.

The paper is organized as follows. In Section I, we formulate
the problem and specify the mismatch sets for both the useful
signal and the interference. In Section 11, the one-step GLRT is
considered and the procedure for the derivation of the ML es-
timators of the unknown signatures (under H,) is designed. In
Section 1V, the two-step GLRT criterion is exploited, whereas
the use of the modi ed one-step and two-step GLRT strategies
is proposed in Section V. The performance analysis of the new
decision rules is handled in Section V1. Finally, concluding re-
marks and hints for possible future research tracks are given in
Section VII.

Il. PROBLEM FORMULATION

We assume that data are collected from NV sensors and denote
by z the complex N-dimensional vector of the samples where
the presence of the useful signal is sought (primary data). As in
[2], we also suppose that a secondary data set z;,t = 1,..., K,
is available (K > N), that each of such snapshots does not
contain any useful target echo, and exhibits the same covariance
matrix as the primary data.

The detection problem to be solved can be formulated in
terms of the following binary hypotheses test:

{20

Zt = Wy le//K (1)
A AL A
L zt— Wt tzl,,K

where p and ¢ denote, respectively, the actual useful vector and
the interference signature, which due to several effects such as
source waveform distortion, pointing errors, and imperfect array
calibration might not be contained in the nominal subspaces
spanned by the columns of H € CN*? and J € CV*9, re-
spectively (C denotes the set of complex numbers). These last
matrices are assumed full-column-rank, p + ¢ < N, and the
range of H is linearly independent of the range of J.

As to the noise components, we suppose that w and w; s,
t = 1,...,K, are independent, zero-mean complex circular
Gaussian vectors with positive de nite covariance matrix given

by
Eww'] = Ewaw]]=M,t=1,... K 2

3This scenario, as explained in Section VI, is of relevance for some radar
detection problems.
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where E[-] denotes statistical expectation and (- )" conjugate
transpose.

In the perfect matching case, it is assumed that p = Ha
and ¢ = JB, with  and 8 unknown complex vectors (p-di-
mensional and ¢-dimensional, respectively) accounting for the
channel propagation effects, the target re ectivity («), and the
complex amplitudes of the interfering signals (8). In practical
situations, mismatches may occur which cause deviations of p
and ¢q from the nominal subspaces H and J. A possible way to
cope with these scenarios is to assume more uncertainty about
p and ¢ than the case of perfect matching, where only « and g
are considered unknown. According to this guideline, direction
mismatches can be accounted for, at the design stage, assuming
that the actual useful vector and the interference signature lie,
respectively, within the conic regions C,, and C, de ned as

Cp=1{peC": |(I- Pl <7Pupll}  (3)

and
Cy={qeC" : ||(I-11)qll < ,llTsqll} (4)

where Py is the orthogonal projection onto the range space
of H, Iy is the orthogonal projection onto the range space of
J,v», > 0and v, > 0 are design parameters ruling the size
of the two uncertainty regions, and || - || denotes the Euclidean
norm of a complex vector. This is tantamount to assuming that
the fraction of energy of p(q) outside the range span of H(J)
is bounded, and the parameter ~y,(v,) rules how much of the
total energy is allowed to be outside the subspace spanned by
the columns of H(J). The sets C, and C, can also be written
more compactly as

Cp={peC”:p'Rp<0, R,=I-(1+~)Pu} (5
and
Co={qeC:q'Rg<0, R,=I-(1+~2)1;}. (6)

Moreover, they are supposed to comply with

beeCV:c#0,ceC, and ce C,. @)

In particular, for p = ¢ = 1, H and J coincide with the
presumed useful and interfering steering vectors, respectively,
denoted by u,, € C and u, € CV (and assumed, without loss
of generality, with unitary norm). In this special case, (5) and
(6) reduce to

C,={peC":p'Rp<0,

R,=1—(14+7))uul} (8)
and
C, = {q ech: qTqu <o,
R,=1—(1+)ugul}. 9)
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According to the Neyman-Pearson criterion, the optimum so-
lution to the hypotheses testing problem (1), is the likelihood
ratio test (LRT); but, for the case at hand, it cannot be imple-
mented since it requires the knowledge of the parameters p, q,
and M which in practical situations are unknown. A possible
way to circumvent this drawback is to resort to GLRT tech-
niques which are equivalent to replacing the unknown param-
eters with their ML estimates. Following this guideline, in the
sequel, we design the Robust one-step GLRT (R-1S-GLRT),
the Robust two-step GLRT (R-2S-GLRT), the Modi ed R-1S-
GLRT (MR-1S-GLRT), and the Modi ed R-2S-GLRT (MR-1S-
GLRT) for the problem at hand.

I1l. R-1S-GLRT AND ML STEERING ESTIMATORS

This criterion is equivalent to replacing into the LRT the
unknown parameters with their ML estimates under each hy-
pothesis, based upon the entirety of data [33]. For the present
problem, the one-step GLRT can be written as

maX(pyq)eCpqu maxpas f(zazh s 2K |p7 q, M7 Hl) };1
maXgecC, maXMf(z7z17"'7zK|q7M7H0) 1;%10)

where  f(z,21,...,2x|q,M,Hy) and f(z,21,...,2K|
p,q, M, H,) denote, respectively, the complex multivariate
probability density functions (pdfs) of the vectors z, z, ..., zk
under the Hy and the H; hypotheses. Further developments
require specifying the quoted pdfs. Previous assumptions imply

that

f(z7zlv"'7zK|Q7M7H0)

e\
- {«N det(M)° } (12)
and
f(Z./Zh..../ZK |p7q7M7H1)
K+1
_ L u(MT)
={ e asan’ booo@

where det(-) and tr(-) denote, respectively, the determinant
and the trace of a square matrix, while T’y and T'; are de ned as

K
To= 1 [(2- 0z - 9)f + 21, 2]

T = 2 |z-p-a)(z-p-0)' + LI, 22
Substituting (11) and (12) in (10) and maximizing the numer-
ator and the denominator over M, after some algebraic manipu-
lations, we can recast the GLRT as shown in (13) at the bottom
of the page, where G denotes a suitable modi cation of the orig-
inal threshold in (10).

mingec, det [(z —q)(z

—q)f+ Zerl th:sr]

H,y

EXE;

mingp q)ec, xc, det [(Z —p-Qz-p-at + X, tht]

(13)

T =,
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Exploiting [34, p. 594 Corollary A.3.1], the above expression
can be also written as

1 + mingec, (2 — 9)'S Hz—q)
1+ Illin(nq)ecpxcq (z—p-— q)TS_l(Z -p—q)

H,
=G (14)
Hy

where S = Zfil ztzI is K times the secondary data sample
covariance matrix.

The minimization at the numerator can be performed ex-
ploiting the results in [26]. Precisely, the optimal value of the
numerator can be evaluated as follows:

Denote by UZU' the eigenvalue decomposition of
SY2(R,)/(1 + ~2)8/2, where the eigenvalues are ar-
ranged in decreasing order, i.e.,, & > & > - {n_g >
0>E&n g1 > - >En,andletz = UTS™1/%2,
Evaluate the unique solution A, in the interval [0, —1/¢x],
of

The optimal value of the numerator is given by

R(I
1+97

—1
1+2/8 12— 21871 <S_1—|—5\ ) S~'z. (15)
The procedure required to minimize the denominator is shown
in the next subsection.4

4The complete technical comprehension of the material in the next subsection
requires a general knowledge of optimization theory. To this end, the interested
reader may consult the books [35] and [36].
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A. Denominator Minimization and ML Estimators of p and ¢

We are faced with the following nonconvex quadratic opti-
mization problem

mingg (z-p—q)'S " (z-p-9q)
qTqu <0.

Here, we prove that solving the above nonconvex problem is
tantamount to solving a convex SDP problem. Otherwise stated,
(16) possesses a certain hidden convexity property. To this end,
it is not hard to rewrite (16) into the equivalent matrix form
shown in (17) at the bottom of the page, where 0 denotes a
matrix of suitable size with all zero entries.

Moreover, the optimal value of (17) equals that of its homog-
enized version [see (18) at the bottom of the page].5 In fact, as-
suming that [r, p”", ¢*]7 (the operator (-)” denotes transpose)
is an optimizer of (HQP), then [1, rTp”, g™ " is a feasible so-
lution of (QP). Since the optimal value of (QP) is greater than
or equal to that of (HQP), and the objective function of (HQP),
evaluated at [r, p”, q7]7, is equal to the objective function of
(QP) at [1,r"pT, rTqT]T, it follows that [1,77pT, 7TqT]T is an
optimal solution for (QP).

Denoting by
r 2t871z —zt§7t _—zfg7!
z=|p|.Q=|-5"'2 S s
q stz st st

5A quadratic optimization problem is homogeneous if the objective and the
constraint functions are homogenous quadratic functions (i.e., no linear terms).

( (278712 —zt8=t _zig—! 1
minep, q) [1,p",q"] | =82 st st P
-5z ST s q
[0 0 0] [1]
(QP) q s.t. [1,p",q'1 |0 R, O] |p| <O 17)
|10 0 0] |q]
[0 0 0] [1]
[Lp',q"1 |0 0 0 | |p| <0
L |10 0 R,| |q]
( (218712 —2zt§=1 —zt§~! r
ming, p q) [rf,pT,q"] | —S7'2 st st
| -S7'2 S s! q
[0 0 o] [r]
s.t. [rT,p", q'] R, 0| |[p| <O
(HQP) L 00 00= :3: (18)
[r'.p", q"] 0 0| |p|<O
i 0 R,| |q]
[1 0 0] [r
[r',p", q'] 0 0| |p|=1
\ L 0 0 q
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and i i
0 0 O
(0 0 0
[0 0 0] 1 00
Q=0 0 0|.,Q,=(0 0 0
(0 0 R, 0 00
the problem (HQP) can be recast as
min, z'Qz
st.  z'Qur <0
(HQP) 2102 < 0 (19)
z'Qyx = 1.

Now, we claim that the SDP relaxation of (19) is tight, namely,
the optimal value of (HQP) coincides with the optimal value
of its SDP relaxation. In other words, this last problem has a
rank-one optimal solution. To prove the statement, we consider
the SDP relaxation of (HQP) and its dual problem, respectively,
given by

miny tr(QX)
st. tr(QyX) <0
(SDP) tr(Q, X) < 0 (20)
tr(Q.X) =1
X >0,
and
MaXyg,y1,y2 Y2
(DSDP) YoQo + y1Q1 +12Q, —Q X0

Yo < 0,91 < 0.
(21)

Notice that (SDP) problem has an interior point in its feasible re-
gion because [1, v}, v1 |7, with v, : {Pgv, = v,,|lv,|| = 1}
and w, : {Iyv, = vy, |lv,|| = 1}, is a strictly feasible solu-
tion of (QP) (see Appendix A). Therefore, the optimal values of
both (SDP) and (DSDP) are equal to each others and the optimal
value of (DSDP) is attainable [36, p. 423]. However, it is not
clear that there is an interior point in the dual feasible region,
thus the attainability of the optimal value of problem (SDP)
cannot be concluded by dual theory of SDP. Nonetheless, we
can prove the following lemma which belongs to a Frank-Wolfe
type lemma for SDP (see [37] and references therein).

Lemma I: The optimal value of (SDP) is attainable.

The proof is given in Appendix B. However, before pro-
ceeding, it is helpful to recall the rank-one decomposition
theorem of [30], which has been extensively used for the Proof
of Lemma I, and which will be also exploited for constructing
a rank-one optimal solution of (SDP).

Rank-One Decomposition Theorem: Suppose that X is a
N x N complex Hermitian positive semide nite matrix of rank
R,and A, B are two N x N given Hermitian matrices. There
is a rank-one decomposition of X (synthetically denoted as
D(X,A,B)),ie, X = X%z, such that

Tl Az, = % and z/ Bz, = tr()]gB)
Vs=1,....R. (22)
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In the last part of this subsection, we derive the ML estimators
for the useful and interfering signature. To this end, denote by
X, 90, v1, 2 optimal solutions for (SDP) and (DSDP), and let
Z = 50Qy + 11Q, + 12Q, — Q. Then, by complementarity
conditions, it follows that

tr[(70Qo + 11Q1 + 12Q, — Q)X] =0 (23)
[tr(QyX)]go = 0 (24)
[tr(Q, X)]g1 = 0. (25)

Now, we show how to construct a rank-one optimal solution of
problem (SDP) from X. We have to consider the four possible
cases

1) 9o = 0and g1 = 0;

2) 0 < 0and 1 < O;

3) 9o < 0and ¢y, = 0;

4) yo = 0and g7 < 0.

Case 1: According to the aforementioned theorem, there ex-
ists a rank-one decomposition of X, i.e., X = .7 | z.z!, such
that

tr[(Qy — @) X] 1

zl(Qy — @)z, = 7 <-p (@)
and -
tr[(Q — @)X 1
2@ - Qur, = AT L o)
forall s = 1,..., R, where R is the rank of X [the constraints

in (20) have been exploited to get the last inequalities in (26) and
in (27)]. Moreover, since tr(Q,X) = Y% | z1Q,z, = 1 and
Q, > 0,thereisan so € {1,..., R}, without loss of generality
suppose so = 1, such that

1

0< zJ{QZzl < —.

7 (28)

Let

I

\ ZJ{szl

and observe that zz ' is a feasible solution of (SDP). Now, let us
check that zz' complies with the complementarity conditions
(23) (25). Clearly, (24) and (25) hold due to o = y1 = 0. As
to (23), since

T =

R
0> zJ{Zzl > zJ{le + leZzs =tr(ZX)=0

s=2

then tr(Zz,z!) = 0 and, as a consequence, tr(Zzz) = 0.
Therefore, zz' is a feasible solution of (SDP) and satis es the
complementary conditions (23) (25). Thus, it is an optimal so-
lution of (SDP).

Case 2: In this case, tr(Q,X) = tr(Q,X) = 0. Applying
the rank-one decomposition theorem, we get a decomposition
of X, namely X = "% z !, such that

ziQuz, =0,and z!Qz, =0,

Suppose, without loss of generality, that 0 < zJ{szl < (1/R),
andsetz = (z1/\/x|Q,x: ). Itiseasily veri edthatzz' ful Ils
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both feasibility and complementarity, and thus it is an optimal
solution of (SDP).

Case 3: In this case, tr(Q,X) = 0 and tr(Q,X) < 0. By
the rank-one decomposition theorem, it follows that there is a
rank-one decomposition of X, i.e.,, X = % | z 2!, such that

z[Quxs = 0 and z}(Q, — Q,)=,
_ @ -@)X] 1
R - R

Again, suppose that 0 < z!Q,z; < (1/R), and set

z = (z1/1\/zQ,x1). Then zz' complies with tr(Q,zz') =
0,tr(Q,zx") < 0, and tr(Q,zz') = 1. Moreover, it also
satis es the complementarity conditions (23) (25). Hence, Zz'
is an optimal solution of (SDP).

Case 4: In this case, tr(Q,X) < 0 and tr(Q,X) = 0. We
apply the rank-one decomposition theorem and get a decompo-
sition X = Y% | z.z! such that

zH(Qy — Q). = w

1 .
< R and z!@Q.zs =0 Vs =1 ,R.

PIIEIY

Now, suppose that 0 < =z!Q,z; < (1/R), and set

T = (z1/\/z!Q,z1). Working as in Case 3, it can be
shown that zz" is an optimal solution of (SDP).

Summarizing, in all the cases, we have proved that problem
(SDP) has a rank-one optimal solution. It follows that the SDP
relaxation is tight, namely, if v(-) is the optimal value of the
problem ( -), then v(QP) = v(HQP) = v(SDP). Moreover
an optimal solution of (16), i.e., the ML estimators of p and ¢
(denoted by p and g, respectively) can be obtained as follows.

Computation of the ML Steering Estimators

Denote by X (with rank R), %o, 91, ¥2 optimal solutions
for (SDP) and (DSDP).

if yo = 0 and g7 = 0 then evaluate D(X,Q, — @, Q; —
Q,);

if o < 0 and 7 < 0 then evaluate D(X, Q,, Q,);

if 4o < 0 and 77; = 0 then evaluate D(X, Q,, @, — @>);
if o = 0 and 1 < 0 then evaluate D(X, Q, — @5, @, );
Determine a vector of the decomposition z,,s €
{1,...,R}, such that 0 < z/Q,z, < 1/R. The fol-
lowing equalities provide the vectors: p and ¢

T]T _ T

\/ EIQ2$S

T

(79", q
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We explicitly point out that the equivalence between (16)
and an SDP problem can be also shown exploiting [38, The-
orem 2.2]. However our approach, in addition to the equiva-
lence, also shows the achievability of the optimal value of (SDP)
and provides a procedure for evaluating the ML estimators of
the steering vectors p and ¢, namely an optimal solution of
(16). These optimal solutions will be explicitly used in the de-
sign of the modi ed GLRT detectors, which we will discuss in
Section V.

Exploiting the aforementioned ndings, we can express
the R-1S-GLRT as shown in (29) at the bottom of the page.
The computational complexity connected with the implemen-
tation of the decision statistic is O(N3-5log(1/6) + KN?).
In fact, the amount of operations involved in solving (SDP)
is O(N351og(1/6)) [36, p. 250],6 while the construction of
the matrix S involves O(KN?). We nally notice that the
computation of the decision statistic does not explicitly require
the ML estimates of p and ¢ but only the optimal value of (16).

IV. RoBUST TWO-STEP GLRT (R-2S-GLRT)

This design technique [3] rst assumes that the covariance
matrix M is known and derives the GLRT with respect to p
and ¢q. Then, after the GLRT is derived, the sample covariance
matrix, based upon secondary data, is substituted, in place of the
true covariance matrix, into the test.

For the present problem, the primary data GLRT can be
written as

max(p,qyec,xc, f(z|p/ q, M7 Hl) Iil

G
maXgeC, f(z|q M: HO) I‘?o

(30)

where f(z|q, M, Hy) and f(z|p,q, M, Hy) denote the primary
data complex multivariate pdfs under the H, and the H; hy-
potheses, i.e.,

1 1 .

M. H)= —— 7tr[M (z—q)(z—q)'] 31

Mzle M. Ho) = x5 ioian© (31)
and

f(z|p, q; M7 Hl) = ! e_“[Mil(Z—P—’I)(Z—P—q)*].

N det(M) @)

Substituting (31) and (32) in (30), the R-2S-GLRT becomes

; — )M z-
félé}z(z q) (z—4q)

H,
- i —p—q'M Y (z—p-q) =G (33
g Cq(z P—9q) (z—p q);0 (33)

6An SDP problem can be ef ciently solved in polynomial time through in-

p=rp terior point methods, namely iterative algorithms which terminate once a pre-
q= thj. speci ed accuracy is reached [36].
L 1+ 278! tg—1 (g1 43T - sz 2 ¢ (29)
P e — +z z—z + z .
1+ v(SDP) 1+42 ;0
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where G is a suitable modi cation of the threshold in (30). Per-
forming the minimizations in (33), and plugging S/ K in place
of M, the R-2S-GLRT can be nally written as

- R -1
2f8 1z — 2fg! <S_1 + )\—q>
1+7

H,
xS 'z —w(SDP) = G (34)
Hyg

where the same symbol has been used to denote the modi ed
threshold. As in the previous case, the computational com-
plexity connected with the implementation of the decision
statistic is O(N35log(1/6) + KN?).

V. MODIFIED R-1S-GLRT (MR-1S-GLRT) AND MODIFIED
R-2S-GLRT (MR-2S-GLRT)

These receivers are designed according to the following cri-
teria. First the one-step GLRT and the two-step GLRT are de-
rived assuming that the directions of the useful signal and of the
total interfering vector are known. Then, after the GLRTs have
been derived, the ML estimates of the aforementioned direc-
tions, derived under the H; hypothesis, are substituted in place
of their exact values.

Assuming known signal and interference directions, the one-
step GLRT and the two-step GLRT are, respectively, given by
[28]

14+2f87 12— 2187 1q(¢'S q)'¢fS™ 2 H
+z71 z 271 q(qT 71q) q : 26 @)
14218 2 — S 'W(W'IS'W)-1 WS 'z g,
and

ZSTwwisTiw)Ttwisz

H
~2'87(d's g’ s 2 G
0

(36)

where W = [p, ¢]. Then, substituting an optimal solution of
(16), denoted by p and g, in place of p and ¢ in (35) and (36),
we get the MR-1S-GLRT and the MR-2S-GLRT, i.e., [see (37)
and (38), shown at the bottom of the page], where W = [D,q].

Again, the computational complexity connected with the im-
plementation of the decision statistics is O(N3°log(1/6) +
K N?). However, in this last case, the ML estimate is explicitly
required and, thus, it is necessary to implement the rank-one
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decomposition of [30] which exhibits a computational com-
plexity” O(N3).

VI.

This section is devoted to the performance analysis of the
proposed receivers, assuming that the nominal useful and inter-
fering subspaces are of dimension 1, i.e., p = 1 and ¢ = 1. This
simulation setup might be of practical interest in the following
situations:

Radar Doppler processing with a coded coherent pulse
train, where the deterministic interference is represented by
asignal close to the highest sidelobe peak of the code ambi-
guity function. The a priori interference temporal steering
vector corresponds to the range-Doppler position of the
highest sidelobe peak of the quoted function.
Knowledge-based radar STAP. The a priori information,
provided by a geographic information system (GIS),
highlights the presence, in the range cell under test, of a
strong clutter discrete with a given temporal and spatial
frequency. The corresponding space time steering vector
represents the nominal interference signature.

OTH radar detection. In this case, the deterministic in-
terference component might be represented by the iono-
spheric contribution, whose angle of arrival might be pre-
dicted (with some uncertainty) through knowledge-based
models. In this case, the resulting steering is the nominal
interference direction.

Signal processing in the presence of jammers (all the
contributions from the jammers sum into an interference
vector) where the resulting direction is partially known
(of course with a certain degree of uncertainty) thanks to
electronic support measurement (ESM) systems. In this
context, the quoted vector represents the nominal direction
of the interference.

However, it is worth pointing out that this is just a simulation
assumption and more general cases might be considered.

The analysis is conducted in comparison with Kelly s re-
ceiver, the ANMF (ACE), and the GLRT-based detectors in
[28], which assume both the target and the interference per-
fectly aligned with their nominal steering directions, i.e., [see
(39) and (40), shown at the bottom of the next page], where
Wy = [u,,u,]. Moreover, since the subspace approach of

PERFORMANCE ANALYSIS

“The computation of the rank-one decomposition involves both a Cholesky
factorization of an optimal solution of (SDP) and suitable rotations. Neverthe-
less, the required amount of operations is dominated by that necessary for the
Cholesky decomposition.

14+2'87 12— 218 '4(¢'S7 ) 14'S ™2

Hy
MR — 1S — GLRT

1428712 — zTS_IW(WTS_lﬁ’)—lWTS_lz Ho

and

R R “ . H
AW W ST IW) W s, — 25 4TS ) et s s 2 G,

=G, @37)

MR — 28 — GLRT (38)

Hy
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[28] may be also a way to deal with mismatches (considering
signal and interference subspaces of size greater than the
nominal), we also compare the new detectors with the GLRTSs
of [28] exploiting two-dimensional signal and interference
subspaces, constructed using the nominal direction together
with a slightly mismatched version (indicated by w, ,, and
uq,m). This last two receivers, which will be referred to as
two-dimensional 1S-GLRT (2D-1S-GLRT) and two-dimen-
sional 2S-GLRT (2D-2S-GLRT), can be expressed as (41) and
(42), shown at the bottom of the page, where J1 = [ug, g m]
and W1 = [up, up m, Ug, Ug,m].

Finally, we consider the performance of the Unknown
p-GLRT (U-GLRT) receiver (derived in Appendix C), which
models p as a completely unknown N-dimensional complex
vector and assumes ¢ perfectly aligned with its nominal di-
rection, i.e., [see (43), shown at the bottom of the page].This
last comparison permits to quantify the limiting loss due to a
complete lack of knowledge about p.

It is interesting to interpret receivers (39), (40), (41), (42),
and (43) in the context of subspace detection [16], because the
decision statistics are based on the projection of the received
vector in both the interference and the signal plus interference
subspaces. As to the computational complexity connected with
their implementation, it involves O(K N?). Indeed, the afore-
mentioned decision statistics share a closed form expression and
do not require the solution of an SDP problem like the new ro-
bust detectors.

Notice that, none of the devised and analyzed receivers ensure
the CFAR property with respect to the disturbance covariance
matrix when mismatches, both in p and ¢, are present. Otherwise
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Fig. 1. Parts of the conic regions

» (darker cone) and
the case of rank-one signal and interference nominal subspaces. The dotted line

o (lighter cone) for

is the bisector of the angle , where I ¢ .Theangles , and
parede nedby ; ; .

i, With and ; R

stated, when p and ¢ do not belong to their nominal subspaces,
to our knowledge, there is not a receiver (in open literature) ex-
hibiting a CFAR behavior. Nevertheless, we remark that, if a
perfect matching arises (namely p and ¢ contained in the nom-
inal subspaces) then receivers (39), (40), (41), (42), and (43) are
CFAR (with respect to M, whereas the new receivers are not).
The procedure for the construction of the two conic regions,
complying with (7), around the nominal useful and interfering
directions is now given (see also Fig. 1). Denoting by

0= arccos(|u;r)uq b

1+ 27871z — zTSfluq(uz.S'fluq)’lu;Sflz H,

=@,  1S—GLRT 39
1 -I—ZTS_IZ—ZTS_IWO(W;ES_IWO)_IWSS_IZIjo / (39)
and
. , H
ASTW (WS W) WS 2 — 21 Sy (uf ST uy) w22 G, 28 — GLRT (40)
Hy
1+2t8 2 —2t8 Ly (Jis g tris 'z H
rEo E2mES 1(; 1) 1> 2_>G, 2D-1S- GLRT (41)
14287 2—2IST W (W]ST'W,)-'WS™ 2z H,
and
H
8T IW (WisTIw,) ' wisTlz - z*S—lJl(JIS—lJl)—lJis—lz51 G, 2D —2S — GLRT (42)
0
1 1 fa—1 1
lu—gLrr = 2'87 'z — 218wy (ul S~ uy) TulS T2 Z G, U — GLRT. (43)

Hy
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(| - | the modulus of a complex number) condition (7) holds if

vp = tan(f,) and v, = tan(6,), where the angles ¢, and 6,
are such that
6
6, =— h 2
p hp P >
6
0, = —, h 2
q hq ’ q >

(a suf cient condition could also be 1/h,, + 1/h, < 1), while
the parameters h,, and hg, respectively, rule the aperture of the
useful and interfering conic regions. Indeed, the higher &, and
hg the smaller the quoted apertures.

Since closed form expressions for the false alarm Probability
(Py,) and the detection Probability (P;) are not available, we
extensively resort to Monte Carlo techniques and, in order to
limit the simulation time, we assume Py, = 1072, We also set
N = 8, consider Gaussian disturbance whose covariance matrix
is exponentially shaped with one-lag correlation coef cient p =
0.9, i.e.,

Ml,t = Pll_ﬂ;

(I,t) € {1,...,N}?

and exploit the convex optimization MATLAB toolbox SeDuMi
[39] for solving the SDP problems. Finally

ty = = lLexp(id )...expli(V = 1ey)"

uy = = [Lexplidy).....expi(N = 1))
= L exp(idy). . x0(N = )]
g = L explidgn). expl(N = 1) )

j isthe imaginary unit, ¢, = 0 deg, ¢, = 60 deg, ¢p m =
deg, ¢q.m = ¢4 + 3 deg, the angle between p and u,, is denoted
by 67 = arccos(|ufp|/|lpll), whereas 6; = arccos(|uq|/||qll)
represents the angle between g and u,.

In Fig. 2(a), the detection performance of the considered re-
ceivers is plotted versus the signal-to-noise ratio (SNR), i.e.,

¢p+3

SNR = E[p'M~'p]

for K = 16,h, = hy = 10 (namely ¢, = 6, = 7.75
deg), O = 6, 0; uniformly distributed in [0, 6,,], and interfer-
ence-to-noise ratio (INR), de nedasINR = E[g"M '], equal
to 20 dB. The curves show that the new robust receivers ensure
almost the same performance and outperform their counterparts.
Moreover, the higher P; the higher the performance gain. As to
the U-GLRT, it exhibits, for P; = 0.9 a performance loss, kept
within 3.5 dB, with respect to the robust receivers. However, it
achieves a better performance level than the GLRTSs (39), (40),
(41), and (42) for medium-high values of P;. Itis nally evident
that, in the considered mismatch environment, Kelly s receiver
and the ANMF do not ensure satisfactory performance levels.
A similar performance behavior is shown by the plots in
Fig. 2(b), which assumes the same simulation parameters of
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Signal, Randomly K=16.

25

SNR [dB]

(b)

P4 vs. SNR: Mismatched Signal, Randomly Mismatched Interference, K=32.

B85 B-8=08—6—
7 kR _ =B
% ‘ 72

15 20 25

SNR [dB]

Fig. 2. (a) —2 dB,

» » 1 uniformly distributed in

. R- 1S GLRT (dot-marked curve) R-2S-GLRT (o-marked curve),
MR-1S-GLRT (asterisk-marked curve), MR-2S-GLRT (plus-marked curve),
1S-GLRT (dashed curve), 2S-GLRT (dash-dotted curve), 2D-1S-GLRT
(o-marked dashed curve), 2D-2S-GLRT (o-marked dash-dotted curve),
U-GLRT (star-marked points), Kelly (triangle-marked curve) ANMF
(square-marked curve). (b) 4 versus SNR for ¢,
dB, » 1 uniformly distributed
in . R- 1S GLRT (dot-marked curve) R-2S-GLRT (o-marked curve),
MR-1S- GLRT (asterisk-marked curve), MR-2S-GLRT (plus-marked curve),
1S-GLRT (dashed curve), 2S-GLRT (dash-dotted curve), 2D-1S-GLRT
(o-marked dashed curve), 2D-2S-GLRT (o-marked dash-dotted curve),
U-GLRT (star-marked points), Kelly (triangle-marked curve), ANMF
(square-marked curve).

4 versus SNR for ;.

Fig. 2(a), but for the value of K which is set to 32. It can be ob-
served that increasing K there is a reduction in the performance
gain of the robust receivers over the 1S-GLRT, 2S-GLRT,
2D-1S-GLRT, and 2D-2S-GLRT, even if the aforementioned
gain is still noticeable.

The case of perfect matched useful signal and interference is
studied in Fig. 3(a) and (b). They refer to #; = 6; = 0 deg,
hp = hy = 10, and INR = 20 dB. Moreover, Fig. 3(a) assumes
K = 16, while Fig. 3(b) considers K = 32. From Fig. 3(a),
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(@

Pa vs. SNR: Matched Signal, Matched Interference, K=16.

20 25
SNR [dB]
(b)
P‘1 vs. SNR: Matched Signal, Matched Interference, K=32
a® ]
1
20 25
SNR [dB]
Fig.3. (a) . versus SNR for , -2 dB,
T . R-1S-GLRT (dot-marked curve)

R 2S-GLRT (o-marked curve) MR-1S- GLRT (asterisk-marked curve), MR-2S-
GLRT (plus-marked curve), 1S-GLRT (dashed curve), 2S-GLRT (dash-dotted
curve), 2D-1S-GLRT (o-marked dashed curve), 2D-2S-GLRT (o-marked dash-
dotted curve), U-GLRT (star-marked points), Kelly (triangle- marked curve),
ANMF (square-marked curve). (b) 4 versus SNR for ¢,

dB, I . R-1S-GLRT
(dot-marked curve) R- ZS GLRT (o-marked curve) MR-1S- GLRT (asterisk-
marked curve), MR-2S-GLRT (plus-marked curve), 1S-GLRT (dashed curve),
2S-GLRT (dash-dotted curve), 2D-1S-GLRT (o-marked dashed curve), 2D-2S-
GLRT (0-marked dash-dotted curve), U-GLRT (star-marked points), Kelly (tri-
angle-marked curve), ANMF (square-marked curve).

it is interesting to observe that the robust receivers still outper-
form detectors (39), (40), (41), and (42) even if there is a perfect
matching condition. This is actually not a great surprise because
asimilar performance behavior was also noticed in [26] with ref-
erence to the case of useful signal mismatch only. Nevertheless,
Fig. 3(b) shows that, when the number of training data increases
from 16 to 32, the aforementioned performance gain vanishes
and the performance of the robust receivers end up coincident
with that of (39) and (40). The U-GLRT performs worse than
the other receivers; this was expected since it models the useful
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@
Pa vs. SNR: Mismatched signal, Randomly Mismatched Interference, INR = 10 dB.
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Fig. 4. (a) 4 versus SNR for ;. -2 dB,

» » 1 uniformly distributed in
¢ R- 15 GLRT (dot-marked curve) R-2S-GLRT (o-marked curve),
MR-1S-GLRT (asterisk-marked curve), MR-2S-GLRT (plus-marked curve),
1S-GLRT (dashed curve), 2S-GLRT (dash-dotted curve), 2D-1S-GLRT
(o-marked dashed curve), 2D-2S-GLRT (o-marked dash-dotted curve),
U-GLRT (star-marked points), Kelly (triangle-marked curve), ANMF

(square-marked curve). (b) 4 versus SNR for , —2,INR dB,
p I unlformly distributed
in R 1S- GLRT (dot-marked curve) R-2S-GLRT (o-marked curve),

MR-1S- GLRT (asterisk-marked curve), MR-2S-GLRT (plus-marked curve),
1S-GLRT (dashed curve), 2S-GLRT (dash-dotted curve), 2D-1S-GLRT
(o-marked dashed curve), 2D-2S-GLRT (o-marked dash-dotted curve),
U-GLRT (star-marked points), Kelly (triangle-marked curve), ANMF
(square-marked curve).

signal as a completely unknown vector. Finally, Kelly s receiver
and the ANMF are not very effective in the simulated scenario.
The effect of INR on the performance of the receivers is an-
alyzed in Fig. 4(a) and (b), which refer to h, = hy = 10, K =
32, 6r = 6,, and 6; uniformly distributed in [0, 6,]. The former
assumes INR = 10 dB whereas the latter INR = 30 dB. The
gures highlight that, when a mismatch is present, increasing
INR leads to higher and higher performance losses of the re-
ceivers (39), (40), (41), (42), and (43) with respect to the robust
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