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Abstract—In this paper, we consider robust transmit strategies,
against the imperfectness of the channel state information at the
transmitter (CSIT), for multi-input multi-output (MIMO) communication systems. Following a worst-case deterministic model,
the actual channel is assumed to be inside an ellipsoid centered at
a nominal channel. The objective is to maximize the worst-case
received signal-to-noise ratio (SNR), or to minimize the worst-case
Chernoff bound of the error probability, thus leading to a maximin problem. Moreover, we also consider the QoS problem, as a
complement of the maximin design, which minimizes the transmit
power consumption and meanwhile keeps the received SNR above
a given threshold for any channel realization in the ellipsoid. It
is shown that, for a general class of power constraints, both the
maximin and QoS problems can be equivalently transformed
into convex problems, or even further into semidefinite programs
(SDPs), thus efficiently solvable by the numerical methods. The
most interesting result is that the optimal transmit directions,
i.e., the eigenvectors of the transmit covariance, are just the
right singular vectors of the nominal channel under some mild
conditions. This result leads to a channel-diagonalizing structure,
as in the cases of perfect CSIT and statistical CSIT with mean or
covariance feedback, and reduces the complicated matrix-valued
problem to a scalar power allocation problem. Then we provide
the closed-form solution to the resulting power allocation problem.
Index Terms—Convex optimization, imperfect CSIT, maximin,
MIMO, SDP, worst-case robust designs.

I. INTRODUCTION

M

ULTI-INPUT multi-output (MIMO) channels, usually
arising from the use of multiple transmit and receive
antennas, have been well recognized as an effective and practical way to improve the capacity and reliability of wireless
communications [1]–[3]. However, the performance of MIMO
systems depends, to a substantial extent, on the quality of the
channel state information (CSI) available at the transmitter and
receiver. In case of no CSI at the transmitter (CSIT), space-time
coding techniques [4]–[8] can be used to harvest the diversity
gain. When the transmitter knows the channel perfectly, on the
other hand, the full benefit of CSI is exploited by precoding
techniques. Instead of these two extreme assumptions on CSIT,
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which space-time coding and precoding are based on, respectively, a practical communication system typically has to confront an intermediate case, i.e., CSIT is available but imperfect.
In this paper, we address the problem of finding robust transmit
strategies for MIMO systems by taking into account imperfect
CSIT.
With the assumption that perfect CSI is available at both ends
of a MIMO link, the joint design of linear precoders and equalizers, under a variety of criteria, has been well studied [9]–[15]
. As a very important property, it is observed that the optimal
linear transceiver often leads to the eigenmode transmission, according to which the channel matrix is diagonalized by the transceiver and the transmission is effectively carried out through a
set of parallel subchannels or eigenmodes. In this case, the optimal transmit directions, i.e., the eigenvectors of the transmit
covariance matrix, equal to the right singular vectors of the
channel matrix. The available transmit power is then allocated
over these eigenmodes in a water-filling fashion [1], [3], [10],
[12]–[15] . In particular, [13]–[15] showed that, when the objective function belongs to the class of Schur-concave functions,
the eigenmode transmission is always optimal, whereas when
the objective function is Schur-convex, the eigenmode transmission is still optimal provided a specific rotation is conducted
first on the transmitted symbols. Therefore, in the most general
case, the channel matrix is always diagonalized, with or without
a rotation of the transmitted symbols. This channel-diagonalizing property is of paramount importance as it simplifies a complicated matrix-valued optimization problem to a simple scalar
power allocation problem.
CSI is usually estimated at the receiver by using a training
sequence, or blind/semi-blind estimation methods. Obtaining
CSIT requires either a feedback channel from the receiver to the
transmitter, or exploiting the channel reciprocity (e.g., in time
division duplexing (TDD) systems). While it is a reasonable approximation to assume perfect CSI at the receiver (CSI), usually
CSIT cannot be assumed perfect, due to many factors such as
inaccurate channel estimation, quantization of CSIR, erroneous
or outdated feedback, and time delays or frequency offsets between the reciprocal channels. Therefore, the imperfectness of
CSIT has to be taken into consideration in any practical communication system. There are two classes of models frequently
used to characterize imperfect CSI: the stochastic and the deterministic (or worst-case) models. In the stochastic model, the
channel is usually modeled as a complex random matrix with
normally distributed elements, and the transmitter knows the
mean and/or the covariance, i.e., the slowly-varying channel statistics that can be well estimated. The system design is then
based on optimizing the average or outage performance. On the
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other hand, the deterministic model assumes that the instantaneous channel, though not exactly known, lies in a known set
of possible values. The size of the set represents the amount of
uncertainty on the channel, i.e., the bigger the set is, the more
uncertainty there is. In this case, the robust design aims at optimizing the worst-case performance, which leads to a maximin or
minimax formulation, and achieves a guaranteed performance
level for any channel realization in the set.
The stochastic model was first introduced into multi-antenna
communications for maximizing the ergodic capacity of a
multiple-input single-output (MISO) channel with mean or
covariance feedback [16], [17], which was later generalized to
the MIMO case [18], [19]. Other efforts focused on combining
linear precoding with a space-time block code (STBC) by
minimizing an upper bound of the pairwise error probability
(PEP) or the symbol error rate (SER), with the help of the
channel mean [20], [21], or the channel covariance [22], [23],
or both [24], [25]. Recently, a linear transceiver design based on
a general cost function using the channel mean and covariance
was proposed in [26]. Statistical CSIT was also considered
for transmitter optimization in a MIMO multi-access channel
(MAC) [27], [28]. Interestingly, it turns out that, in most situations [16]–[24], [27], [28] , the eigenmode transmission is
still optimal, in the sense that the optimal transmit directions
correspond to either the singular vectors of the channel mean
in the mean feedback case, or the eigenvectors of the channel
covariance matrix in the covariance feedback case. In other
words, the channel-diagonalizing property still holds for some
particular kinds of statistical CSIT.
The worst-case design based on the deterministic model has
a long history in signal processing community [29], [30]. This
philosophy has been successfully applied to designing robust
beamformers against mismatches in the array response and the
covariance matrix [31]–[33], and robustly estimating parameters from a linear model subject to the model uncertainty [34],
[35]. As for MIMO channels, both [34] and [36] considered imperfect CSIR and derived the linear equalizers that minimize the
worst-case mean square error (MSE), while [37] proposed a robust linear receiver for a MIMO MAC system equipped with an
orthogonal STBC (OSTBC) using an approach similar to that in
[32]. Regarding robust precoding, [38] proved the optimality of
the uniform power allocation for the compound capacity [39]
of both a point-to-point MIMO channel and a MIMO MAC,
provided the channel belongs to an isotropically unconstrained
set. In [40] the authors considered optimizing the compound capacity too, but of a rank-one Ricean MIMO channel. A more
practical model, which assumes that the actual channel lies in
the neighborhood of a nominal value, was adopted for robust
precoder designs in a point-to-point MIMO channel [41]–[43]
and a MISO broadcasting channel (BC) [44], [45]. However,
[41] omitted the transmit power constraint, an indispensable
requirement in practice, to make the problem solvable. Meanwhile, in [42] and [43], the authors simplified their problems by
setting the transmit directions equal to the right singular vectors of the nominal channel, but without knowing whether they
are optimal or not. So far, it is not clear whether the eigenmode
transmission is optimal for the worst-case precoder design. This
is precisely one goal of this paper.
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In this paper, we consider robust transmit strategies for
MIMO communication systems, based on the worst-case optimization, using the deterministic model of imperfect CSIT
that is similar to (but more general than) that used in [40],
[41], [43], [45]. To be more specific, while assuming perfect
CSIR, for the transmitter, we assume that the actual channel lies
within an ellipsoid centered at a nominal channel. The design
objective, in terms of robustness, is to maximize the worst-case
received signal-to-noise ratio (SNR) [42], [43], or to minimize
the worst-case Chernoff bound of the PEP [21], [23]–[25] if a
STBC is used, thus leading to a maximin problem. Moreover,
we also consider the so-called QoS problem formulation, as
a complement of the maximin design, whose objective is to
minimize the power consumption at the transmitter and meanwhile keep the received SNR above a given threshold for any
channel realization in the ellipsoid. Our first main result is that,
for a general class of power constraints, both the maximin and
QoS problems can be equivalently transformed into convex
optimization problems [46] that can be efficiently solved in
polynomial time using, e.g., an interior-point method [47].
For some power constraints, the problems simplify further to
semidefinite programs (SDPs) [48], [49], a very tractable form
of convex optimization.
The imperfect CSIT model considered in this paper can be regarded as the deterministic analogue of the stochastic model of
mean feedback, with the nominal channel (the center of the ellipsoid) acting as the counterpart of the channel mean. In light of
the optimality of the eigenmode transmission (over the channel
mean) in the mean feedback case [20], [24], [27], [28], one may
wonder whether it is optimal in the deterministic model as well.
As the second main contribution of this paper, we answer affirmatively this question by proving that, for the worst-case design,
the optimal transmit directions are the right singular vectors of
the nominal channel under some mild conditions. As a special
case of our framework, it follows that the transmit directions imposed in [42] (for the spherical uncertainty region) and [43] are
actually optimal. Consequently, the complicated matrix-valued
problems can be simplified to a scalar power allocation problem
without any loss of optimality. Our third main result consists of
providing the closed-form solution to the resulting power allocation problem.
The paper is organized as follows. The signal model and the
problem formulation are introduced in Section II, where we also
discuss the choice of the performance measure, the deterministic
model of imperfect CSIT and the power constraints. Section III
provides the convex reformulation of the maximin problem with
a general power constraint. In Section IV, we prove the optimality of the eigenmode transmission, under some conditions,
for the maximin problem. Then the closed-form solution to the
resulting power allocation problem is derived in Section V. Section VI addresses the QoS problem, and the numerical results are
provided in Section VII. Finally, we conclude with Section VIII.
The following notations are used. Boldface upper-case letters
denote matrices, boldface lower-case letters denote column vectors, and standard lower-case letters denote scalars.
and
denote the set of
matrices with real- and comdenotes the ensemble of
plex-valued entries, respectively.
positive semidefinite matrices.
represents the
all
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element of matrix . By
or
, we mean
is a Hermitian positive semidefinite or definite matrix,
that
respectively. The operators
,
,
and denote the
Hermitian, inverse, trace, and determinant operations, respectively. The maximum eigenvalue of a Hermitian matrix is rep.
denotes a general norm of a matrix as
resented by
well as the Euclidean norm of a vector. The Frobenius norm and
and
, respecspectral norm of a matrix are denoted by
tively. represents the Kronecker product operator and
denotes the real part of a complex value.

where models the constraints at the transmitter, e.g., power
constraints. Such a maximin problem can be interpreted a
two-player zero-sum strategic game [38], [50] in which the two
players, the transmitter and the channel, are competing against
each other. The Nash equilibrium [38], [50] of this game is
that satisfies
given by the saddle point
(3)
and also serves as the solution to the maximin problem. Nevertheless, existence of a Nash equilibrium depends on the proper, and .
ties of

II. PROBLEM STATEMENT
B. Performance Measure
A. Signal Model

In this paper, we adopt the following performance measure:

We consider a point-to-point communication system
equipped with
transmit and
receive antennas. Mathbeing the channel matrix, the
ematically, with
system can be represented by a linear model as
(1)
is the transmitted signal vector,
is the
where
is a circularly symmetric
received signal vector, and
complex Gaussian noise vector with zero mean and covariance
, i.e.,
.
matrix
be the covariance matrix of the transLet
mitted signal vector, and denote the eigenvalue decomposition
, where
is a unitary matrix
(EVD) of by
is a diagonal matrix with the diagonal elements
,
and
without loss of generality (w.l.o.g.), sorted in decreasing order,
. Once
is known, a precoding matrix
i.e.,
can be obtained by decomposing as
.
, where
contains the
One possible choice is
transmit directions, i.e., the eigenvectors of , and has the
eigenmode. Note that
meaning of the power allocated to the
other decompositions, such as the Cholesky factorization, are
also possible. The transmitted signal vector is then obtained
, where
is a vector
through the linear mapping
of symbols that are zero-mean, unit-power, and uncorrelated,
.
i.e.,
The optimal transmit covariance
or precoder , under
various criteria, has already been found in [9]–[14] when the
channel is perfectly known at the transmitter. However, due
to many practical issues such as channel estimation errors, feedback errors, quantization and delays, CSIT is usually imperfect
and subject to some uncertainty. To model the uncertainty of
belongs to a known set
of
the channel, we assume that
possible states but otherwise unknown, which is usually called
the compound channel [39]. In this model, the performance
, is a function of both the
measure, denoted by
transmit covariance matrix and the channel. In this paper, we
are interested in the robust design that provides the optimal
for the worst channel, hence leading to the following maximin
problem:
(2)

(4)
which corresponds to the following physical interpretations:
1) Received SNR: From the model (1), it is easy to see that
the SNR at the receiver is
(5)

.
which, up to a scaling factor, is equal to
2) Chernoff Bound of PEP: When a STBC is used at the
transmitter, the system can be represented by
(6)
where

is a block codeword of the STBC,
contains as its columns the received signal vectors of
time slots, and
is the complex white Gaussian
per time and spatial dimension. It is asnoise with power
sumed that the channel remains unchanged during the transmission of a codeword. With a maximum-likelihood (ML) detector
, i.e., the probability
at the receiver, the PEP
is incorrectly decoded as anthat a transmitted codeword
, is given by [5], [25]
other codeword

(7)
where

denotes the standard
function [51],
is the codeword distance product
. Consequently,
matrix and
minimizing the Chernoff bound of the PEP is equivalent to
.
maximizing
depends on the specific codeword pair
Note that
through
. In order to take into account all codewords of the codebook, we can properly choose a to replace
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the individual
as in [25], so that a common
is maxiis a scaled
mized. For an orthogonal STBC (OSTBC), each
version of the identity matrix, and thus can be expressed as
with a scalar
. Then can be
or
, where
and
are the minimum and average, respectively, of all
,
. Therefore,
coincides with
. When
a non-orthogonal STBC is used, e.g., a quasi-orthogonal STBC
is not necessarily proportional to the identity
(QSTBC) [8],
matrix. In this case, some relaxation method, as was proposed
by a scaled identity
in [25], can be used to approximate
matrix, and hence can be similarly obtained like an OSTBC.
3) Approximation of Mutual Information at Low SNR: If a
Gaussian code is used at the transmitter, the mutual information
[1],
of the MIMO channel in (1) is
which can be expanded as [52]

(8)
Therefore, the mutual information can be approximated by a
scaled version of
at low SNR, and in this case the
maximin formulation for
will provide the solution to
the compound capacity [39] of the MIMO channel.
4) Approximation of MSE at Low SNR: With perfect CSIR,
the optimal linear decoder (or equalizer), under the minimum
mean square error (MMSE) criterion, is just the Wiener filter.
The resulting MSE is [13]–[15]
(9)
which, by using
can be expanded as

,
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where is a known positive definite matrix. The usefulness of
(12) to model different kinds of channel uncertainty has been
justified in [33], [42]. Note that includes the deterministic
model adopted in [41], [42] (for the spherical uncertainty re.
gion) and [43] as a special case of
D. Power Constraint
Regarding the power constraints at the transmitter, we will
start by considering a very general constraint
, where
is a nonempty compact convex set. In other words,
must be positive semidefinite and within a nonempty compact
convex set. This constraint includes all commonly used power
constraints as special cases, which will be considered later. Here
we list some of them.
1) Sum power constraint:

2) Maximum power constraint:

3) Per-antenna power constraint:

It is easily seen that
can be any intersection among the
above constraint sets. We will first consider the solution to a general set , but some constraints, such as the sum and maximum
power constraints, may lead to a simple closed-form solution.
III. CONVEX REFORMULATION OF THE MAXIMIN PROBLEM

(10)

Using the performance measure of (4) and the definition of
the channel error in (11), the maximin problem (2) can be expressed as

Ignoring the constant term, at low SNR, minimizing the MSE
corresponds to maximizing
.

(13)

C. Uncertainty Region
To model imperfect CSI deterministically, we assume that the
actual channel lies in the neighborhood of a nominal channel
that is known to the transmitter. In particular, we consider that
belongs to the uncertainty region
,
which is an ellipsoid centered at with the radius (also known
to the transmitter). Furthermore, by defining the channel error
(11)
can be equally described by
.
In this paper, we consider defined by the weighted Frobenius
norm
, i.e.,
(12)

In this section, we consider the general power constraint
where
is a nonempty compact convex set. Since the
for
objective function in (13) is concave (in fact linear) in
fixed , and convex (and quadratic) in for fixed , and the
and are decoupled,
two nonempty compact convex sets
there always exists a saddle point [53], which is a solution to
the maximin problem (13). Now that we know the existence
of a solution, the question is how to characterize and compute
it, which is the most difficult part. We will show that this can
be achieved by reformulating (13) as a convex problem, which
can be globally solved by efficient polynomial-time numerical
algorithms, e.g., an interior-point method [47]. Moreover, when
some specific power constraints are considered, the resulting
convex problem simplifies to an SDP [48], [49].
be a nonempty compact set,
Proposition 1: Let
and be defined as in (12). Then, the maximin problem (13) is
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equivalent to the following problem:

Based on (19), we will investigate the following two cases:
and
.
,
is invertible. Using Lemma 2, (19)
For
amounts to
(14)

Proof: The proof is based on S-procedure, a powerful tool
for robust quadratic problems.
,
, be deLemma 1 (S-Procedure [54]): Let
fined as

(20)
which can be simplified to

(21)
where
implication
such that
exists

,

and
. Then, the
holds if and only if there

Therefore, (15) is equivalent to the following problem:

(22)
Rewrite (22) as a minimization problem
provided there exists a point with
.
Lemma 2 (Schur’s Complement [55]): Let
(23)
which is equivalent to
be a Hermitian matrix. Then,
if and only if
(assuming
), or
(assuming
).1
We first transform the maximin problem (13) into

(24)
Using Lemma 2 again, (24) can be equivalently transformed into

(25)

(15)
Let

and

. It can be easily verified that

For

, it follows from (19) that

(16)
(26)
(17)
Hence the robust constraint in (15) can be expressed as

(18)
According to Lemma 1, (18) holds if and only if there exists
such that

which means the maximum value of the problem (15) is zero
(observe that
can always be achieved in (15) regardless
). We can conveniently include this case into (25) by
of
extending
to
. To prove the equivalence between
the extended problem and the original problem, we only need to
. Clearly,
show that the optimal value of (25) is zero when
, a zero objective value can be achieved by setting
when
, which satisfies the constraint of (25). The remaining
is optimal for (25) with
.
question is whether
is not optimal, there must be some and
Supposing that
resulting in a negative objective value, which in turn implies
that there exists some vector such that
. On
the other hand, however, the constraint in (25) says that

(19)

C A

1Note that if
(or ) is non-positive definite, there is a more general version
of the Schur’s complement involving the pseudoinverse [55].

(27)
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which is in contradiction with
. Therefore,
is optimal for (25) when
and the extended problem
is equivalent to the original problem.
(25) with
Remark 1: From Propositions 1, if
is a nonempty compact convex set, then (14) is a convex problem that can be efficiently solved. As a tractable form of convex optimization,
an SDP consists of an affine objective function and constraints
defined by linear matrix inequalities (LMIs) [48], [49], [54] .
Thus, it is straightforward to see that (14) becomes an SDP if
or
. When
, one can easily transis
form (14) into an SDP, since the constraint
equivalent to
. Similarly, when
, the concan be replaced by
,
straint
. In fact, for any combination of
,
,
, and
(any intersection among them), the problem (14) becomes
an SDP.
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be a nonempty compact set defined
Theorem 1: Let
by constraining only through its eigenvalues, and be defined
. Then,
is optimal for
as in (12) with
the maximin problem (13).
, (13) has a zero
Proof: From Proposition 2, when
is optimal, so in particular
objective value and any
is optimal as well. When
, the maximin problem (13)
with
is equivalent to
(29)
Lemma 3 ([56, 9.H.1.g, 9.H.1.h]): Let and be two
positive semidefinite matrices, with eigenvalues
and
, respectively. Then,

IV. OPTIMAL TRANSMIT DIRECTIONS
Although the jointly optimal transmit directions and power
allocation can be achieved by decomposing the optimal transmit
covariance matrix, which can be found through the method
in the previous section, one may wonder whether they can be
obtained independently. Even further, one may ask whether
there exist optimal channel-diagonalizing transmit directions,
just like the perfect CSIT case or some statistical CSIT cases,
that can reduce the complicated matrix-valued optimization to
a simple power allocation problem. As an important result, in
this section, we prove that the optimal transmit directions are
just the right singular vectors of the nominal channel matrix,
provided some conditions are satisfied.
Before stating our results, it is worth pointing out that the optimum value of the maximin problem (13) is zero if and only if
, which can only happen if
, i.e., when the
channel error is very large. In such a case, there is no guarantee
of performance. Hence, to avoid the trivial solution, we assume
, which is reasonable since large channel erthat
rors usually leads to unacceptable degradation in performance.
Then, we start by giving the following proposition.
be a nonempty compact set,
Proposition 2: Let
and be defined as in (12). Then, the maximin problem (13) is
equivalent to

According to Lemma 3, it follows that

(30)
. Since the power
where the equality holds when
, we can always
constraint (i.e., the set ) does not depend on
to maximize the objective without affecting
choose
the constraints.
Theorem 2: Let
where each
is a Schur-convex function, and be defined
and
. Then,
is opas in (12) with
timal for the maximin problem (13).
Proof: The proof is based on showing that the objective is
and at the same time the power
increased by using
, any
is
constraint is sill satisfied. Similarly, for
. For
, using Proposition 2 and
optimal, so is
, the maximin problem (13) is equivalent to

(31)

(28)
.
where the objective is defined as 0 for
Proof: Note that there are two methods to prove this result,
one of which is to exploit the equivalent formulation (22) in the
proof of Proposition 1. The other method, which can offer more
insights, is provided in Appendix A.
Let the EVD of be
with the eigenvalues
, the EVD of
be
with the eigenvalues
, and the EVD of be
with the eigenvalues
. Denote by
and
the vectors consisting of the diagonal elements
and the eigenvalues of a square matrix , respectively. Now, we
are ready to state the main results.

. Since the power constraint depends
Introduce
only on the eigenvalues of , the constraint
equals to
. Thus, we can consider instead
(32)
Lemma 4 ([34], [35], [57]): Let
onal matrix with the diagonal elements being
different such matrices indexed from
be an arbitrary matrix, and
Let
for
onal matrix such that

be a diag. There are
to .
is a diag. Then,
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Define

. It follows that

(33)
where we use the properties that
is a diagonal matrix,
and
. This means that the function
is invariant
under the transformation
. In addition, it can be
is given by
verified that the Hessian matrix of
(34)
where
. Thus,
Using all above facts, we have

is a concave function.

(35)
where

is a diagonal matrix such that
. The upper bound is achieved when

with the cases of perfect CSIT and statistical CSIT with mean
or covariance feedback.
Remark 3: Note that the problems considered in [42] (for the
spherical uncertainty region) and [43] are a special case of our
and
. However, they assumed
framework with
without knowing whether this is optimal or not, even
if [43] offered some sufficient conditions. In this paper, we prove
that the assumption made in [42], [43] is actually optimal in
more general cases. Consequently, by using Theorem 1 or 2,
the complicated matrix-valued maximin problem (13) can be
simplified to a scalar power allocation problem without any loss
of optimality.
V. OPTIMAL POWER ALLOCATION
In this section, we will solve the power allocation problem
when the (nominal) channel is diagonalized as a result of Theorems 1 and 2. To be more specific, we first show that, with a general power constraint, the simplified power allocation problem
is a convex problem, and thus can be efficiently solved. Then,
we consider the sum power constraint and the maximum power
constraint, and derive the closed-form solutions to the resulting
power allocation problems, respectively.
and is a nonempty compact convex set
When
satisfying the condition in Theorem 2, from (31), the maximin
problem (13) can be simplified to
(37)

for
is a diagonal

matrix.
For any feasible , we can always choose such that
. Since
is majorized by
[56, 9.B.1] and each
is a Schur-convex function, it follows that

where

. Define

whose Hessian matrix is given by
(36)
Observing that
implies
, hence
is feasible
too. On the other hand, from (35),
. Therefore,
in the optimal solution set, there must exist diagonal matrices.
. Any feasible diagonal maRecall that
can be obtained from a feasible
by setting
trix
and
. Consequently, we have proved that,
with
.
in the optimal solution set, there must exist
Remark 2: Theorem 1 indicates that
is optimal
with a general power constraint relying only on the eigenvalues
of , provided the uncertainty region is a sphere defined by the
Frobenius norm, which is the most frequently used deterministic
model [32]–[35], [37], [41]–[45] . When more restrictions are
added to the eigenvalues of , Theorem 2 shows that
is optimal for an ellipsoid uncertainty region if
and
can be simultaneously diagonalized. Given that both
and
are Schur-convex functions of the eigenvalues of
[15], Theorem 2 is applicable to the two most common con(sum power constraint) and
(maximum power
straints
constraint) as well as their intersection. Therefore, in most cases,
the optimality of the eigenmode transmission (over the nominal
channel) still holds for the worst-case design, which complies

(38)
is a concave function, so is the objective
implying that
function of (37). Therefore, (37) is a convex problem, admitting
globally optimal solutions that can be efficiently found by, e.g.,
an interior-point method [47]. Similarly, it is easy to verify that
and is a nonempty compact convex
when
set satisfying the condition in Theorem 1, the resulting power
allocation problem is a convex problem as well.
A. Sum Power Constraint

and

From (37), the corresponding power allocation problem is

(39)

WANG AND PALOMAR: WORST-CASE ROBUST MIMO TRANSMISSION WITH IMPERFECT CHANNEL KNOWLEDGE

where we explicitly write the decreasing order of
. Noticing
is monotonically increasing in for fixed , no
that
for
power will be allocated to zero , which means
. Hence, the sum power constraint can be reduced to
. The solution to the above problem is given by
the following theorem.
Theorem 3: The solution to the problem (39) is

B. Maximum Power Constraint
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and

The corresponding power allocation problem is

(45)

(40)

, it is easy to see that the
Due to the monotonicity of
for
and
optimal power allocation is
for
. That is, a uniform distribution with the maximum
power on each nonzero eigenmode.
To obtain the optimal objective value, we need to solve

(41)

(46)

,
.

which is a convex problem since the objective function is strictly
concave in . The optimal can be found by setting the derivative of the objective function to be zero, which turns to finding
the positive root of the following equation:

for
for
with

where

,
and

,
for

, and is an integer such that
and
The optimum value of (39), i.e., the worst-case SNR, is

(47)
(42)
Proof: See Appendix B.
Corollary 1: For
and
mitter uses only one eigenmode if

, the robust trans-

(43)
Corollary 2: As
becomes

Unfortunately, this equation does not admit an analytical root,
so we have to resort to some numerical methods. Now that
is a monotonically decreasing function, the root of (47) can be
found through the bisection method, which requires an initial
. The lower boundary can be
since
range, say
. To find an upper boundary
, it
follows that

, the solution to the problem (39)
(48)
(44)

Remark 4: According to Theorem 3, the robust transmitter
will use multiple eigenmodes to increase the reliability in the
worst-case channel. The larger the error radius is, i.e., the more
uncertainty, the more eigenmodes will be used. Corollary 1 indicates that beamforming along one direction is robust if is
very small, or if the difference between the largest two singular
values of the nominal channel is very large, which implies a
nearly rank-one channel. Interestingly, the similar result on the
number of the active eigenmodes was also obtained in [42], [43].
However, In contrast to the semi-closed-form solutions in [42],
[43], we offer the fully analytical solution in a more general
,
case. Furthermore, from Corollary 2, as approaches
the worst-case design tends to allocate the transmit power according to the weighted proportion of a singular value of the
nominal channel, instead of a uniform distribution. This has
been observed in [42], [43] through numerical simulations, but
no proper explanation was given. The fundamental reason is that
the deterministic model adopted in this paper is not an isotropically unconstrained set [38], but an ellipsoid with the center,
i.e., the nominal channel, away from the origin.

from which we obtain
(49)
If
available

, then a closed-form solution to (46) is

(50)
which leads to the optimum value
(51)

VI. THE QOS PROBLEM
In this section, we consider, as the complement of the maximin problem (2), the so-called QoS problem that minimizes the
power consumption at the transmitter while keeping the performance measure above a given threshold for any channel real-
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ization
. Specifically, letting
represent the power
consumption function at the transmitter, the QoS problem is

(52)
is the QoS threshold. With the performance meawhere
sure (4) and the channel error (11), the QoS problem can be
further expressed as

(53)
where is defined as in (12).
Fundamentally, given the same
and , the QoS
problem (53) and the maximin problem (13) will have the
is set equal
identical optimal solutions if the threshold
to the optimum value of (13), and the power constraint
is used in (13). Consequently,
the QoS problem can be alternatively solved by solving the
maximin problem with properly chosen parameters. It seems
not necessary to consider the QoS problem at all. However,
to efficiently solve (53) through (13), one needs an analytical
relation between the optimum value of (13) and the threshold
of (53), which is available only when (13) has a closed-form
solution. Otherwise, for each specific , this relation has to
be evaluated by some numerical method, e.g., the bisection
method, through many iterations. The computational comis frequently updated
plexity will become prohibitive when
at the transmitter. Therefore, it is desirable to find a direct way
to solve the QoS problem.
Proposition 3: Let be defined as in (12). Then, the QoS
problem (53) is equivalent to

(54)
Proof: Similar to that of Proposition 1.
Remark 5: If
is a convex function, then the equivalent
problem (54) is a convex problem and thus can be efficiently
solved. Some commonly used power consumption functions include:
.
1) Sum power:
2) Maximum power per spatial dimension:
.
3) Maximum power per antenna:
.
is one of
,
,
It is easy to see that, when
or any positive weighted sum of them, the problem (54)
is or can be transformed into an SDP.

depends only on the eigenvalues of
Theorem 4: Let
, and be defined as in (12) with
. Then,
is optimal for the QoS problem (53).
Proof: See Appendix C.
where
is
Theorem 5: Let
, and be defined as
a Schur-convex function and
and
. Then,
is optimal
in (12) with
for the QoS problem (53).
Proof: See Appendix C.
Remark 6: Theorems 4 and 5 are the counterparts of
Theorems 1 and 2, respectively. It is not surprising that
the QoS problem (13) has the same optimal transmit directions as the maximin problem (53), since they are complementary. Theorem 5 is applicable when
or
or any non-negatively weighted sum of them.
Noticing that
and
, we can solve the QoS
problem (53) by utilizing the closed-form solution of the
or
. The
maximin problem (13) in the case of
only thing needed is to adjust
or
such that the optimum
value of (13) equals to the threshold . For the two cases in
Sections V-A and V-B, this relation can be easily found:
and
:
1) For
(55)
where
2) For

satisfies

.
and

:
(56)

VII. NUMERICAL RESULTS
In this section, the performance of the proposed robust
transmit strategy will be investigated through numerical simulations. To be more specific, we will compare the robust
approach with the beamforming strategy that transmits only
over the maximum eigenvalue of the nominal channel, and
with the equal-power transmission that allocates the transmit
power equally over all eigenmodes. For simplicity, we consider
, i.e., a spherical uncertainty region. Note that, for the
maximum power constraint set
, all transmit strategies are
equal in the sense that they will use the maximum power on
each eigenmode (see Section V-B). Therefore, we will focus on
the sum power constraint set . Moreover, to take into account
different channels, the elements of the nominal channel
are
randomly generated according to zero-mean, unit-variance,
i.i.d. Gaussian distributions.
The philosophy of robustness in this paper is to guarantee a
performance level for any channel realization in the uncertainty
region. In other words, we are interested in the worst-case behavior of a precoder. Therefore, we will compare the worst-case
performance of the different transmit strategies. In the case of
and
, the worst-case channel error and the received SNR, for the robust precoder, are given by (64) (with
in (41)) and (42), respectively, and the minimum transmit power
satisfying a QoS threshold is given by (55). With the same
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Fig. 1. Worst-case outage probability of beamforming versus the parameter g .

configuration, it is not difficult to obtain, for the beamforming
strategy, the worst-case error
(57)
where
SNR

is the first column of

, the worst-case received

(58)
and the minimum transmit power satisfying a QoS threshold
(59)

Similarly, for the equal-power transmission, it can be obtained
in the worst-case that
(60)
(61)
(62)

,
One important thing worth pointing out is that if
then from (57) to (59), the worst-case SNR of beamforming
, there is still a probais zero. Even if we assume
bility that beamforming could not guarantee any performance in
. We call this
the uncertainty region because of
probability the worst-case outage probability of beamforming.
with
, then the worst-case outage
Letting
. In Fig. 1, we plot this
probability is
probability versus with different numbers of transmit and receive antennas. As expected, the outage probability grows as
increases. Meanwhile, for a fixed , the more antennas the larger
the outage probability is. This is because, as the dimension of
becomes a smaller fraction
the channel increases,
. Since setting
may result in an outage
of

Fig. 2. Worst-case SER versus SNR with different values of s for M
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= N = 4.

for beamforming, we will use
with
so that
all three transmit strategies can work in their worst-case situations. Nevertheless, it is possible that is a small proportion to
even if tends to 1.
In Fig. 2, we plot the symbol error rates (SERs) of the three
transmit strategies in their worst-case channels versus SNR for
different values of . With four antennas equipped at both ends
of the link, i.e.,
, the QPSK modulated symbols are encoded at the transmitter according to a 3/4-rate complex OSTBC introduced in [7], and decoded by a ML detector
at the receiver. The worst-case SER is averaged over . As
observed from Fig. 2, the robust approach offers the lowest
worst-case SER among all transmit strategies, which complies
with our design objective. When is small, i.e., the channel error
is small, the performance of beamforming is close to that of the
robust approach. This is consistent with Corollary 1 which says
that when is small the robust strategy coincides with beamforming. On the other hand, as increases (so does ), the performance gap between beamforming and the robust approach
becomes larger, and eventually beamforming is outperformed
by the equal-power transmission. This fact can be more evidently observed in Fig. 3, where the worst-case SER versus
for a given
is displayed.
An alternative way to investigate the robustness capability is
to compare the minimum transmit power needed to satisfy a QoS
threshold. Fig. 4 shows the average minimum transmit power for
various QoS thresholds, and Fig. 5 provides the relation between
the average minimum transmit power and for a given QoS
. The numbers of the transmit and receive
threshold
. As can be seen, considerable
antennas are still
transmit power is saved by using the robust approach, compared
to the other two strategies. Beamforming needs less transmit
power than the equal-power transmission when is small, but
more power than the equal-power transmission when becomes
large. Therefore, the results shown in Figs. 4 and 5 conform to
those in Figs. 2 and 3.
As mentioned in Section II-B, the maximin problem (13)
provides an approximate solution to the compound capacity
[39], i.e., the maximum mutual information for the worst-case
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Fig. 3. Worst-case SER versus the parameter s at SNR = 6 dB for M =
N = 4.

Fig. 4. Average minimum transmit power versus the QoS threshold with different values of s for M = N = 4.

channel, of the MIMO channel at low SNR. In Fig. 6, the
average worst-case mutual information of different transmit
and
strategies is compared under the setting
(which corresponds on average
). Under the
channel uncertainty model (12), the exact worst-case channel
errors, in terms of mutual information, for the transmit strategies
compared here are unknown so far (and still an open problem).
Therefore, we proximately use, for the equal-power transmission, beamforming and robust strategies, the same worst-case
channel errors as in Figs. 2–5. The worst-case channel error for
the waterfilling strategy, which conducts the waterfilling power
allocation over the nominal channel, is the worst one among
100 randomly generated channel errors, whose singular vectors
are restricted to be the same as those of the nominal channel.
It is shown that, at low SNR, the robust approach provides the
maximum worst-case mutual information among all strategies.
The numerical results verify the fact that it is always better
to exploit the channel knowledge at the transmitter. When the
channel uncertainty is very small, one may use the beamforming
strategy, since it is nearly robust in this case. When the channel
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Fig. 5. Average minimum transmit power satisfying a QoS threshold  = 6 dB
versus the parameter s for M = N = 4.

Fig. 6. Average worst-case mutual information versus SNR for s = 0:7 and
M = N = 6.

uncertainty is quite large, although better than beamforming,
the equal-power transmission, which assumes no CSIT, is still
inferior to the robust approach. For the whole range of uncertainty, especially moderate uncertainty, the robust approach provides the best worst-case performance by using imperfect CSIT
through a reasonable deterministic model.
VIII. CONCLUSION
We have addressed the problem of finding robust transmit
strategies for MIMO communication systems with imperfect
CSIT. The imperfectness of CSIT was characterized by a deterministic model, which assumes the actual channel within an ellipsoid centered at a nominal channel. Then, we formulated the
robust transmitter design as a maximin problem, which maximizes the worst-case received SNR, or minimizes the worst-case
Chernoff bound of the PEP for a STBC. We have also considered the QoS problem that minimizes the transmit power while
keeping the received SNR above a given QoS threshold. For a
general class of power constraints, both the maximin and QoS
problems can be reformulated into convex optimization problems, or even further into SDPs, and thus can be efficiently
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solved by the numerical methods. More importantly, under some
mild conditions, the optimal transmit directions, i.e., the eigenvectors of the transmit covariance matrix, are just the right singular vector of the nominal channel. This means that the eigenmode transmission (over the nominal channel) is still optimal
for the worst-case design, thus being consistent with the cases
of perfect CSIT and statistical CSIT with mean or covariance
feedback. Consequently, the complicated matrix-valued maximin and QoS problems can be simplified to the scalar power
allocation problems. Finally, we provided the closed-form solutions to the resulting power allocation problems.
APPENDIX A
PROOF OF PROPOSITION 2
The proof begins by deriving the dual problem of the inner
minimization of the maximin problem (13). Then, we replace
the inner minimization by its dual maximization, hence transforming the maximin problem to a maximization problem.
The inner minimization of (13) is
(63)
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trivial solution), the optimal of (13) can never satisfy
(neither can
be equal to
). This means that for
, we can consider
small channel errors, i.e.,
without loss of any optimality in (28). The proof of Proposition
2 is completed.
APPENDIX B
PROOF OF THEOREM 3
Lemma 5: Let
the piecewise function

be an increasing sequence. Then
if
otherwise

is concave in
for
,
is concave if
is smooth.
and
Proof of Lemma 5: We only need to prove that the conand
is concave, because
catenation of two functions
the same reasoning can be recursively applied to
,
. Denote the derivative of
at by
, and let
and
. According to the first-order condition of a concave function [46], it follows that
(67)

where
given by

, and whose Lagrangian is

(68)
Note that the smoothness of

implies
(69)

(64)
with the Lagrange multiplier
. Now that (64) is a convex
function of for fixed , its minimizer can be found, according
.
to the KKT conditions [46], by letting
, the minimizer of
can be easily obtained
For
as

The concavity of each
and the smoothness of
imply
is a continuous non-increasing function, so we have
that
(70)
Adding (67) to (68), and using (69) and (70), we obtain
(71)

(65)
Substituting (65) back into

, we have the dual function

or equivalently,
(72)

(66)
Given that (63) is a convex problem with a compact convex feasible set containing nonempty interior (Slater’s condition [46]
is satisfied), there is no gap between the dual problem and the
primal problem. As a result, the inner minimization (63) can be
equivalently replaced by its dual maximization, and the maximin problem (13) becomes the maximization problem (28).
, the minimizer of
is any
satisfying
For
(for example one choice is
), which
leads to the dual function
as well as a zero objective
value of the maximin problem (13). Thus, we can include the
into (28) by defining the objective of (28) as
case of
. On the other hand, (13) admits a zero objective
0 at
value if and only if
. When
(to avoid the

thus proving that
is concave.
As a reminder, we write down again some important parameters in Theorem 3

(73)
To solve the power allocation problem (39), we first fix
in terms of . It is easy to obtain
find the optimal
for

and

(74)

for
where

is the Lagrange multiplier, is an integer such that
and we define
. It can be assumed
, are distinct, since will not
w.l.o.g. that ,
be within
if
. Substituting (74) into the
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sum power constraint
can be represented by

, the Lagrange multiplier

Although complicated, it can be calculated that

(75)
Replacing

in (74) with (75), we have

(85)
for
for

(76)
Now we search the optimal . Substituting (74) and (75) into
the problem (39), then for a specified , we obtain the following
objective function:

(86)
Since

is smooth in
, and
for
, the piecewise function
is
is a concave
smooth too. Hence, according to Lemma 5,
function.
As a result, we have a convex problem
(87)

(77)
whose first- and second-order derivatives are given by

and taking the
whose solution can be found by setting
, then in
positive root. Assuming that the root lies in
and
. Referring to the
this region
first-order derivative (78),
results in the following
equation:
(88)

(78)
(79)
indicating that
is a strictly concave function. It is imis specified, is indirectly
portant to remember that, once
constrained by the assumption
, which leads to

which admits only one positive root
(89)
Substituting (89) back into
given by

, the optimum value is then

(90)
(80)
Define

Note that the assumption

leads to

(81)
It is easily verified that

(91)

Define

(92)

(82)
is decreasing as
increases. Define
and
. Then the region
can be divided into consecutive intervals
and

It is easily verified that
(93)

(83)
Consequently, taking into account all
tive is actually a piecewise function as follows:
if
otherwise.

, the objec-

is increasing as increases. Define
. Then
and
region
can also be divided into consecutive intervals
(94)

(84)

Therefore,

can be found to be an integer such that
. The proof of Theorem 3 is completed.
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APPENDIX C
PROOF OF THEOREMS 4 AND 5
The robust QoS constraint in (53) can be written as
(95)
which enables us to replace the minimization by its dual
problem again. Using the similar reasoning in the proof of
Proposition 2 (note that here
will result in an infeasible
case
, assuming a positive QoS threshold), the constraint
(95) can be equivalently replaced by
(96)
is given by (66). The constraint (96) says that there
where
such that
. In other words, the QoS
must be a
problem (53) is equivalent to

(97)
Starting from (97), we can use the similar methods as in the
,
proofs of Theorems 1 and 2 to show that, by setting
the objective is unchanged or decreased while the constraints
are still satisfied.
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