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Abstract—Semidefinite relaxation (SDR) provides a computationally efficient polynomial-time approximation of the maximum
likelihood detector. However, most of the existing works mainly
focus on particular signal constellations. In this paper, we propose
a universal binary semidefinite relaxation scheme that can handle
arbitrary signal constellations in polynomial time. The proposed
scheme first binarizes the original signal space to a linearly
constrained binary space, and then solves the detection problem
through SDR. A specialized dual barrier method is provided
to solve the SDR more efficiently. In addition, we propose to
apply on-the-fly decision feedback to further reduce the computational complexity and improve the detection performance. The
proposed binary SDR, together with on-the-fly decision feedback
scheme, can provide comparable or better solutions compared to
existing SDR methods specialized to specific constellations such
as 16-QAM and 8-PSK in terms of computational complexity
and symbol error rate. Furthermore, the proposed scheme is
universal and can solve any other constellations such as 12-QAM,
32-QAM, or M-PSK.
Index Terms—Convex optimization, semidefinite relaxation,
ML detection, decision feedback.

I. I NTRODUCTION
AXIMUM likelihood (ML) detection in communication systems is optimal in the sense of minimum error
probability under the assumption of i.i.d. data symbols. Unfortunately, its computational complexity increases exponentially
with the dimension of the signal (and the number of users
in multiuser systems). Thus there has been much interest
in implementing suboptimal detection algorithms [1]. The
most common suboptimal detectors are the linear receivers,
i.e., the matched filter (MF), the decorrelator or zero forcing
(ZF) detector, and the minimum mean-squared error (MMSE)
detector. There are also many other methods such as latticebased algorithms, alternating variable methods, expectation
maximization, and decision feedback equalization. Sphere
decoding algorithms [2]–[4] (and references therein) can approximate the ML detection problem in polynomial time [5],
although the exact solution still comes at an exponential cost
[6].
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Recently, semidefinite relaxation (SDR) has been used to
approach the optimal ML detector in polynomial time. In
[7], the use of SDR was proposed to solve a quadratic (0,1)
problem with the cutting plane method to avoid infeasible
solutions. This inspired the application of SDR in communication systems. In [8] and [9], SDR was applied for the first
time in communications, in particular, for multiuser CDMA
detector for BPSK and QPSK to achieve near optimal BER
in polynomial time. Besides binary signals, the detection
problem of other non-binary signals, such as M-PSK and
QAM, can also be solved by SDR after some reformulations
and relaxations, as proposed in [10]–[13]. Another kind of
SDR detector was proposed in [14] based on the convex
dual problem, and achieves equal BER with lower complexity.
Aiming at reducing the complexity, a sufficient and necessary
condition for optimality of the solution obtained by SDR
was given in [15]; this was then applied in [16] to reduce
the complexity of ML detector. In [17], a bound-constrained
SDR method was proposed for high order constellations. An
SDR detector was proposed for arbitrary signal constellations
in [18], in which the original signal space is converted into
binary space and the relaxed problem is tightened by the socalled Gangster Operator. Recently, an efficient PSK detector
was proposed for M-PSK constellations based on a nonconvex
low-rank SDR [19]. Surprisingly, in [20] the authors proved
the equivalence of seemingly different relaxation methods
proposed in [11], [12] and [17] when they are applied on
any 4q -QAM constellation. Semidefinite programs are usually
solved via general purpose solvers, e.g., SDPT3 [21], SeDuMi
[22] and DSDP [23], based on interior-point methods [24].
Recently, an alternative approach to solve SDPs row by row
has been considered in [25], [26].
In this paper, we propose a universal binary SDR detector
that can closely approximate the ML detection problem of
arbitrary signal constellations in polynomial time (in the signal
dimension). The proposed scheme consists of binarization and
SDR detector. First the original signal is converted into a
linearly constrained binary signal. Then an SDR detector is
used with the binary representation based on a simple dualbarrier method combined with on-the-fly decision feedback.
This work has the following contributions: 1) we propose
a universal SDR method in the sense that it accommodates
any constellation as opposed to existing methods tailored to
specific constellations with a performance that is comparable
or better than existing methods whenever they are available;
2) we provide a specialized dual barrier method to solve the
semidefinite program more efficiently in practice compared
with commonly used general purpose solvers; 3) based on the
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dual barrier method, we propose to apply on-the-fly decision
feedback scheme which can further reduce the computational
complexity and improve the symbol error rate performance; 4)
we provide a convenient mapping table to use the binarization
method with all typical constellations such as BPSK, QPSK,
QAM, and M-PSK.
The rest of this paper is organized as follows: Section
II contains the statement of the problem addressed. Section
III briefly reviews the existing SDR methods for solving
ML signal detection for different constellations. Section IV
presents the proposed universal binary SDR method with some
specific instances given in Section V. Section VI provides a
dual barrier method to solve the SDR efficiently. Section VII
provides the experimental results and Section VIII concludes
the paper.
Notation: Boldface upper case letters denote matrices, boldface lower case letters denote column vectors, and italics
denote scalars. Re(·) and Im(·) denote the real and imaginary
part respectively. The superscripts (·)T , (·)∗ and (·)H denote
transpose, complex conjugate, and Hermitian operations, respectively. Xi,j denotes the (i-th, j-th) element of matrix X
and xi denotes the i-th element of vector x. Xi,: denotes the
i-th row of matrix X, X:,j denotes the j-th column of matrix
X, and Xi:j,k:l denotes the submatrix of X from Xi,k to Xj,l .
C is complex field. Tr(·) and rank(·) denote the trace and
rank of a matrix, respectively. diag(X) is a column vector
consisting of all the diagonal elements of X. vec(X) is a
column vector consisting of all the columns of X stacked.
The operator unvec(·) is the reverse of vec(·). ⊗ and  denote
Kronecker product and Hadamard product, respectively.

III. A REVIEW OF THE SDP RELAXATION APPROACH
A. Basic SDP relaxation for a quadratic-(0,1) problem
When A = {−1, 1}, the problem (2) can be reformulated
as (cf. [8], [9])
minimize

xT Lx

subject to

x∈{−1, 1}n+1
xn+1 = 1.

x

where
L=



HH H
−yH H

−HH y
yH y



(3)


and x =

s
1


.

(4)

Letting X = xxT , problem (3) is equivalent to
minimize

Tr(LX)

subject to

X = xxT
diag(X) = 1n+1 .

X,x

(5)

The constraint X = xxT is equivalent to X  0 and
rank(X) = 1. The key idea in semidefinite programming
(SDP) relaxation methods is to relax
X = xxT

(6)

X  0.

(7)

to
After this relaxation, the problem becomes an SDP which can
be efficiently solved by interior point methods in polynomial
time.
B. Candidate solutions from the SDP relaxation

II. P ROBLEM FORMULATION

An optimal solution of the original problem is of the form

Let A be the signal alphabet from which n different values
s1 , ..., sn are drawn. The detection problem considered in this
paper is to obtain the ML estimation of the signal vector
s ∈ An (where s = [s1 , ..., sn ]T ) given the linear observation
model
y = Hs + w

(1)

where y is the m-dimensional received vector signal, H is the
m × n known channel matrix, s is the n-dimensional vector
of transmitted symbols, and w is the m-dimensional
complex

Gaussian noise vector w ∼ CN 0, σ 2 I .
The ML detection problem can be formulated as
y − Hs
minimize
n
s∈A

(2a)

where  ·  denotes the Euclidean norm or, equivalently,
sH HH Hs − 2Re(yH Hs) + yH y.
minimize
n
s∈A

x = [sT 1]T .

However, after solving the relaxed problem only a relaxed
solution X̂ is obtained.
If X̂ is rank one, then from (6) one can readily obtain the
solution to the original problem. Otherwise, it only provides
a lower bound on the objective rather than the solution to the
original problem. There are different heuristic techniques to
obtain a candidate solution to the original problem from X̂,
namely:
1) Simple quantization: This is the simplest heuristic and it
is based on the fact that, when X̂ is rank one, the last column
of X̂ is x. The method simply normalizes X̂:,n+1 , the last
column of X̂, by its last element X̂n+1,n+1 :
x̂ =

(2b)

This is a combinatorial problem that can be solved by brute
force searching over all of the |A|n possibilities. This has an
exponential complexity in n, which makes it impractical for
large values of n. In this paper, we propose a universal solution
to this problem (in the sense that it is applicable to any signal
alphabet A) via semidefinite relaxation.

(8)

X̂:,n+1
X̂n+1,n+1

.

(9)

2) Eigenvalue decomposition: This method gives a better performance at the expense of an increased complexity.
Suppose λ is the largest eigenvalue of X̂ and u is the
corresponding eigenvector. Like before, the method is based
on the fact that, when X̂ is rank one, then u is a scaled version
of x. Thus,
u
x̂ =
.
(10)
un+1
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3) Randomization: This method provides the best performance among the three methods with the highest complexity.
The idea is to generate N random points x̂(1) , ..., x̂(N ) with
zero mean and covariance matrix given by X̂ and then keep
the best one. A convenient way to implement this is to first find
the Cholesky factorization X̂ = VVT and then multiply V
by a (usually Gaussian) random vector r(i) with i.i.d. entries:
x̂(i)

=

Vr(i)
Vn+1,: r(i)

i = 1, ..., N.

(12)

C. Particular solution for different constellations
BPSK constellations can be directly solved by SDP relaxation as previously seen. The detection problem of other
constellations need some reformulation. Each different constellation requires a different relaxation method such as QPSK
[8], [9], M-PSK [10], 16-QAM [11]–[13], [17], [20]. The
reader is referred to [27] and [28] for overview and analysis
of SDP relaxation methods.
IV. P ROPOSED UNIVERSAL BINARY SDP RELAXATION
We now propose a universal binary SDP relaxation method
to deal with arbitrary constellations based on a binarization of
the original problem.
A. Binarization of an arbitrary constellation
The starting point of our universal SDR is the existence of
a binary space covering the original non-binary signal space.
For any signal space A ⊆ C of size |A| = M there always
exists a covering binary space B defined by a vector α ∈ C q
(with q satisfying log2 (M ) ≤ q ≤ M + 1), such that
b ∈ {±1}q }.

(13)

For example, if A = {s1 , s2 , ..., sM }, we can construct a covering binary
space B by setting α =

[ 12 s1 , 12 s2 , · · · , 12 sM , 12 si ]H , which is not very desirable
i















(a) 16-QAM

where quantize(·) denotes an element-wise quantization to the
closest element in the constellation A.

A ⊆ B = {s|s = αH b,



(b) 12-QAM

(11)

In any of the three methods (9)-(11), it is clear that x̂
conforms to the structure in (8). Thus one can obtain ŝ as
ŝ = quantize(x̂1:n ),
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as it achieves the most expensive binary expansion with
q = M + 1. (This is equivalent to the binary mapping used
in [18].) Interestingly, the binary mapping (i.e., the choice of
B or equivalently α) is not unique for a given constellation
A, and provides degrees of freedom. In the above example,
the dimension of α is q = M + 1 (equivalently, q = M in
[18]). However, for most constellations we can have tighter
binary mappings with smaller q, which translates into less
variables and lower complexity. A typical example is the 16QAM constellation shown in Fig. 1(a). For this constellation,
we can construct B by using α = [2, 2j, 1, j]H and thus
q = log2 M = 4. This compares favorably with the binary
mapping in [18] where the dimension is q = 16.
In the case of the 16-QAM constellation shown in Fig. 1(a),
it just so happens that B = A. In other cases, however, like

Fig. 1.

Two examples of QAM constellation.

the constellation 12-QAM shown in Fig. 1(b), B will contain
more points than A, i.e., B ⊃ A. In that case, we need to add
some constraints to exclude all the undesired points. Note that
a naive approach is to use B in the detection process hoping
that the invalid points will never be selected by the detection
process. In [18], a quadratic constraint is derived to exclude
points for the case that M = q. In this paper, we do not restrict
to the mapping in [18], but consider arbitrary binary mapping
with log2 (M ) ≤ q ≤ M + 1. In the following lemma, we
derive linear constraints to remove all the undesired points.
Lemma 1: For any constellation A ⊆ C of size |A| = M ,
there always exists a vector α ∈ C q (with q satisfying
log2 (M ) ≤ q ≤ M + 1) and a matrix D such that 1
A = {s|s = αH b, bT D ≤ (q − 2)1T , b ∈ {±1}q }. (14)
Proof: First, note that there always exists α ∈ C q and B
satisfying (13), i.e., so that B is a covering of A.
By defining D = {d ∈ {±1}q |s = αH d, s ∈ A} as the
set of binary points that represent the difference B − A, we
have that, for all b ∈ {±1}q ,
αH b ∈ A

⇔

b∈D

(15)

and
bT d ≤ q−2, ∀d ∈ D,
(16)
where the upper bound q − 2 comes from the fact that b and
d are different in at least one position.
Suppose D = {d1 , d2 , ..., dl }. By defining the matrix D =
[d1 , d2 , ..., dl ], we have:

b∈D

⇔

b = d, ∀d ∈ D

bT d ≤ q − 2, ∀d ∈ D

⇔

⇔

bT D ≤ (q − 2)1T

(17)

To conclude, (13) together with (15)-(17) leads to (14).
The practical implication of Lemma 1 is that an arbitrary
constellation A can always be expressed by all q-dimensional
binary points b, s = αH b, that satisfy some linear inequalities
constraints bT D ≤ (q − 2)1T . This has profound practical
implications when using the SDP relaxation.
One possible choice for D in (14) is precisely the D used
in the proof of the lemma, i.e., D = [d1 , d2 , ..., dl ] where
d1 , d2 , ..., dl are the binary points b that generate the difference B − A. But there may be more compact representations
(with l < 2q − M ).
1 Note that the term q − 2 in (14) can be replaced by any q̃ ∈ [q − 2, q).
Nevertheless, the tightest value q̃ = q − 2 is expected to provide the best
performance and it is indeed the case in our numerical experiments.
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It is important to remark that the additional constraints
in Lemma 1 required to exclude the undesired points are
linear. This holds even if the points are in the interior of
the constellation. The reason is that after the binarization,
all points become corners in a hypercube which can always
be excluded with a hyperplane. In addition, note that the
binarization we proposed here is not necessarily the bit-tosymbol mapping that is used in the modulation process. For
example, to detect the bits in a vector of Gray-coded QAM
symbols, we may use a linear binarization as stated in Lemma
1 to detect the vector of QAM symbols, and then use the
inverse Gray mapping on each element of the detected vector
to extract the information bits.
B. Relaxation approach
This section considers the resolution of the ML detection
problem in (2) by SDP relaxation using the binary representation from Lemma 1.
The following result shows how to rewrite the original
problem as a binary one.
Theorem 1: For any constellation A ⊆ C of size M =
|A|, there always exists a vector α ∈ C q (with q satisfying
log2 (M ) ≤ q ≤ M + 1) and a matrix D = [d1 , d2 , ..., dl ] ∈
{±1}q×l (with l ≤ 2q − M ) such that the n-dimensional ML
detection problem in (2) is equivalent to the following linearly
constrained qn-dimensional binary ML detection problem:
minimize

y − H̃b̃

subject to

b̃T D̃ ≤ (q − 2)1T
b̃ ∈ {±1}qn

b̃

(18)

where H̃ = Hα̃H , α̃H = αH ⊗ In×n , D̃ = D ⊗ In×n ,
and b̃ = [bT1 , ..., bTq ]T (with the n-dimensional vector bq
containing the q-th bit of the n transmitted symbols).
Proof: According to Lemma 1, with the representation
in (14), the signal space An (Cartesian product of A) can be
expressed as:

The problem in (18) can be further reformulated as a rankconstrained SDP as follows.
Corollary 1: For any constellation A ⊆ C of size M =
|A|, there always exists a vector α ∈ C q (with q satisfying
log2 (M ) ≤ q ≤ M + 1), and a matrix D = [d1 , d2 , ..., dl ] ∈
{±1}q×l (with l ≤ 2q −M ) such that the n-order ML detection
problem in (2) is equivalent to the following rank-constrained
SDP:
minimize

Tr(XL)

subject to

X = xxT
Xqn+1,1:qn D̃ ≤ (q − 2)1T
diag(X) = 1

x,X

where X is a real (qn + 1) × (qn + 1) matrix variable, x =
[b̃T 1]T , {d1 , d2 , ..., dl } = {d ∈ {±1}q |αH d ∈ A},


H̃H H̃ −H̃H y
,
(25)
L=
yH y
−yH H̃
H̃ = Hα̃H , α̃H = αH ⊗ In×n , D̃ = D ⊗ In×n , and b̃ =
[bT1 , ..., bTq ]T (with the n-dimensional vector bq containing the
q-th bit of the n transmissions).
Proof: First, according to Theorem 1, the original ndimensional ML detection problem in (2) is equivalent to the
qn-dimensional binary ML detection problem in (18). Then,
we introduce two new variables x = [b̃T 1]T and X = xxT .
This means that


b̃b̃T b̃
X=
(26)
b̃T
1
and b̃ = X1:qn,qn+1 .
With the above conversions, b̃ ∈ {±1}qn is equivalent to
diag(X) = 1, and the problem in (18) is equivalent to (24).
The problem (24) is not convex due to the rank-one
constraint X = xxT . However, through the rank relaxation
introduced in Section III-A, we get

An = {s|s = α̃H b̃, b̃T D̃ ≤ (q − 2)1T , b̃ ∈ {±1}qn} (19)

minimize

Tr(XL)

where α ∈ C q , D = [d1 , d2 , ..., dl ] ∈ {±1}q×l , log2 M ≤
q ≤ M + 1 and l ≤ 2q − M . Thus, (1) becomes

subject to

X = XT  0
Xqn+1,1:qn D̃ ≤ (q − 2)1T
diag(X) = 1,

= Hα̃H b̃ + w

y

(20)

and, equivalently,
y

= H̃b̃ + w

(21)

where
H̃

=

Hα̃H = H(αH ⊗ In×n ).

(22)

In (21), b̃ can be considered as a binary signal and H̃
is the corresponding virtual channel matrix. The ML detection problem in (2) is then equivalent to (18) which is
a linearly constrained ML detection problem with a binary
constellation.
Once we get a solution b̃ to the problem (18), we can
reconstruct the original signal by
s = α̃H b̃.

(23)

(24)

X

(27)

where the optimization variable X is a real-valued symmetric
matrix. This is an SDP that can be efficiently solved in
polynomial time [24].
In practice, L can be complex-valued, but X and D are
real-valued by definition. Since Tr(XL) will always be real,
we can equivalently write Tr(XL) = Tr(XRe(L)). In other
words, we can just take the real part of L and use that instead
of L.
After solving (27), if X is rank-one, then we can reconstruct
the original signal by
s = quantize(α̃H X1:qn,qn+1 ).

(28)

If X is not rank-one, we can, for example, employ a symbolbased randomization to get a candidate solution. The details
of the symbol-based randomization are given next.
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C. Generation of candidate solutions via symbol-based randomization
We now propose a symbol based randomization as follows.
First, we do a conversion from the binary signal space to the
symbol space:
Ŝ = α̂H Xα̂

(29)


α̃
0

(30)

where
α̂ =


0
.
1

Finally, we select the one with lowest objective value:
argmin y − Hs(i) .

(32)

s(i) , i=1,...,N

V. O N SOLVING DIFFERENT CONSTELLATIONS
In this section, we will give some examples on solving
different constellations. The basic steps to solve the problem
are as follows:
1) Given a constellation, find α (as described in the next
subsections and summarized in Table I). Then construct D,
e.g., according to Lemma 1. Let α̃H = αH ⊗ In×n and D̃ =
D ⊗ In×n .
2) Construct L as in (25) with the virtual channel H̃ in (22).
3) Solve the relaxed problem (27) and reconstruct the signal
by (28) or via randomization as in (29)-(32).
A. BPSK and QPSK constellations
For BPSK with signal constellation A = {−1, 1}, the signal
space is already a binary space, so the binarization is α = [1].
With this binarization, all s ∈ An can be expressed in the form
s = α̃H b̃ where b̃ ∈ {±1}n. Since the signal space is already
a binary space, the problem can be directly solved by SDR.
For QPSK with signal constellation A = {±1 ± j}, an
obvious binarization is α = [1, j]H . In Corollary 1 we have
H̃ = [H, jH],

D = ∅.

as s = α̃H b̃, where α̃H = αH ⊗ In×n and b̃ ∈ {±1}3n. And
in Corollary 1 we have
H̃ = [4H, 2H, H],

D = ∅.

(34)

Then we can solve the problem by solving the relaxed problem
(27).
C. M-QAM constellations

Then we generate N candidate solutions based on Ŝ. Let
Ŝ = VVT be the Cholesky factorization of Ŝ. We generate
N Gaussian random vectors r(1) , ..., r(N ) of dimension n + 1
with zero mean and identity covariance matrix, and calculate
candidate solutions as


V1:n,: r(i)
s(i) = quantize
i = 1, ..., N. (31)
Vn+1,: r(i)
s =
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(33)

Then it follows that we can solve the problem by dropping
the rank one constraint in Corollary 1. We can see that this is
exactly the same solution as in [8].
B. M-PAM constellations
For M-PAM constellation with A
=
{−2q +
q
1, · · · , −3, −1, 1, 3, · · · , 2 − 1} and M = 2q , one
possible binarization is αH = 2q−1 , . . . , 21 , 20 . With
this binarization, all s ∈ An can be expressed as s = α̃H b̃
where b̃ ∈ {±1}qn .
H
For example, for 8-PAM, one may choose α = [4, 2, 1]
and then any n-dimensional 8-PAM signal s can be expressed

For M-QAM constellations, all the signal points are on
a lattice. Thus it is very natural to map the signal space
to a higher order binary space. For a rectangular M-QAM
constellation with A = {s|s = r1 + r2 j, r1 ∈ ∇1 , r2 ∈
∇2 } where ∇i = {−2ki + 1, · · · , −3, −1, 1, 3, · · · , 2ki − 1}
and M = 2k1 +k2 , one possible binarization is αH =
[2k1 −1 , · · · , 2, 1, 2k2 −1 j, . . . , 2j, j]. With this binarization, all
s ∈ An can be expressed in the form s = α̃H b̃ where
b̃ ∈ {±1}qn , q = k1 + k2 .
For instance, for the 16-QAM constellation in Fig. 1(a), one
binarization is α = [2, 2j, 1, j]H . With this binarization, any
n-dimensional signal s (in the Cartesian product of 16-QAM
constellation) can be expressed in the form s = α̃H b̃ where
α̃H = αH ⊗In×n and b̃ ∈ {±1}4n . In addition, for 16-QAM,
in Corollary 1 we have
H̃ = [2H, 2jH, H, jH],

D = ∅.

(35)

Then we can solve (27) and reconstruct the signal by (28)
or via randomization. This solution is the same as the one in
[12].
Different from these rectangular QAM constellations, for
other non-rectangular M-QAM constellations (e.g., 12-QAM
and 32-QAM, known as cross QAM constellations) the matrix
D (and D̃) is not empty and the constraint Xqn+1,1:qn D̃ ≤
(q − 2)1T becomes enabled. One possible approach to deal
with these constellations is first to find the smallest rectangular
QAM constellation that can cover the non-rectangular constellation and then exclude the points not in the constellation by
including the corresponding binary vectors in matrix D.
For example, for 12-QAM in Fig. 1(b), the smallest rectangular QAM constellation that can cover it is 16-QAM. Thus,
we may choose α = [2, 2j, 1, j]H . Then to exclude the points
in 16-QAM but not in 12-QAM, we include the binary vectors
that generate the difference A16-QAM −A12-QAM in the columns
of matrix D, i.e.,
⎡
⎤
1
1 −1 −1
⎢ 1 −1
1 −1 ⎥
⎥.
D=⎢
(36)
⎣ 1
1 −1 −1 ⎦
1 −1
1 −1
Regarding the matrix D, instead of directly including all
the points we want to exclude, there may be more compact
representations for some constellations, e.g., the 32-QAM
constellation in Table I where there are 32 excluded points
but only 8 columns in D.
With α and matrix D, we can then solve problem (27)
and reconstruct the signal by (28) or via randomization as in
(29)-(32).

4570

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 61, NO. 11, NOVEMBER 2013

TABLE I
B INARIZATION FOR DIFFERENT CONSTELLATIONS
A
A = {−1, 1}
A = {−3, −1, 1, 3}
A = {−7, −5, −3, −1, 1, 3, 5, 7}
A = {±1 ± j}
A = {s|s = s1 + js2 ,
s1 ∈ S1 , s2 ∈ S2 }
S1 = {−3, −1, 1, 3}, S2 = {−1, 1}
A = {s|s = s1 + js2 ,
s1 ∈ S, s2 ∈ S}
S = {−3, −1, 1, 3}
A = {s|s = s1 + js2 ,
s1 ∈ S, s2 ∈ S}
S = {−7, −5, −3, −1, 1, 3, 5, 7}
A = {s|s = s1 + js2 ,
s1 ∈ S, s2 ∈ S}
S = {±(2i + 1), i = 0, 1, ..., 7}

Constellation
BPSK
4-PAM
8-PAM
QPSK
8-QAM

16-QAM

64-QAM

256-QAM

D
∅
∅
∅
∅

[2, 1, j]H

∅

[2, 2j, 1, j]H

∅

[4, 4j, 2, 2j, 1, j]H

∅

[8, 8j, 4, 4j, 2, 2j, 1, j]H

∅
⎡

2

[2, 2j, 1, j]

A = {s|s ∈ A16−QAM , |s| < 18}

12-QAM

α
1
[2, 1]T
[4, 2, 1]T
[1, j]H

H

⎡

[4, 4j, 2, 2j, 1, j]H

A = {s|s ∈ A64−QAM , |s|2 < 50}

32-QAM

A = {s|s = ej

8-PSK

(2i+1)π
8

[a, −b,
aj, bj]H
√
(a =√ 22 cos( π
8)
b = 22 sin( π
8 ))

, i = 0, 1, ..., 7}

D. M-PSK constellations
For M-PSK constellations, all the points are on the unit
circle. Suppose the constellation is A = {s1 , s2 , · · · , sM }
π
where sk = e M (2k−1)j . Let
Ā =

B̄

=

and ᾱ =

[s1 , s2 , · · · , sh ],
⎡
+1 +1 +1 · · ·
⎢ −1 +1 +1 · · ·
⎢
⎢ −1 −1 +1 · · ·
⎢
⎢ ..
..
..
..
⎣ .
.
.
.
−1 −1 −1 −1
⎡
⎤
s∗1 + s∗h
⎢ s∗2 − s∗1 ⎥
⎥
1⎢
⎢ s∗3 − s∗2 ⎥
⎢
⎥
⎥
2⎢
..
⎣
⎦
.
∗
∗
sh − sh−1

+1
+1
+1
..
.

⎤
⎥
⎥
⎥
⎥
⎥
⎦

+1


α=

h×h

√

(37)

Ā = ᾱH B̄.

(38)

By defining

B

=

and α =

[Ā, −Ā∗ , −Ā, Ā∗ ],


B̄ −B̄ −B̄ B̄
B̄ B̄ −B̄ −B̄


Re{ᾱ}
,
Im{ᾱ}j

4
0
4
0
4
0

1
1
−1
1

⎤
−4
0 ⎥
⎥
−4 ⎥
0 ⎥
⎥
−4 ⎦
0
⎤
−1
−1 ⎥
1 ⎦
−1

Re{ᾱ}
Im{ᾱ}j



⎡
cos( π8 )
√
2⎢
−
sin( π8 )
⎢
=
⎣
−j
cos( π8 )
2
−j sin( π8 )

⎤
⎥
⎥.
⎦

√

Let a = 22 cos( π8 ) and b = 22 sin( π8 ). Then α =
[a, −b, aj, bj]H , and we can solve (27), with
⎡

H̃ = [aH, −bH, ajH, bjH]

(41a)
⎤

1
1 −1 −1
1 −1
1 −1
⎢ −1
1
−1
1
−1
1
1
−1 ⎥
⎥.
D=⎢
⎣ 1
1 −1 −1 −1
1 −1
1 ⎦
1 −1
1 −1 −1
1
1 −1
(41b)
Then we can solve problem (27) and reconstruct the signal
by (28) or via randomization as in (29)-(32).

(39)

VI. E FFICIENT I MPLEMENTATION OF THE SDP
R ELAXATION F ORMULATION VIA A D UAL BARRIER
M ETHOD

(40)

The SDP relaxation problem in (27) can be solved by
general-purpose solvers, e.g., SDPT3 [21], SeDuMi [22] and
DSDP [23], based on interior-point methods. However, it is
possible in this particular case to derive a simple and efficient

we have
A = αH B.

⎤
−1
−1 ⎥
−1 ⎦
−1
0
−4
0
−4
0
−4
−1
1
1
1

Since A contains all the elements in A, any s ∈ A can
be expressed as s = αH b, where b ∈ {±1}M/2. Therefore,
α is a binarization of the M-PSK, and the dimension of the
binarization is q = M/2.
For example, for 8-PSK, according to (37) and (39), we
have

 

1
1 s∗1 + s∗2
e− 4 πj cos( π8 )
,
=
ᾱ =
1
2 s∗2 − s∗1
−e− 4 πj sin( π8 )j
and

where h = M/4 (we assume that M is a multiple of 4). Then

A =

1
1
⎢
⎢
1
⎢
⎢
1
⎢
⎣ −1
−1
⎡
1
⎢ −1
⎣
1
1

1
1 −1
1
⎢ 1 −1
⎣ 1
1 −1
1 −1
1
1 −1 −1 0
−1
1 −1 4
1 −1 −1 0
−1
1 −1 4
−1
1
1 0
1 −1
1 4
1 −1 −1
1
1 −1
1 −1
1 −1 −1 −1
−1
1 −1 −1
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tailored implementation that can be coded in just a few lines
of Matlab and beats general-purpose solvers in speed.
A. Solving SDP by a dual barrier method
The following proposed implementation is based on solving
the dual problem with a barrier method [29].
Let us start by recalling the relaxed problem (27):
minimize

Tr (LX)

subject to

diag (X) = 1
X0
D̃T X1:qn,qn+1 ≤ h,

X

minimize

Tr (LX)

subject to

diag (X) = 1
X = XT  0

X

T

D̃T X1:qn,qn+1 + Xqn+1,1:qn D̃
≤ 2h.
(43)
The dual problem is
maximize
v,λ

subject to

T

−vT 1 − 2λ h



Φ = L + diag (v) + M D̃λ  0
λ≥0

where we have defined the linear M-operator as


0 a
M (a) =
.
aT 0

(44)

=

λ ≥
X 
2h ≥
0

=

ΦX =

∇λi f

=

1
2thi −
λ
 i

−1 

L + diag (v) + M D̃λ
−Tr
M D̃:,i
.

Denoting v (t), λ (t) the optimal
 solution
 to problem



(47), Φ (t) = L + diag (v (t)) + M D̃λ (t) and defining

−1
1
L + diag (v (t)) + M D̃λ (t)
,
t
it is not difficult to see that the original KKT conditions (46) are satisfied (note that D̃T X1:qn,qn+1 (t) +

T
−1
Xqn+1,1:qn (t)D̃
= 2h − (tλ (t))
< 2h) with
the exception of the two complementarity conditions that
are replaced
by Φ (t) X (t) = 1t Iqn+1×qn+1 and


T
λT (t) D̃T X1:qn,qn+1 (t) + Xqn+1,1:qn (t)D̃ − 2h =
X (t) =

− ln
t . It then follows that the optimal value of (47) for a given
t is not further away from the desired optimal value p of (43)
by more than (qn + 1 + ln)/t [29]:
qn + 1 + ln
.
t
At this point, to derive the algorithm we just need to find
closed-form and compact expressions for the gradient and
Hessian of the objective
f (v, λ) in (47).3 Defining Y =



f0 (X (t)) − p ≤

(45)

−1

Note that the symmetry constraint is automatically satisfied
and does not need to be imposed in the dual formulation.
The KKT conditions corresponding to (43)-(44) are
Φ

where t is a parameter that controls the goodness of the solution of the barrier method and (v, λ) are the dual variables.
At the optimal point of problem (47), the following stationary
conditions will be satisfied:2


−1 
L + diag (v) + M D̃λ
∇v f = t1 − diag
=0

(42)

where we have defined h = (q − 2)1nl×1 . Observe that
one implicit constraint in an SDP is the symmetry of the
optimization variable X. Now, for convenience, let us rewrite
the last linear inequality constraint in a more symmetric way:
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L + diag (v) + M D̃λ
for compactness of notation,
the gradients and Hessians are
∇v f

=

t1 − diag (Y)



L + diag (v) + M D̃λ  0

∇λ f
Hvv f

=
=

2th − 2D̃T Y1:qn,qn+1 − λ−1
YY

0
0,

Hvλ f

=

2diag (Y:,qn+1 ) Y:,1:qn D̃

Hλλ f

=

diag (X) = 1
T

D̃T X1:qn,qn+1 + Xqn+1,1:qn D̃


T

T
T
λ
D̃ X1:qn,qn+1 + Xqn+1,1:qn D̃ − 2h
(46)

0.

Now, the proposed algorithm is based on solving the dual
problem (44) with a barrier method [29]. In particular, the
algorithm will solve the following problem based on the
Newton method:
minimize f (v, λ)

(47)

v,λ

where
f (v, λ) =


 
t vT 1 + 2λT h −
log (λi )
i




−logdet L + diag (v) + M D̃λ



2Yqn+1,qn+1 D̃T Y1:qn,1:qn D̃ + diag λ−2



+2 D̃T Y1:qn,qn+1 Yqn+1,1:qn D̃ .

Algorithm 1 summarizes the implementation of a simple
but efficient barrier method for the resolution of the dual
problem (44) making use of the gradients and Hessians
previously derived. In the algorithm, backtracking stands for
backtracking line search, which is used to choose the step size
and readers may refer to Algorithm 9.2 in [29] for details.
For each iteration, the computation is dominated by some
matrix operations, namely, the matrix multiplications in the
construction of the Hessian, the logdet in the objective of
(47) which is needed in backtracking and the two matrix
inverse operations. Thus, the computational complexity of
2 The gradients follows easily from the differential of the logdet function
dlogdet (X) = Tr(X−1 dX) [30].
3 The Hessians follows easily from the differential of the matrix inverse
dX−1 = −X−1 (dX) X−1 [30].
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each iteration is of order O(k 3 + k 2 ln), where k = qn + 1.
In a practical implementation, since L + diag(v) + M(D̃λ)
and the Hessian are positive definite, one can compute the
logdet and matrix inverse via Cholesky decomposition, which
is more efficient and numerically stable.
Note that the algorithm is quite simple and easily implementable. However, it is not making use of the specific
structure of the data, which could potentially lead to further
improvement in terms of efficiency of implementation and
speed of execution. One example is the Kronecker structure
of the channel matrix H̃ and the matrix D̃.

VII. E XPERIMENTAL RESULTS
To verify the detection and complexity performance of
the proposed universal binary SDR (BSDR) detector, we
conducted various simulations on MIMO systems. First, we
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−2
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Fig. 2.
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20
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SDPT3
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Proposed dual barrier method

0

10
Average running time (s)

By solving the SDR in (27), our purpose is to find b̃ ∈
{±1}qn minimizing (18). With the solution X to the problem
(27), one simple way to reconstruct b̃ is the simple quantization method in section III-B, i.e., b̃ = sgn(X1:qn,qn+1 ),
which means it is enough to find the sign of each element
in X1:qn,qn+1 . Besides, when solving (27), high SNR bits (in
X1:qn,qn+1 ) may converge to correct value (-1 or +1) earlier
than low SNR bits in high probability.
In light of this, we propose an on-the-fly decision feedback
scheme that solves (27) once and performs decision feedback
during the execution of the dual barrier method. Every time
we go into the outer loop in Algorithm 1, i.e., Newton
method converges for the current barrier parameter t, we check
X1:qn,qn+1 . Once any element in X1:qn,qn+1 is larger than a
predefined threshold τ (0 < τ ≤ 1) or smaller than −τ , it
will be set to be +1 or -1 accordingly. A similar technique
was proposed in [19] for M-PSK constellations based on the
principal eigenvector.
After fixing some elements of X1:qn,qn+1 , the problem
and the constraints need to be updated. Given the index set
of the fixed
 bits Sfix , we update the received vector signal
y := y − i∈Sfix Xi,qn+1 H̃:,i , remove the ith column of H̃
for i ∈ Sfix , update matrix L by removing the ith row and
column for i ∈ Sfix and recomputing the last row and column
based on newly updated H̃ and y. Regarding matrix D̃ and
vector h 
in the inequality constraint, we first update h by
h = h − i∈Sfix Xi,qn+1 D̃Ti,: and remove the ith row of D̃
for i ∈ Sfix , then we further remove thejth column
of D̃ and

 

corresponding elements of h for j ∈ j| i D̃i,j  ≤ hj ,
which correspond to redundant constraints.
With this scheme, the dimension of the problem is reduced
during the execution of the dual barrier method. Since the
computational complexity per iteration is cubic with respect
to the problem dimension, once some bits are fixed, the
computational cost of following iterations will be reduced
significantly. When all the bits have been determined, the
algorithm terminates. It may also happen that the dual barrier
method terminates but there are still some undetermined bits,
especially when SNR is low. In this case, we determine the
remaining bits via randomization.

SDPT3
SeDuMi
DSDP
Proposed dual barrier method

0

10

Average running time (s)
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Fig. 3.

10

15
Problem size, n (n = m)

Average running time, SNR=15dB, 12-QAM.

compare the computational complexity of the proposed dual
barrier method with some general purpose SDP solvers. Second, for the on-the-fly decision feedback scheme, the influence
of the parameter τ on SER performance and computational
cost is investigated. Finally, we compare the SER performance
of the proposed BSDR detector with some benchmarks for
different constellations.
The simulation settings are as follows. The entries of the
channel matrix H are i.i.d. and drawn from a circularly
symmetric zero-mean complex normal distribution of unit
variance, i.e., CN
 (0, 1). The SNR is defined as SNR
10 log10 nEs /σ 2 , where n is the length of the transmitted
symbol vector s, Es is the mean symbol energy of the constel
lation and the entries of the noise vector are i.i.d. CN 0, σ 2 .
For each SNR, we perform up to 100,000 Monte Carlo simulations to get the average SER. When randomization approach
is applied, we randomly generate 100 candidate solutions. The
simulations were done on a desktop with 3.4GHz Pentium 4
CPU and 2.5GB RAM.
A. Computational Complexity
We compare the computational complexity of the proposed
dual barrier method with three general purpose SDP solvers,
namely SDPT3 [21], SeDuMi [22], and DSDP [23]. It is worth
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Algorithm 1 Dual barrier method for the SDP relaxation in (42)
Input: L ∈ Cqn+1×qn+1 , D̃ ∈ R(qn)×ln , h ∈ Rln , accuracy
Output: X ∈ Rqn+1×qn+1
L = real(L)
% Initial values
t=1
λ = 1ln


v = (1 − λmin L + M(D̃λ) )1qn+1

−1
X = (1/t) L + diag(v) + M(D̃λ)
begin loop
% Gradient and Hessian (inner loop)
Z = X:,1:qn
 D̃

1 − diag(X)
∇f = t
T
−1
 2h − 2Zqn+1,: − (tλ)

X

X
2diag(X:,qn+1 )Z


Hf = t2
2diag(X:,qn+1 )ZT 2Xqn+1,qn+1 D̃T Z1:qn,: + 2ZTqn+1,: Zqn+1,: + diag (tλ)−2
% Direction, step size, and update of variables
δ = −(Hf )−1 ∇f
s = backtracking(t,
v, λ, L, D̃, h, δ, ∇f )
 

v
v
=
+ sδ
λ
λ
Newton accuracy = (−1/2)∇f T δ
if Newton accuracy < accuracy
% Check the stopping criterion and update t (outer loop)

 


current accuracy = ((qn + 1 + ln)/t + Newton accuracy) / max 1, vT 1 + 2λT h
if current accuracy < accuracy, then terminate, else t = 10t.
end if


X = (1/t) L + diag(v) + M(D̃λ)
end loop

−1

0

10

noting that our dual barrier method is simply implemented in
Matlab, while SDPT3 and SeDuMi have some key subroutines
in Fortran and C incorporated via Matlab Mex files and DSDP
is entirely written in C. For all the solvers, we terminate when
the solution accuracy is smaller than 10−3 . We fix SNR =
15dB and choose square channel matrix, i.e., n = m. Figs. 2
and 3 show the average running time of different solvers to
solve the SDP (43) as a function of the problem size for 16QAM and 12-QAM, respectively. In the 16-QAM case, since
the matrix D is ∅, the inequality constraints in (43) can be
removed and the resulting SDP will be easier to solve than the
SDP in 12-QAM case. From Figs. 2 and 3, we can see that
it is indeed faster to solve the SDP associated with 16-QAM
and for both cases (with and without inequality constraints)
our dual barrier method is the fastest, since we have exploited
the problem structure explicitly while deriving the algorithm.

Fig. 4.

B. On-the-fly Decision Feedback
SER performance and average running time of the on-the-fly
decision feedback scheme with different threshold τ are shown
in Figs. 4-7 for a MIMO system with n = m = 6 and two
different constellations, i.e., 16-QAM and 8-PSK. From Figs.
5 and 7, we can see that the average running time decreases
when either the threshold τ becomes smaller or the SNR gets
higher. It is easy to understand, since with smaller τ and higher

SNR, we can fix more bits at an early stage, which will reduce
the size of the problem more. For BSDR with randomization,
the average running time increases with respect to the SNR.
This is because at higher SNR, the matrix L is more illconditioned and the optimal objective value becomes smaller,
thus more iterations are needed to solve the SDP to the same
accuracy. Regarding the SER performance, we can see from
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C. Symbol Error Performance

on-the-fly decision feedback scheme, we can further improve
the performance by about 2dB at SER = 10−3 .
Fig. 9 considers the 8-PSK constellation. The size of the
MIMO system is still n = m = 6. In this test, we compare our
BSDR method with the norm constrained SDR method in [10].
We can see that our BSDR method (either with randomization
or on-the-fly decision feedback) outperforms [10] by about
0.6dB and within 1dB from the ML detection at SER = 10−3 .
Fig. 10 shows the SER performance on a MIMO system
with n = m = 6 and 12-QAM constellation. Since no SDR
based detection method has been proposed before for 12QAM, we just compare our BSDR method with zero forcing
and exact ML detection. We can see that our BSDR method
with on-the-fly decision feedback is within 2dB from the ML
detection at SER = 10−3 .

In Fig. 8, we compare our proposed BSDR method with
the zero forcing (ZF), the bound constrained SDR method
in [17], and the maximum likelihood (ML) detection for a
MIMO system with n = m = 6 and 16-QAM constellation.
As expected, our proposed BSDR method gives exactly the
same SER performance as the bound constrained SDR when
randomization is used, since in 16-QAM case our BSDR
method is the same as the one in [12] and [12] is proved to be
equivalent to [17] for any 4q -QAM constellation in [20]. With

In this paper, we have proposed a universal binary SDR
scheme to deal with arbitrary signal constellations. The proposed scheme first binarizes the original signal space to a
linearly constrained binary space, and then solves the detection
problem through semidefinite relaxation. The proposed binary
SDR reduces to the existing SDR methods for BPSK, QPSK
and 16QAM, and can deal with any other constellations such

Figs. 4 and 6 that in the 16-QAM case, the SER performance
of the on-the-fly decision feedback scheme varies significantly
for different values of threshold τ and the best performance is
achieved when τ = 0.8, which is better than the randomization
approach. While in the 8-PSK case, different values of τ lead
to very similar SER performance, which is very close to the
SER performance of the randomization approach. Take both
criteria into consideration, τ = 0.7 or 0.8 are good choice
for both 16-QAM and 8-PSK, which gives better or close
SER performance and lower or comparable computational
complexity compared with the original binary SDR with
randomization, especially at high SNR.

VIII. C ONCLUSIONS
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as 12-QAM, 32-QAM, or M-PSK. A tailored dual barrier
method has been provided to solve the SDR efficiently in
practice and we propose to apply on-the-fly decision feedback
during the execution of the dual barrier method to further
reduce the computational cost and improve the detection
performance. Simulation results show that our binary SDR,
together with on-the-fly decision feedback scheme, can provide a comparable or better solution for 16-QAM and 8-PSK
compared with existing methods in terms of computational
complexity and symbol error rate.
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