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Abstract—In this paper, we deal with the problem of con-
strained code optimization for radar space-time adaptive pro-
cessing (STAP) in the presence of colored Gaussian disturbance.
At the design stage, we devise a code design algorithm complying
with the following optimality criterion: maximization of the de-
tection performance under a control on the regions of achievable
values for the temporal and spatial Doppler estimation accuracy,
and on the degree of similarity with a pre-fixed radar code. The
resulting quadratic optimization problem is solved resorting to a
convex relaxation that belongs to the semidefinite program (SDP)
class. An optimal solution of the initial problem is then constructed
through a suitable rank-one decomposition of an optimal solution
of the relaxed one. At the analysis stage, we assess the performance
of the new algorithm both on simulated data and on the standard
challenging the Knowledge-Aided Sensor Signal Processing and
Expert Reasoning (KASSPER) datacube.

Index Terms—Nonconvex quadratic optimization, radar signal
processing, semidefinite programming relaxation, space-time
adaptive processing (STAP), waveform design.

I. INTRODUCTION

and homeland security [1]. Increasingly complex operating sce-
narios call for sophisticated algorithms, with the ability to adapt
and diversify dynamically the waveform to the operating en-
vironment in order to achieve a performance gain over classic
radar waveforms [2], [3].

The synthesis of narrowband waveforms with a specibed am-
biguity function is considered in [4], [41]. The use of informa-
tion theory to devise waveforms for the detection of extended
radar targets is studied in [5]. The concept of matched-illumi-
nation for optimized target detection and identibcation has been
the object of [6]D[9] (and references therein). Waveform op-
timization in the presence of colored disturbance with known
covariance matrix is considered in [10] and [11]. Therein, the
idea of optimized waveform under a similarity constraint is in-
troduced. A different radar signal design approach, known as
the radar coding, relies on the modulation of a pulse train pa-
rameters (amplitude, phase, and frequency) in order to synthe-
size waveforms with some specibed properties. A substantial
bulk of work is nowadays available in open literature about this
topic [12]D[14].

N recent years, various algorithms for radar signal design!n [15], focusing on the class of linearly coded pulse trains
I that rely heavily upon complicated processing and/or atoth in amplitude and in phase), the authors propose a code

tenna architectures have been suggested. These techniquessgiistion algorithm which maximizes the detection performance
their genesis to several factors, including revolutionary technt, atthe same time, is capable of controlling both the region of
logical advances (new Rexible waveform generators, high spetdnievable values for the Doppler estimation accuracy and the
signal processing hardware, digital array radar technology, etéegree of similarity with a pre-pxed radar code. The conceived
and the stressing performance requirements, often imposeddigorithm Prst relaxes the original problem into a convex one

defense applications in areas such as airborne early warnyWgich belongs to the SDP class [16], [17]; then it derives an
optimum code through a rank-one decomposition of an optimal

solution of the relaxed problem.
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jamming, and thermal noise). The importance and the inter@std 0 denote, respectively, the identity matrix and the matrix
towards this problem stem from the observation that radar STAth zero entries, while;, is the vector with all zeros except 1
has become very popular in the past few years. Nowadays, thieréhe kth position (their size is determined from the context).
are at least three excellent documents testifying the state of Hnk letterj represents the imaginary unit (i.¢.= +/—1), while
in this research beld: [23]D[25]. Furthermore, STAP with appliie letteri often serves as index in this paper. For any complex
cation to airborne moving target indication (MTI) radars has beumber , we uséR( )and ( )todenote respectively the real
come akey topic of international conferences. Last but not leaaid the imaginary parts of, | | andarg( ) represent the mod-
radar STAP plays an important role in numerous civilian andus and the argument of and * stands for the conjugate of
military applications such as earth observation, surveillance, The Euclidean norm of the vectoris denoted by ||. The
ground moving target indication (GMTI), reconnaissance, asymbols® and ® represent the Hadamard element-wise and
others [24]. the Kronecker product, respectively [29]. The curled inequality
At the design stage, we adopt the classic STAP model of [28}mbol > (and its strict form>) is used to denote generalized
and focus on transmitted signals belonging to the class of codedquality: A = B means thal — B is an Hermitian positive
pulse trains. We propose a code selection algorithm which is g@midebnite matrix4 >~ B for positive debPniteness).
timum according to the following criterion: maximization of the
detection performance under a control on the regions of achiev- 1. SYSTEM MODEL AND PROBLEM FORMULATION

able values for the temporal and spatial Doppler estimation ac~ro gTap signal model adopted in this paper is that devel-

curacy, and on the degree of s_lm_|lar|ty _W'th a pre-bxed r"_"daf)ed in [23, ch. 1], with the addition of a temporal coding on the
code. Actually, this last constraint is equivalent to force a SiMizansmitted coherent burst of pulses. Specibcally, data are col-
larity between the a_mb|gU|ty func_tlons of the devised waveforqgcted by a narrowband antenna array withspatial channels
and of the pulse train encoded with the pre-Pxed sequence. Jlifen for simplicity, we assume colinear, omnidirectional, and
resulting optimization problem belongs to the family of nonéqually spaced. Each channel receieschoes corresponding
convex quadratic programs [16], [17]. In order to Solve it, Wg, e retums of a coherent coded pulse train composed of

brst resort to a relaxation of the original problem into a Conv%lses. It is assumed that the complex envelope of the trans-
one that belongs to the semidepPnite program (SDP) class. Thﬁ'ﬂted signal is

the transmitted code is constructed through the rank-one decom-

position techniques of [26], [27] and applied to an optimal solu- & N _
tion of the relaxed problem. Remarkably, the entire code search u( ) = ae’™ Z c(ip( —iTy)
algorithm entails a polynomial computational complexity. =0
At the analysis stage, we assess the performance of the RgMere 7, is the pulse repetition time (PRT)(0), ¢(1), ...,
encoding algorithm in terms of detection performance, regiopsy — 1)] = ¢ € CV is the radar code (assumed without

of estimation accuracies that estimators of the temporal and thgs of generality with unit normy( ) is the pulse waveform
spatial Doppler frequencies can theoretically achieve, and am@fduration7}, and with unit energyy; and , are respectively
guity function. The analysis is conducted both on simulated datfe amplitude and the random phase.0f).

and on the Knowledge-Aided Sensor Signal Processing and Exgollowing [23], we formulate the problem of detecting a

pert Reasoning (KASSPER) [28] reference STAP datacube. target in the presence of observables in terms of the following
The results show that it is possible to tradeoff the aforemepmary hypothesis test:

tioned performance metrics. In other words, detection capabil- .
ities can be swapped for desirable properties of the waveform { Hy:r=1+n . (1)
ambiguity function and/or for enlarged regions of achievable Hy:r= pt+itn

temporal/spatial Doppler estimation accuracies. wherer is the M N 1 space-time snapshot at the range of
hThe papl)efr IS orghanlﬁed as follows. In Se<r:]t|on II, we presepferest i and n denote respectively the clutter/interference
the model for both the transmitted and the received codgfly \oceiver noise vectors which are assumed statistically

signal; moreover we formulate the code design optimizatighyenendent zero-mean complex circular Gaussian vectors,

problem. In Section lll, we introduce the algorithm which " 4o complex amplitude accounting for both the target
exploits SDP relaxation and provides a solution to the aforsé well as the channel propagation effects, anthe target

mentioned problem. In Section IV, we assess the pen‘orma%(“j(g‘ce_time steering vector, i.e.,p = (¢ © p,) ® p,, With p
7 ey - t 81 t

of the proposed encoding method also in comparison with & _gimensional) ancp, (M-dimensional) being respectively
standard radar code. Finally, in Section V, we draw conclu5|oH§e temporal and the spatial steering vectors. More precisely

and outline possible future research tracks. 23], p, = (1/VN)[L, x (j27.rff,), o x (2r(N=Df)]
p, = (YVM)[L, x (j2nf,)...., x (j2r(M — 1)f,)]
A. Notation with f; and f, the normalized temporal and spatial Doppler

frequencies, respectively.

We adopt the notation of using boldface for vectogower A common measure of a STAP processor performance is the
case), and matriced (upper case)A(n, ) isthe(n, )th output signal-to-interference-plus-noise ratio (SINR) [23, pp.
entry of the matrixA. The transpose operator and the conjuga-69], which, for the optimum Plter, is given by
transpose operator are denoted by the symbplsand(-)T, re-
spectively.tr(-) is the trace of the square matrix argumeht, SIN = [*[cop)@p] M[cop)®p,] (2
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whereM = R{,,{ = 0andR;, = E[(i +n)(i+n)T] (E[] As to the regions of achievable temporal and spatial Doppler
denotes statistical expectation) istheV. M N-dimensional estimation accuracies (denotedésandA,, respectively), they
disturbance space-time covariance matrix (due to clutter/intean be controlled forcing upper bounds on the respective CRBs
ference and thermal noise). Indeed, due to the Gaussian assufgee [15, Sec. Il B] for a discussion in the case of temporal pro-
tion, maximizing the SINR is tantamount to maximizing the dezessing only and for a pictorial description). To this end, forcing
tection performance. The following lemma will be useful in simupper bounds to (5) and (6), for a speciPledalue, results in
plifying some of the subsequent expressions and derivationslower bounds on the sizes of, and.4,. Hence, according to
Lemma I: Let M € CMN*MN pe a Hermitian matrixg €  this guideline, we focus on radar codes complying with

CN,b € CM. Then, o o
. Acr(fi) £ — and Acr(fs) < — (7)
[(e@a)@b'M[(coa)®b =c Re (3) t s
. o or equivalently
where theN N Hermitian matrixR is given by ;
Jp. ap
R=[I®b)MUI®b)] o (aah)". @) <c@ a—]{> ®Ps} M (c@ d—fj) ®Ps} > (8
f ,
Furthermore, 1) ifM is positive semidePbnite, theR is pos- (cop,)® 31’5} M (cop)® GPS} > . ()
itive semidebnite, 2) iM is positive debnite, all the entries of dfs afs| — -

@ aré nonzero, anﬂ_;é 0, thenR is positive debnite, and 3) if where ; and , are two positive real numbers ruling the upper
M is positive debnite, and has at least a zero entry, th&ns bounds on CRBS

positive semidepnite. Exploiting Lemma |, the SINR in (2) and the left-hand side

Proof: See Appendix A. .
The goal of this paper is to design the cadbat maximizes (LHS) of (8) and (9) can be rewritten as

the output SINR (2), under some constraints that allow control- (cop)@p] M[(cop,)®p,]=cRe

ling the region of achievable temporal and spatial Doppler esti- op i op

mation accuracies and force a similarity with a given radar code (c O] —t) ® ps} M <c O] —t> ® ps} =c'Rie

¢y (assumed with unit norm). This last constraint is necessary in Ofs ; Ofs

order to control the ambiguity function of the transmitted coded op, ops|

pulse train (ag, has a good ambiguity function); it can be for- (cop)® 8f,j M (cop) afJ =cRic

malized agle—¢p||? < ¢, where the parametefwith 0 < e < 2 .

for unit norm vectorg andeo) rules the size of the similarity re- whereR = [(I ® p,)'M(I ® p,)] © (p,p}) >~ 0, R =

gior? [15, Sec. Il C]. (I ®p,) M(I&p,)] e ((9p,)0f:)(0p,)0f))" = 0 (be-
Concerning the region of achievable temporal and spatkause the Prst componentday, /df; is zero), andR, = [(I ®

Doppler estimation, the most natural choice would be forcin@p,/9f5)) M(I ® (9p,/0f,))] ® (p,p!) > 0.

upper bounds on the CramZrDRao bounds (CRBs}), @md It follows that the problem of devising the STAP code, under

/s for known and unknown temporal and spatial Dopple(8) and (9), the similarity and the energy constraints, can be

frequencies. Unfortunately, this approach leads to intractalitemulated as the following nonconvex quadratic optimization

nonconvex constraints. However, this drawback can be ciroblem (QP):

cumvented constraining the CRB ¢ for known and f,

and the CRB onf; for known and f;. As we will see, this

m ximize ¢ Re
c

formulation still leads to nonconvex constraints which, despite subjec o cle=1
the previous case, are quadratic. Further developments require QP ¢'Ric> (10)
specifying the following: ¢'Riec>
¥ the CRB, for known and f;, with respect to the estima- lle—eoll” < e
tion of f; is given by [30, Sec. 8.2.3.1] ; which can be equivalently written as
7]
Acr(fe) =V { <C® E)_I;’f> ®p8] M m ximize ¢'Re
Jt c
5 1 subjec o cfe=1
<c® l) or ” ©) QP ¢Re>
0.}‘t cTRSc Z s

J —
with ¥ = 1/2| |% R(cTep) > 1 —¢/2.

¥ the CRB, forknown andf;, with respect to the estimation  Evidently, problem (10) requires the specibcatiornfoand
of fs is given by fs; as a consequence, the solution code depends on these pre-
op T op -1 assigned values. It is thus necessary to provide some guidelines
Acr(fs)=Vq (cOp)® 0;} M (cop,)® 0;} . on the importance and the applicability of the proposed frame-
* - ©) work. To this end, we highlight the following.
¥ The performance level which can be obtained through the
2If € = 2, the similarity constraint vanishes; in practice, this quite small. optimal solution of (10), in correspondence of the design
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solving the SDP problem, an@(N?) is the complexity re- sequences whose autocorrelation function has minimal peak-to-

quired by the decompositions,(-,-,-) and 4(-,-, -, -, ). sidelobe ratio excluding the outermost sidelobe. Examples of
these sequences have been found fonNalk< 5 [34], [35],
V. PERFORMANCEANALYSIS using numerical optimization techniques. In our simulations, we

The present section is aimed at analyzing the performarft®?0Se & unitary norm version of the generalized Barker code
of the proposed encoding scheme. The analysis is conducédength 32 reported in [12, p. 111]. _ _
in terms of detection probability 4), regions of achievable N order to compare the performance of our algorithm with
Doppler estimation accuraciest{ and A,), and ambiguity that Qf the 5|_m|Iar|'_[y code, we have also evaluatgchnd CRBs
function of the pulse train modulated through the proposé&ptained usingy, i.e.,
codee. To proceed further we recall that, for a specibed value

of the false alarm probability ,), and for nonBuctuating 0_ Q< o) |2chco7\/Tna> (26)

target [33], 4 can be evaluated as

=0 <\/2| 12¢' Re, /—2In ) (22) and

U
whereQ(-, -) is the Marcum( function of order 1. As bench- C B = TR Leds } (27)
mark code for the detection probability, we consider the uncon- CoftiCo

strained unitary code Concerning the inverse disturbance covariance maffjxve

consider the two following scenarios:
(23) 1) simulated covariance, according to the disturbance model
described in [23];

which does not necessarily satisfy the similarity constraints?) covariance, from the KASSPER database [28].
or spatial/temporal Doppler accuracy constraints. Since that?€garding the parametersand ,, in general, what can be
CtT,ench Bhench ak = A a (R), where) , () is the ass_lgned is the interval of, and ; values which can be ex-
maximum eigenvalue of the matrix argument, the benchmaploited. Evidently, they depend o, f;, and f; and must be
. can be expressed as s:maller than the maximum elggnvalue Bf aqd R, respec-
tively. From a practical point of view, the selection of the quoted
parameters depend on the desired accuracy region (provided it
pench ark _ <\/2| A . (R),\/—2In a) . (24) s compatible with strict feasibility). In the numerical examples,
we have considered a wide variation range for the parameters so
Analogously, we consider a benchmark CRB for both spatiaé to better highlight the performance tradeoff due to different
and temporal Doppler frequencies, i.e., parameters combinations.
Finally, in the numerical simulations, we have exploited the
MATLAB toolbox SeDuMi [36] for solving the SDP relaxation,
leds, }. (25) and the MATLAB toolbox of [37] for plotting the ambiguity
functions of the coded pulse trains.

Chench ark = arg m;(lX {CTRC|||C||2 = 1}

v
C Bbench ark — ,
: A . (R)

Notice that, in general, the three valuespenh ark
C Bheneh atk - and ¢ BPenh 2k gre not obtained in
correspondence of the same unitary norm code.

Besides, the ambiguity function of the coded pulse train canThe disturbance covariance matf€ ' has been simulated

A. Simulated Covariance

be evaluated as according to the model in [23, ch. 2], as the sum of a clutter term
0o plus a thermal noise contribution, i.84 ' = Royeeer + 21,
X(r,v) = / w(B)u* (8 — T)ejzwa,,dﬂ whereRclutter is the clgtter covariance and? i§ the thgrmal
noise level. More preciselR.1.tter Can be obtained using the

- general clutter model described in [23, par. 2.6.1]. It accounts
N—-1N-1 . . . .
_ Z Z o et m)xy (r—( —n)To ) for the effects of velocity misalignment (due to aircraft crab)
= = Xp " and intrinsic clutter motion [23]. A synthetic description of the
T principal radar system parameters, used in the simulations, is

where[e(0),...,¢(N —1)] = ¢, andy,(-,) is the ambiguity reported in Table | (for a more exhaustive list, please refer to
function of an unmodulated pulse [12]. [23]).
In our scenario, we consider a STAP system with= 11 In Fig. 2(a), we plot ; of the optimum code (according to

channels andv = 32 pulses. Moreover, we Px , to 10-¢. As  the proposed criterion) versus|? for nonRuctuating target,
to the temporal steering vectpy, we set the normalized tem- , = 3.8, . = 0.001, and for several values of. In the same
poral Doppler frequency; = 0.25, while we use the normal- Pgure, we also represent both thg and the »ench ark The
ized spatial Doppler frequengy = 0.15 for the spatial steering curves show that, increasing, we get lower and lower values
vector p,. As similarity codeey, we resort to a generalizedof , foragiven| |? value. This was expected since the higher
Barker sequence [12, pp. 109-113]: such codes are polyphasthe smaller the feasibility region of the optimization problem



686

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 2, FEBRUARY 2010

TABLE |
RADAR SYSTEM PARAMETERS 09}t
Peak power 200 kW Transmit Gain 21 dB 081
Pulse width 0.2 ms Receiver Gain 10 dB el
System Losses 4 dB Instantaneous Bandwidth | 4 MHz 0
o L
Operating frequency |300 MHz Noise Figure 3 dB B G5
PRF 300 Hz Clutter-to-Noise Ratio 30 dB O
Duty Factor 6% Number of clutter foldovers| 5 =1 i
Platform Velocity | 50 m/s Platform Altitude 9000 m Q2r
0.1}
1 - T T - T : T . Toess 09
09+ benchmark o2 b
Py
0.8} 5 _
07k increasing &, —G.d—» ) -38 T T T T T T T T T
2 po
0.6 ¥, d 1 —40 5> ]
a® 0.5} ¢ ] S,
}59’ _42+ “&GGS i
0.4} r 1 = sgﬂn%
0.3} N . o -44f T CRBY i
0.2t of | < by
" 5 a6 e |
0 b )
0.1r eaaea ) < CRBbenchmark  decreasing 8s Poay
0 eoe . . . . . . -48t Alls Rags 1
9 i0 11 12 13 14 15 16 17 18 19 %%%
lol? [dB] -50t ®ool
(@)
—a4 ' 22940 11 12 13 14 15 16 17 18 19
_36} ] lod? [dB]
(b)
-38| cre? -

Fig. 3. (a) 4 versus

: for nonBuctuating target, simulated data, =
—40 ®o53 1 10-¢,

o 3 =32, =11, , =025 =015 , =05, . =0001,and
= °°ooo several values of, 656 7 6568 9 669 9 . Generalized Barker code (solid
g —42 - °°o% 1 curve). 4 of the proposed code for a given (dashed curves). Benchmarlg
x 00000 (o-marked dashed curve). (Bcr( ) versus for nonRuctuating target,
< 44+ o5 1 simulated data, = 32, =11, , =025, ., =015, , = 05,
benchmark °°ooo . = 0001, and several values of, 656 7 658 9 669 9 . Generalized
—46 CRBt . °oooo 1 Barker code (solid curvecr( ;) of the proposed code for a given (dashed
decreasing & “e355 curves). BenchmarR g ( ) (o-marked dashed curve).
_48 .
-50 ; ; y y * ' ! ; y
9 10 11 12 13 14 15 16 17 18 19 petterAcg(/f:) values can be achieved. This is in accordance
lol™ [dB] with the considered criterion, because the highethe larger
(b)

the size of the regiom;.
In Fig. 3(a), we plot 4 versug |? for nonBuctuating target,
+ = 0.5, . =0.001, and for several values of. Also in this

Fig. 2. (a) . versus for nonBuctuating target, simulated data,
10-6, =32, =11, , =025, ,=015, , =38, . =0001,and :
several values of;, 4944 516 0 043 0 . Generalized Barker code (solid case, we can notice again ofthe proposed encoding scheme over
curve). 4 of the proposed code for a given (dashed curves). Benchmarlg . . . .
(o-marked dashed curve). (o= ( ;) versus  for nonRuctuating target, the classic generalized Barker code. However, the gain slightly

simulated data,, = 025, . =015, =32, =11, . =38, reduces as the parametgrincreases, since the feasibility re-
— |4 5 .
. = 0001, and several values of 494 4 516 0 543 0 . Generalized gion becomes smaller and smaller.

Barker code (solid curveAcr ( ) of the proposed code for a given(dashed .
ont ) In Fig. 3(b), we plotC BPerh % "¢ BY and Acr(fs)

curves). Benchmark cr( ;) (o-marked dashed curve).
versus| |? for the same values of the parameters considered in
the previous bgure. We observe that increasingve slightly
to be solved for Pnding the code. Nevertheless, the proposedemarge the region of achievable spatial Doppler accuracy.
coding algorithm usually ensures a better detection performarndereover, the proposed encoding technique assures a ldtger
than the original generalized Barker code. than the generalized Barker code.
In Fig. 2(b), Acr(f:) is plotted versug |? for the same  Summarizing, the joint analysis of Figs. 2 and 3 shows that
values of ; asin Fig. 2(a). The benchmafk B, andC B! are a tradeoff can be realized between the detection performance
plotted too. The curves highlight that, increasingbetter and and the estimation accuracy of both the temporal and the spatial
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1 ' ' ' ' ‘ ' T oo In the previous bgures, we have bxed two parameters, and
0.9} % 1 have changed the other in order to analyze the impact on the
0.8+ - performance of a particular constraint. In Fig. 6, we analyze the
67k i > | joint effect of the three parameters, so as to show that there are
0l increasing 8, —* | situations w_here the proposgd e_ncodmg method can outperform

g the generalized Barker coding in terms of, Acr(/f:), and
a® 0.5¢ Py P9 1 Acr(fs). In particular, in Fig. 6(a) we plot 4, in Fig. 6(b)
0.4- K f Acr(fi), and in Fig. 6(c)Acr(fs) versus| |, assuming
0.3k . | (+ s, ¢) =(325.7, 03.2,0.8). Evidently, for the considered
542 values of the parameters, the proposed code, whose ambiguity
| 1  functionis plotted in Fig. 7, outperforms the generalized Barker
o 1 intermsof 4, C B, andC B,.
= T 0 o 1 > & = T As t_o the robustne;s of the propos_ed method, we study the
o2 [dB] behavpr of the algquthm when a msr_natch on the t_emporal
&) or spatial Doppler is present. In particular, we design two

codes, one assuminfj = 0.25 and f;, = 0.15, and another
where f; and f; are modeled as random parameter uniformly
distributed in the interval{1/3; 1/3], i.e.,f; ~ U[-1/3;1/3]

and f; ~ U[-1/3;1/3]. We analyze the performance when
ft (left column) or f, (right column) ranges in the interval
[—1/2; 1/2]. In Fig. 8(a) and (b), we plot the; versusf,;(fs)

for| > = 14dBand( 4, s, ) = (53. ,15.6,0.5). We can
notice that the proposed method outperforms the generalized
Barker code almost everywhere for the case of a spatial or
temporal Doppler mismatch. In other words, simulations indi-
cate that the novel encoding method shares an intrinsic robust
behavior.

Generalized Barker Code

l2(z )

B. Covariance From the KASSPER Database

In this subsection, we use the ground clutter covariance ma-
trix from the range cell number 10 of the KASSPER [28] dat-

: , L, . o, . . acube. This dataset contains many real-world effects including
and several values of € { }. Generalized Barker heterogeneous terrain, subspace leakage, array errors, and many
code (solid curve). 4 of the proposed code for a given (dashed curves). orqnq targets. It refers to a California site characterized by
Benchmark , (o-marked dashed curve). (b) Ambiguity function modulus OF . .
the generalized Barker code with . . arge mountains and moderate density of roads. The chosen ma-

trix is loaded with the thermal noise covariance matrix and then
the sum is inverted to géif ~'. As in the previous scenario, we
Doppler frequencies. Additionally, there exist codes capable st the clutter-to-noise ratio to 30 dB.
outperforming the generalized Barker code both in terms,of  In Fig. 9(a) and (b), we study the effect of the parameter
and sizes of4; and A,. on ,andAcg(fi). Inparticular, in Fig. 9(a), we plot, of the
The effects of the similarity constraint are analyzed inptimum code versus |? for nonRuctuating target, = 30.6,
Fig. 4(a). Therein, we set = 0.5, , = 3.8, and consider sev- . = 0.001, and for several values of. In the same bgure,
eral values of .. The plots show that increasing worse and we also represent both) and <<t =k we can observe a
worse 4 values are obtained; this behavior can be explainsinilar behavior as in the simulated case of Section IV-A: in-
observing that the smaller the larger the size of the similarity creasing ;, we get lower and lower values of; for a given| |?
region. However, this detection loss is compensated for aalue. Moreover, our proposed encoding scheme can achieve a
improvement of the coded pulse train ambiguity function, dsetter detection performance than the classic generalized Barker
we can see in Fig. 5(a)D(d), where the modulus of that functioade. In Fig. 9(b)Acr(f:) is plotted versus | for the same
is plotted assuming rectangular pulses, d&hd = 37,. For values of ; as in Fig. 9(a). The benchmafk B; andC B)
comparison purposes, the ambiguity function moduluggf are plotted too. As expected, the curves show that increaging
is plotted in Fig. 4(b). The plots highlight that the closerto better and betteA g (f:) values can be obtained.
1 the higher the degree of similarity between the ambiguity In Fig. 10(a), we plot ; versug |? for nonBuctuating target,
functions of the devised and pre-bxed codes. This is due to= 1.1, . = 0.001, and for several values of,. It is evi-
the fact that increasing. is tantamount to reducing the sizedent that an increase of the parameteleads to a slight dete-
of the similarity region. In other words, we force the devisedoration of detection performances. This can be explained ob-
code to be similar and similar to the pre-bPxed one and, aserving that the feasibility region becomes smaller and smaller
consequence, we get closer and closer ambiguity functions. as , increases.

Fig. 4. (a) . versus| | for nonBuctuating target, simulated data.
—6
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[2(z )|

[2(zv)l

Fig. 5. (a) Ambiguity function modulus of code which maximizes the SINR for T Ty, b4 ., 05 ., generalized Barker code, and
b . . (b) Ambiguity function modulus of code which maximizes the SINR for T, T,, 64 N ., generalized Barker code,
andé. . . (c) Ambiguity function modulus of code which maximizes the SINR for T Ty, 6: ., 0s ., generalized Barker code,
andé. . . (d) Ambiguity function modulus of code which maximizes the SINR for T, Ty, 64 ., 0s ., generalized Barker

code, and.

In Fig. 10(b), we plolC BYe™" % ¢ BY andAcr(f.) matrix4, ank.(A) representsagood numerical estimation of
versus| |? for the same values of the parameters consider#te rank ofd, as — 0. Moreover, we have to distinguishight
in the previous bPgure. The curves highlight that increasing constraint from atrict constraint. In this case, we consider the
lower and lowerAcg( fs) values can be achieved. constraint apractically tight if the difference of the two sides of
Finally, in Fig. 11, we plot 4 versug |? for nonBuctuating the inequality is less than. Performing 10 000 instances of the
target, ; = 1.1, s = 30.6, and for several values of. We can problem REQP (with clutter covariance matrix from the range
notice that the closer. to 1, the closer , to 2, namely the cell number 10 of the KASSPER dataculié,= 11, N = 32,
performances of the proposed code and the generalized Barkee 0.25, f, = 0.15, ¢y generalized Barker sequence, .,
code end up coincident. and . randomly choserBjn less than 1% of the cases, we get
In conclusion, 4, Acr(f:), andAcr(fs) exhibit a similar an optimal solutior€ with ank.,(C) = 2. For those particular
behavior both with simulated and KASSPER covariance datdtuations, we have also controlled the constraints, and in less
Moreover, the proposed analysis shows that it is possible to than 10% of the cases, we have all the three constrpmats
alize a tradeoff among the three parameteys,, and . toin- tically tight (hamely, case 3.2 described in Section IIl). Sum-
crease the detection performance, or to improve the Doppler ggarizing, in less than 0.1% of the instances, we have a subop-

timation accuracy, or to shape the ambiguity function. timal solution of the original QP problem. This trend holds for
all the considered values of the parametéiFurthermore, most
C. Occurrence of Subcase 3.2 of the instances presents ank, (C) = 1, even if the number

decreases as the precisiortends to 0 (and consequently the

In this subsection, we analyze the typical rank of an optimgkcyrrence of the eventank, (C) > 3 increases). Thus, we
solutionC of the SDP problem REQP. First of all, we have to
deal with the Pnite precision of MATLAB implementation of the *+ iS a uniformly distributed random variable in the interval
. . . . min Bi Amax Bi 6,00 A Ry Amax R, , andé. in [0;1], with
enCOdmg algorlthm. To this end, we introduce thenk’v(A) Amin  representing the minimum eigenvalue of the argument.
function, namely the number of eigenvalues of the ma#ix

- o ] : 6Notice that additional results obtained changigand  randomly in the
greater than the positive thresholdFor a positive semidePnite 10 000 experiments also agree with the aforementioned behavior.



DE MAIO et al.: CODE DESIGN FOR RADAR STAP VIA OPTIMIZATION THEORY 689

1 - - . - T . - To5es -34 ; : . . . . - r :
0.9} DP’O | Generalized Barker
. ,d“ -36+1 — © — Benchmark E
) - — — Proposed
0.8+ 2 i
g -381
0.7} P _
@
¢ o —40f
0.6} # 1 %
a© 0.5¢ K 1 & 42t
4 o
0.4f ,f 1 3 _aal
0.3f s i
o —46
0.2+ o° Generalized Barker|
Ia,y” — © — Benchmark _48}
0.1y 5 s ~ — — Proposed 1
0 = 1 1 1 1 1 1 1 1 _50 1 L L 1 L 1 1 1 1
9 i0 11 12 13 14 15 16 17 18 19 9 i0 11 12 13 14 15 16 17 18 19
lol? [dB] lod? [dB]
(@) (b)
-38 . - - : r T : : -
Generalized Barker
— © — Benchmark
-40 'ss ~ — — Proposed 1
S‘)n
_ap *«%% i
— SSD
% 44 %&% 1
;w sset’nn‘o‘
& 46 . 1
< Sy
i)\o‘&
—48 I °‘<sss b
Bnn%&
-50f ¢o3
-52 L L L L L L L 1 L
9 10 11 12 13 14 15 16 17 18 19
lod®[dB]
©
Fig. 6. (a) P, versus|a| for nonBuctuating target, simulated dafa, N M [ o fs . ,and é;,6,, 6.
, . P, of the proposed code (dashed curves). Benchni\"arl(o marked dashed curve). (b)(R fi versus|n| for nonfuctuating target,
snmulated dataff . s N M ,and é;,6.,6, , . . cr f+ ofthe proposed code (dashed curves). Benchmark
cr f¢ (o-marked dashed curve) (©)cr fs versus|a| for nonBuctuatlng target simulated dafs, . M e . fs . ,and
b4, 05,0 - ., . . cr fs ofthe proposed code (dashed curves). Benchmark f; (o-marked dashed curve)

V. CONCLUSION

In this paper, we have addressed the problem of code design
for radar STAP, assuming that the overall disturbance compo-
nent, which contaminates the useful signal, is a colored com-
plex circular Gaussian vector. We have considered the class of
linearly coded pulse trains and have determined the radar code
which maximizes the detection performance under a constraint
on the region of achievable values for the temporal and spatial
Doppler estimation accuracy and forcing a similarity constraint
with a given radar code exhibiting some desirable properties.

The optimization problem, we have been faced with, is
nonconvex and quadratic. In order to solve it, we have Pbrst
performed a relaxation into a convex SDP problem. Then, ap-
Fig. 7. Ambiguity function modulus of proposed code fér A Ty, plying appropriately the rank_o.ne decomposition theorems of

generalized Barker code, and., 6., 5. A [26] and [27] to an optimal solution of the relaxed problem, we

have determined an optimal code. Remarkably, the proposed
can conclude observing that a duality gap between the origimaide design procedure requires a polynomial computational
problem QP and the relaxed problem REQP (namely an optintaimplexity.
solution of rank 2 and all the constraints tight) is very rare, and At the analysis stage, we have assessed the performance of
even for high precision (i.e., = 10~%), it happens in less than the new algorithm both on simulated data and on the KASSPER
0.1% of the cases. The analysis is summarized in Fig. 12. reference STAP datacube. The analysis has been conducted in
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Fig. 8. Robustness analysis flir] = 14 dB, nonfuctuating target, simulated data,= 3 , M = 11, &;,6,,6.) = 53.4,15. ,0.5), f, = 0. 5 and
fs € [-1/ ;1/ ] (left column),f; = 0.15 andf, € [—1/ ;1/ ] (right column). Proposed code fgf = 0. 5 andf, = 0.15 (dashed curves), Generalized
Barker code (solid curves), Proposed codefior 1{[—1/3;1/3] andf,  U[—1/3;1/3] (dashedbdotted curves). @) versusf,; (b) P, versusf,; (c)
Acr fi) versusfy; (d) Acr fi) versusf.; (€) Acr f.) versusf,; () Acr f.) versusf..

terms of detection performance, regions of estimation accutan be recast ag' Re with R given by (4). It is evident that
cies that unbiased estimators of the temporal and the spafiél> 0 impliesR > 0. Moreover, ifM >~ 0, all the entries of
Doppler frequencies can theoretically achieve, and ambiguiyare nonzero, anbl # 0 (i.e., at least one of its component is
function. The results have highlighted the tradeoff existingonzero), then, for any nonzeeoc CV, (¢ ® a) ® b # 0 and,
among the aforementioned performance metrics. Otherwa®a consequencé,Re = [(¢ ® a) @ b M[(c ® a) ® b] > 0,
stated, detection capabilities can be traded with desirable propmelyR > 0. Finally, if M = 0 and at least one entry afis
erties of the coded waveform and/or with enlarged regions efual to zero, theR shares at least a column and a row with all
achievable temporal/spatial Doppler estimation accuracies. zero entries, implying? > 0.

Possible future research tracks might concern the possibility
to make the algorithm adaptive with respect to the disturbanBe Proof of Lemma Il

covariance matrix, namely to de\{lse techniques W.h'Ch jointly Proof: First, we note that an optimal solution of EQP or QP
estimate the code and the covariance. Moreover, it should be

) . ) o . ~ . must exist, since the feasible sets are compact and the objective
investigated the introduction in the code design opt|m|zat|q P )

. » nction of EQP or QP is continuous. It is easily seen that an
problem of constraints related to the probability of correct targ Q Q y y

) . i ion ofe cel? 27), i imal for EQP (this ob-
classibcation as well as of knowledge-based constraints, ru 8}1at on ofe, sayce € [0,2m), IS qpt aito Q (this ob _
Seérvation is always true for quadratically constrained quadratic

Fg :]h de_: péhor'régﬁrer?]?t'ga ;ﬂat .Ehri.ri?ilszaieaz?g;tﬁisﬂ%ptimization with homogeneous objective and constraint func-
unaing envi - ~ihatly, It mig y .ﬁgns). Denoting by = arg(¢'ey), we claim thatee’? is op-

consider the case of a MIMO system [38]D[40] equipped wi 't P To thi d brst ob HRdteei®) o) —

multiple transmitters (possibly not colocated) and/or receiveﬁg.,na or QP. To this end, we Prst observe thid{ce’®) ) =

and of an over-the-horizon (OTH) radar scenario. (é@m.)TcO = |cfeo] > Ve > 1 —¢/2, thusee?? is a feasible
solution of QP. Second, we note that the feasibility region of
APPENDIX EQP is larger than that of QP; accordingly, the optimal value of
EQP is greater than or equal to the optimal value of QP. Since

A. Proof of Lemma | we have found a feasible solutiae’® of QP, which has the ob-

Proof: Since(c®a) @b = (I ® b)(e® a), [(c® a) ® jective function value equal to the optimal value of EQP, hence
b M[(coa)®b] = (c®a)[(I®b)M(I®b)(c®a)which ec’2eE'e) is optimal for QP.
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Fig. 9. (a)P. versus|a| for nonBuctuating target, real datg;, 106, Fig. 10. OPiiE,)V%rSUS @ 1 gorﬁnonﬁucguggqg tal;?et, realldatiﬁ,, 040 25,
£, 025, f.  015,6. 306,56 0001, and several values of 7 ' O r O » and several values ol

29 3,13516,1381 7 . Generalized Barker code (solid curvel,; of
the proposed code for a givén (dashed curves). Benchmark, (o-marked
dashed curve). (bAcr(fs) versus «  for nonBuctuating target, real
'data, f; 025, f. 015, 6, 11,6, 0 001, and several values
of 6, 29 3,1351 6,1381 7 . Generalized Barker code (solid curve).
Acr(fs) of the proposed code for a given (dashed curves). Benchmark
Acr(fs) (o-marked dashed curve).

&, 873 3,1036 0,1059 5 . Generalized Barker code (solid curvé),; of
the proposed code for a givén (dashed curves). Benchmafk, (o-marked
dashed curve). (bAcr(f:) versus o for nonBuctuating target, real data
I+ 025, f, 015,46, 30 6, 6. 0 001, and several values of
6y 873 3,1036 0,1059 5 . Generalized Barker code (solid curve).
Acr(f:) of the proposed code for a giveh (dashed curves). Benchmark
Acr(f:) (0-marked dashed curve).

C. Strict Feasibility of REQP and REQPD 1 (P 1+
: - . . 0.9r 4 -
The strict feasibility of REQP is due to the assumption the
QP is strictly feasible. In fact, suppose that there isuch that I pp benchmark o |
llei]l = 1,(:1th1 > t,c‘;RScl > ,,andR(e;fey) > 1—¢/2. 0.7 d P 1

Evidently,e; is also a strictly feasible solution of EQP. Now, we o6} £ .

. i ing &, —=
further assert that for sufpciently small> 0, a® 0.5k DEieashd Z |

B i A 0.4f (il PS -
C,= (1 — /\)clcl + NI7 fiil / , |
is strictly feasible to REQP. Indee@, is positive debnite, and 021
tr(C\) = 1,foranyl > A > 0. Moreover, for sufbciently small 0.1
A > 0, we havetr(CaRy) = (1 — A)el Riey + (A/N)tr(Ry) > 5 ,

. tI‘(C)‘RS) — (1 _ /\)cflecl + ()\/N)tl‘(Rs) > . 6 7 8 9 10| |211dB 12 13 14 15 16
r(CxCo) = (1 = NelCoer + AN)ix(Co) > .. The ol [dB]
strict feasibility of REQPD is immediate by setting; Fig. 11. P, versus o for nonRuctuating target, real dat®,  10~5,

to be any number greater than the largest eigenvalue fof 025, f. 0156, 11,6, 30, and several values af
0,0 9792,0 9974 . Generalized Barker code (solid curvé), of the pro-

R + y2R, + y3R; + y,C for giveny, > 0,ys > 0, and posed code for a givei. (dashed curves). Benchmark, (o-marked dashed
ys > 0. curve).
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7000 - : : ' E. Proof of Theorem Il
=107 '
6000 B v-10 4 Proof: Supposethat; > ., without loss of generality, be-
—6 . . .
%F“{B cause discussion for either the cage> , or the casez >
g 2000 =19 11 issimilar. Thengy = 0, tr(C( oI — Ry)) = 0, andtr(C( 31 —
% 4000k _ | R,))=0.By Proposition |, there is a rank-one decomposition
3 ] of C = ¢;¢] + ex¢} such that
3 3000} 1 , :
5 tr [c,;ci( o — Rt)] =0, tr [c,;ci( 3l — Rs)] =0, i=1,2,
2000t _
or equivalently,
1000} 1 q y
T i
! ! = 1) CiC; _ C;C; _ P
Infeasible Rank = 1 Rank =2 Rank >=3 fr (Rt ||CL||2> =2 Ir (RS ||CL||2> =3 =12
Fig. 12. ank, C), over 10000 random experiments, for different values of
7 € {107 ,107%,107°, 107"} Leta; = tI‘(O()ClCD and as (006262) Then, 4 =

D. Proof of Theorem |

Proof: The quadruple (tr(Y),tr(YR:),tr(YRy),
tr(YCy)) is always# (0,0,0,0), sincetr(Y) # 0 for

a1 + ay. Sincetr(eie] + c2c§) = 1, then0 < |t < 1,
0< ||C2|| < 1,and0 < a; < 4.
We claim that at least one @&!Cye;/|le1]?) . and

(elCoes/lea]|?) > . is true. In fact, assumab absurdo, that

any nonzerd > 0. Thus, we can exploit Proposition Il. The

vectore = 4(C,I,R;, R,,C,) complies with
tr(ee’) =tr(C) =1
tr(ee' R;) =tr(CRy) >
tr(ee'R,) =tr(CR.) > .
tr(ee’Co) =tr(CCh) > .
cc =0 (28)

This implies thaC,,,; = ¢¢' is feasible to (13). Now, we check

thatC,, = e¢' satisPes the optimality conditions (15)B(18) as

well. To see this, we observe that rang (C), which means
that there iz such thae = C=z.

We claim thaiC,,,; = ¢¢' satisbes the Prst optimality condi-

tion (15). Indeed,

r [(QII — 2R — ysRs — R)C
= (1] — 2R, — 3R, R)C =0
= 2'C(jI — 52R, — j3R. — 74Cy — R)Cz

= ¢' (I — 2Ry — 3R, — 574Co — R)e
= tr [(i1] — y2Ry — 3R — §uCo —

74Co — R)C|
— 4Co —

=0

ccT]

R)

Moreover,C,,; = ¢¢' complies with the optimality conditions
(16)b(18), since

(tr(ee’Ry) — +) 12 = (tr(CRy) — +) 42 = 0,
and

(tr(@e'R,) — ) ys = (tr(CRs) — ) 93 =0,
and

(tr(ee’Co) — <) ya = (tr(CCo) — ) ya = 0.

ThereforeC,,,« = ¢¢' is an optimal solution of (13).

ay
leal?

a2
llez]?

_ 4 — a1
L= fle® ~

<

€y

This implies 4 < , which is in contrast with the assumption
4> .. Now, pick up the one betwean andc, which satis-
bes(e TCO¢:1/||c,|| ) > ., 1€ {1,2}, saye. Itis easily seen
thate, ¢! /||e, ||? is feasible to REQP and satisbes the optimality
conditions (15)D(18), namely it is an optimal solution of REQP.
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